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Abstract

The degenerate Bernoulli polynomials were introduced by Carlitz and rediscovered
later by Ustiniv under the name of Korobov polynomials of the second kind (see
Carlitz in Arch. Math. (Basel) 7:28-33, 1956; Util. Math. 15:51-88, 1979). In this paper, we
study g-analogs of degenerate Bernoulli polynomials and give some formulas related
to these polynomials.
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1 Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q,, and C, will denote the ring

of p-adic integers, the field of p-adic rational numbers, and the completion of the algebraic

closure of Q,. The p-adic norm is normalized as |p|, = 117. Let UD(Z,) be the space of all

Cp-valued uniformly differentiable functions on Z,, and let g4 be an indeterminate such
1-

that |1 -g¢|, <p71’%1. The g-extension of the number x is defined as [x], = %. Note that

lim,,1[x]; = x. For f € UD(Z,), the p-adic g-integral on Z, is defined by Kim to be

PN-1
Y f@q* (see [1)). (L1)

x=0

. 1
im
—o0 [pN],

L(f) = | fx)dug(x) =
Zyp

The ordinary p-adic invariant integral on Z, is given by

1 7
o) = lim1t1) = [ i) = fim i 30 (12)

From (1.1), we can derive the following integral equation:
qg-1
alq(fi) = 1g(f) = (¢ - 1)f(0) + @f’(o) (see [1-9]), (1.3)

where fi(x) = f(x + 1).
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1
For ,t € C with ||, < p 71, the degenerate Bernoulli polynomials are defined as

& n

t . ;
— (14D = e 10110, N
(1+)\t)%_1( +At) ;ﬂ (x| )n! (see [ 1) w4

When x = 0, B,(X) = B,(0 | A) are called the degenerate Bernoulli numbers. As is well

known, the Bernoulli polynomials of the second kind are defined by the generating func-

tion:

log(1+t)(1+t)" Zb (x)— (see [3, 4]). (15)

When x =0, b, = b,(0) are called the Bernoulli numbers of the second kind. The Daehee
polynomials are also given by the generating function:

log(1 +¢t) " > t"
f(ut) =;Dn(x)a (see [3, 4,12, 13]). (1.6)

Now, we define the g-analogs of Bernoulli polynomials of the second kind as follows:

(-1)+ L 10g(1+t)( +i) Zb”q(x)_' 1.7)

Note that lim,_.1 by, 4(x) = b,(x).
The g-analogs of Daehee polynomials are defined by the generating function to be

(g-1+ logq log(l + t)

. Zan(x : (1.8)

When x =0, b, ; = b, 4(0) are called the g-analogs of Bernoulli numbers of the second
kind and D,,; = D, 4(0) are called the g-analogs of Daechee numbers.
From (1.7) and (1.8), we have

bn,q<x>:2<’;)(x)n_zbz,q, D) = (7)(@”_@1,,,, (L.9)
1=0 1=0

where (x), =x(x—1)--- (x—n+1) = > Si(n, D)«
In this paper, we study g-analogs of degenerate Bernoulli polynomials and give some
formulas related to these polynomials.

2 g-Analogs of degenerate Bernoulli polynomials

1
In this section, we assume that A, £ € C, with |[At| <p 7-T. Letus take f(y) = (1 + )Lt)%. Then
by (1.3), we get

(g-1) + {5 Tog(1 + 20)% . t”
g (1+u)x:ZDn,q(x|x)E, @2.1)

/ L+ dpg(y) =
Zp q(1+ )Lt)? -1 =0
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where D, 4(x | A) are called the g-analogs of A-Daehee polynomials. When x = 0, D, ;,(1) =
D,,4(0 | A) are called the g-analogs of A-Daehee numbers.

From (1.3), we can easily derive the following equation:

4L (f) ~ 1) = (q - 1)qu<z>+ quf(l)’ (2.2)

=0

where f,(x) = f(x + n).
Thus, by (2.2), we get

(g-D+ L 1og1+xﬂ%

(1+r0)%
q(1+ )»t)k -1
1
_ (g-1)+ logq log(l + AE)%
q(1+ kt)X -1
! ! 1 , 2L !
=(q-) Y d @+t + T tog1 420k Y (4 20)i 4 (2.3)
logg
=0 =0
By (2.3), we get
t n t
oA+ M) - ————
ql+A)r -1 ql+Ar)r -1
n-1 ;
=ty q(l+Art)r. (2.4)
1=0

It is easy to see that
A+A0% =Y w12
1=0

where (x | A); =x(x —A) -+ (x = ([ = 1)A) (see [1-17]).

Now, we define the g-analogs of degenerate Bernoulli polynomials as follows:

A+308 =3 Bugls | x)%. (2.5)

-1 n=0

=

q(1 + At)

When x = 0, B,,,4(A) = Bnq(0 | 1) are called the g-analogs of degenerate Bernoulli num-
bers.
From (2.4) and (2.5), we have

00 n-1 o
Z{q Bumg(n | 1) = ﬂmq}—=2<m2<z|x)m lq)—,. (2.6)

m=0 m=1 1=0

Therefore, by (2.6), we obtain the following theorem.
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Theorem 2.1 For m € N, we have

n-1
"Bing (1 | L) — B,
Lonat D)= Pra 71 13),,44.
" 1=0
We observe that
t xty L x
o T | A+A) T dug(y) = ————— 1+ A1)7
(q—l)+@log(l+)\t)h Zp q(l+A6)» -1
oo tn
= Buglx | M= 2.7)
n!
n=0
Now, we define the g-analogs of degenerate Bernoulli polynomials of the second kind
as follows:
! 1+ i)} ib w0 (2.8)
= (% —. .
(-1 + %log(l+kt)% i n!

When x =0, b,(1) = b,(0 | 1) are called the g-analogs of degenerate Bernoulli numbers
of the second kind.

Indeed, we note that limy 1 b,,4(x | 1) = by, 4(%).

By (2.1), we easily get

L x+y[A)n dﬂq(y) = Dn,q(x [A) (n>0). (2.9)
From (2.1) and (2.8), we note that

t X+
(L+20)7 dpug(y)

-1 1
(g-1 +%10g(1+kt)h Zp

It
= (ZO bl,q()\)ﬁ) (;Dm,q(x | A)%)
. Z( bg(M)Dsg] 1) <’;>> % (2.10)

Therefore, by (2.7) and (2.10), we obtain the following theorem.

Theorem 2.2 For n > 0, we have

n

Bug|2)=3 ('l’) b1g(M) D1l | 2).

=0

As is well known, the Apostol-Bernoulli polynomials are defined by the generating func-
tion:

t
qet —1

oo tn
et = ZBn(x | q);. (2.11)
n=0 :
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By (2.5) and (2.11), we get limy_.¢ B, 4(x | 1) = B,(x | ) (n > 0).
From (2.8), we can derive the following equation:

eMt-1 1
(g-1)+ L

Xt

logq

11 n
= ;bn,q(x | )\,); ﬁ(e“ - 1)

n

= ; byqg(x| 1) ; So(n, m)A"™"" %
- Z (Z Bog(x | 1)S(n, m)k”"") % (2.12)

n=0 \m=0

By replacing ¢ by 1(e* - 1) in (2.7), we get

> 11
Z,Bn,q(x | )\)F E(eu - 1)71
n=0

eMt-1 1
_ (x+y)t
7@ s o S / dpg(y)
(Z (Z Bing(M)S (k, m)Ak= V"> k,> <Z f x+y) dug(y) l,)
k=0 \m=0

00 n k "
- Z(ZZ( ) B g(M)S (K, m)A* "B, kq(x)> ! (2.13)
n=0 n!

k=0 m=0

where B, ;(x) are the g-Bernoulli polynomials which are given by the generating function:

(@-1)+ logq

poe et ZB,,q(x e (2.14)

On the other hand,
Zﬁqul)\—— Z,quxIA))»mZSgnm
=3 (Z Bug(x | WA Sy (n, m)) t—‘ (2.15)

n=0 \m=0

Therefore, by (2.13) and (2.15), we obtain the following theorem.

Theorem 2.3 For n > 0, we have

n k

Z ﬁm,q(x | )L)}\n_mSZ(n’ Wl) = (Z) Z bm,q()‘)SZ(k’ m))‘k_mBn—k,q(x)

m=0 k=0 m=0
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From (2.7), we have

o0 o
Z IBn,q(x | }‘)_‘
P n.

t
(q D+ log(l + M)A /

(szq(k )(Z/ x+y|)\)mduq(y)—>

S (S (" Vona ey 12y z (2.16)
m ‘

n=0 \m=0

(L+A8) T dpy(y)

Note that
X+ Y| A= A" iSl(m, DA+ ) (2.17)
5
and
/ () da0) =Baals) (120 2.18)

By (2.16), (2.17), and (2.18), we get

Brg(x | A)

=3 (1 )prematin Zsumz e g

)bnm,q()\) Z Sl (Wl, l))‘m_lBl,q(x)

m=0 1=0
n m n
= Z (m> Brrg(A)S1(m, DA™ By 4 (). (2.19)
m=0 [=0

Therefore, by (2.19), we obtain the following theorem.

Theorem 2.4 For n > 0, we have

Bralx | 1) = ZZ( ) nemq(W)S1 (1, )07 B (x).

m=0 [=0

For k € N, we define the g-analogs of degenerate Bernoulli polynomials of order k as
follows:

t k . £
_ 1+At)* = (k) A)—. 2.20
(q(lm)i_l) L+an% =3 Bl 0— (2.20)

When x =0, B,4(X) = Bs4(0 | A) are called the g-analogs of degenerate Bernoulli num-
bers of order k.
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From (2.20), we note that

o0

Z m AR (x| 2)

n=0

t k .
= hm<7) (1 +Ap)x
A—>0 q(1+kt)k -1

k
t Xt
) (qet—1> ¢

%) o
-3 B0 g, (2.21)
n:
n=0

where Bg,k) (x| g) are called the higher-order Apostol-Bernoulli polynomials.
Thus, by (2.21), we get lim; ¢ ,3,(,]2(x [A) = Biqk)(x | q) (n>0).
For k € N, by (2.20), we get

k
( t > / e [ )T dpgn) - dpag )
(g-1)+ L= log(l +AE)E Zp Zp

¢ k
- <—1 ) 1 +Ar0)%
q(l+Ar)> -1

LR (222)

Now, we define the g-analogs of higher-order degenerate Bernoulli polynomials of the

second kind as follows:

t k P p
L+ a0t =) buglxl2)o . 2.23
<(q 1)+ = 10g(1+kt)x> (+2) ; ng | )n! (2.23)

When x = 0, bnq(k) = b( (0 | A) are called the g-analogs of hlgher -order degener-
ate Bernoulli numbers of the second kind. Note that llmkalbn,q(x | A) = n,q(x), and
limg_1 b3y (x) = by ().

From (2.23), we can derive the following equation:

( t )k/ ] (1+)»t)wd () i (x2)
(q-1)+ L 10g(1+)¢)x Z Hqlx1 Mg (i

) (% bﬁ’,j?q(k)%> (; /Zp h /Zp(xl to x| Aidpg(n)--- d.uq(xk)ﬁ>
- Z(Z (7)b£1k1q()‘ / /Z x4t x| A dptg () - duq(xk)> =

=0

(2.24)
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It is easy to show that

/ L f e(x1+-~~+xk+x)t d,l.Lq(xl) .. d’uq(xk)
Zp Zp
k
_ NChiad "y ot
qet —1
oo £
S B0 wY, (2.25)
4 n!
n=0

where Bgf,)](x) are called the g-Bernoulli polynomials of order k.
Thus, by (2.25), we get

/ / (1 + -+ xx x| A)rdpg(x) - - ding(xe)
Zﬁ Zﬁ
i
=2 a7 (1 m) / v | o+ ) d g () - dpg ()
— Z Zy

l
=Y A8, m)BY), (). (2.26)

m=0

Therefore, by (2.22), (2.24), and (2.26), we obtain the following theorem.

Theorem 2.5 For n> 0, we have

YCIPNE ZZ() (WA Sy (L, m)BY), ().

1=0 m=0

Remark We define the g-analogs of A-Daehee polynomials of order k as follows:

(q 1+ log(1+)»t)A

£_ o 0 "
61(1+)»t)A -1 ) (120 ZD""I(’CM)n!' (227)

From (2.27), we have

/ A+ 20T dpg o) - dpg(ne) = > DR (x| A) (2.28)
Zp Zp n=0
Thus, by (2.28), we get
DY) (x| 1) = / o | @ x| Dadpg(n) - dpgls)  (n=0). (2.29)
ZP ZP

From (2.22), (2.24), and (2.29), we have

" n
A=Y ( l)bLkZ,,q(x)Dﬁf;(x 1. (230)

=0
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From (2.1), we can derive the following equation:

_ _1
(g-1)+ % log(l — At)"%

gl-rt)7 -1

/Z (A= 28)" 7 dpgy) = (1- ey

o0 t”
= Z Dy | =2)—. (2.31)
n!
n=0

Note that D,(1-x| A) = (-1)"D,(x | =A) (n > 0).
By (2.31), we get

[ 5 30dies0) = Dl 1) (n20), (232)
where (x|A), =x(x + A)--- (x + (m=1)1).
Note that

(x+}’|)~>n=)»”<xkﬂ><9%+1)---<x¥+n—1>

n

= Z|Sl(n, l)’(x +y)lk”_l.

(2.33)
=0

From (2.32) and (2.33), we have

n

Dygl&| =3) = 3 _|S10m,0[2™ / (x+ ) diig(y)

=0 14

n

= 8108, | V" By (). (2.34)

1=0
By (2.7), we get

t

_ _1
(q-1)+ & logl-20) 7 Jz,

t

(L-at)" 7 dpg(y)

= (A-At)
qgl—xrt)" % -1

=) Buglx| —A)%. (2.35)
n=0 :

By (2.8), we get

t

(L-A)"7 dug(y)

— 1
(q-1)+ & log(1-20) 7 Jzy

00 o 00 y
= big(—A)— d —
(% al k)m!><§/2p(x+y|k)l MN)ﬂ)
- Z(Z (7)19"—14(—” / <x+ylk)zduq(y)) = (2.36)

!
n=0 \ =0 Zp n
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Therefore, by (2.32), (2.33), (2.35), and (2.36), we get

ﬁn,q (x | _)‘)

n

=> ('l’) butg(—M)Dig(x | —1)

=0

>

n 1
1=0 m=0

('l’) 1100, 1) A By g ()b, (~1). (2.37)

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to this work. All authors read and approved the final manuscript.

Author details

"Department of Mathematics, Sogang University, Seoul, 121-742, Republic of Korea. ?Department of Mathematics,
Kwangwoon University, Seoul, 139-701, Republic of Korea. *Institute of Natural Sciences, Far Eastern Federal University,
Vladivostok, 690950, Russia.

Received: 5 April 2015 Accepted: 27 May 2015 Published online: 25 June 2015

References

1.

2.

10.
11.
12.
13.
14.

15.
16.
17.

Kim, T, Mansour, T: Umbral calculus associated with Frobenius-type Eulerian polynomials. Russ. J. Math. Phys. 21(4),
484-493 (2014)

Cho, Y-K, Kim, T, Mansour, T, Rim, S-H: Higher-order g-Daehee polynomials. J. Comput. Anal. Appl. 19(1), 167-173
(2015)

Kim, DS, Kim, T: Identities arising from higher-order Daehee polynomial bases. Open Math. 13, 19 (2015)

. Kim, DS, Kim, T, Lee, S-H, Seo, J-J: A note on the lambda-Daehee polynomials. Int. J. Math. Anal. 7(61-64), 3069-3080

(2013)

. Kim, DS, Kim, T: Some identities of degenerate Euler polynomials arising from p-adic fermionic integrals on Z,.

Integral Transforms Spec. Funct. 26(4), 295-302 (2015)

. Kim, DS, Kim, T, Kwon, Hl, Seo, J-J: Daehee polynomials with g-parameter. Adv. Stud. Theor. Phys. 13, 561-569 (2014)
. Kim, T, Lee, B, Lee, SH, Rim, S-H: Identities for the Bernoulli and Euler numbers and polynomials. Ars Comb. 107,

325-337(2012)
Kim, T, Lee, S-H, Mansour, T, Seo, J-J: A note on g-Daehee polynomials and numbers. Adv. Stud. Contemp. Math.
(Kyungshang) 24(2), 155-160 (2014)

. Ozden, H, Cangul, IN, Simsek, Y: Remarks on g-Bernoulli numbers associated with Daehee numbers. Adv. Stud.

Contemp. Math. (Kyungshang) 18(1), 41-48 (2009)

Carlitz, L: Degenerate Stirling, Bernoulli and Eulerian numbers. Util. Math. 15, 51-88 (1979)

Carlitz, L: A degenerate Staudt-Clausen theorem. Arch. Math. (Basel) 7, 28-33 (1956)

Park, J-W: On the twisted Daehee polynomials with g-parameter. Adv. Differ. Equ. 2014, 304 (2014)

Park, J-W, Rim, S-H, Kwon, J: The twisted Daehee numbers and polynomials. Adv. Differ. Equ. 2014, 1 (2014)
Gaboury, S, Tremblay, R, Fugeére, B-J: Some explicit formulas for certain new classes of Bernoulli, Euler and Genocchi
polynomials. Proc. Jangjeon Math. Soc. 17(1), 115-123 (2014)

Roman, S: The Umbral Calculus. Pure and Applied Mathematics, vol. 111. Academic Press, New York (1984)

Simsek, Y, Rim, S-H, Jang, L-C, Kang, D-J, Seo, J-J: A note on g-Daehee sums. J. Anal. Comput. 1(2), 151-160 (2005)
Kim, DS, Kim, T: Some identities of Bell polynomials. Sci. China Math. (2015). doi:10.1007/511425-015-5006-4

Page 10 of 10


http://dx.doi.org/10.1007/s11425-015-5006-4

	On q-analogs of degenerate Bernoulli polynomials
	Abstract
	MSC
	Keywords

	Introduction
	q-Analogs of degenerate Bernoulli polynomials
	Competing interests
	Authors' contributions
	Author details
	References


