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Abstract

In this paper, we discussed the existence of solutions for the fractional finite
difference inclusion AVx(t) € F(t,x(t), Ax(t), A’x(t)) via the boundary value conditions
Ex(w-3)+ BAXx(v-3)=0,x(n)=0,and yx(b+v)+ 5 Ax(b+v)=0,where n € Nfﬂf‘z’”,
2<v<3and F:NIH xR x R x R — 2% is a compact valued multifunction.

Keywords: fixed point; fractional finite difference inclusion; three points boundary
conditions

1 Introduction
There are many works concerned with the existence of solutions for some fractional finite
difference equations from different views by using the fixed point theory techniques (see
for example, [1-7]). The readers can find more details as regards elementary notions and
definitions of fractional finite difference equations in [8—15]. Also, much attention was de-
voted to the fractional differential inclusions (see for example, [9, 10, 16—24]). To the best
of our knowledge, there is no published research work about fractional finite difference
inclusions.

In 2011, Goodrich [25] investigated the general discrete fractional boundary problem,

namely

=A"y(t)=f(t+v-Ly(t+v-1)),
ay(v—2) - BAY(v -2) =0,
yy(v +b) —8Ay(v + b) =0,

where ¢ € [0,b]n,, v € (1,2], and ay + «b + By # 0 with o, 8,,8 > 0. In this paper, with
this thought and motivation in our minds, we investigate the existence of solution for the

fractional finite difference inclusion

AVx(t) € F(t,x(t), Ax(t), A%x(t)),

Ex(v-3)+ BAx(v-3)=0,

x(n) =0,

yx(b+v)+8Ax(b+v) =0,
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where n € N2*571, 2 < v <3 and F: N2 5" x R x R x R — 2% is a compact valued multi-
function.

2 Preliminaries
As is well known, the Gamma function has some properties as I'(z + 1) = zI'(z) and I'(n) =
(n—1)! for all n € N. Define

v

v r+1)
TT@E+1-v)

for all £, v € R whenever the right-hand side is defined. If £ + 1 — v is a pole of the gamma
function and ¢ + 1 is not a pole, then we define #* = 0. One can verify that v* = pr=l =
I'(v+1) and 224 = (£ — v)£2 We use the notations N, = {@,a +1,a +2,...} forall 2 € R and
Nz ={a,a+1,a+2,...,b} for all real numbers a and b whenever b — a is a natural number.

Let v > 0 be such that m —1 < v < m for some natural number m. Then the vth fractional
sum of f based at a is defined by

A;f(t)—rizt o () (&)
k=a

for all £ € N,,,. Similarly, we define

N0 = s Y (e o )1
k=a

forall t € N ,,_y.

Lemma 2.1 (1] Let ki : No*5*t — R be a mapping and 2 < v < 3. The general solution of the
equation A_.x(t) = h(t) is given by

3 t—v
amzzm—+§jz@a@)m9 Q)
i=1 s=0

where ¢y, ¢y, c3 are arbitrary constants.

Since At# = =L, we have

(t - (s))2hls) (2)

for more information see [12].

Let (X, d) be a metric space. Denote by 2%, CB(X), and P, (X) the class of all nonempty
subsets, the class of all closed and bounded subsets, and the class of all compact subsets of
X, respectively. A mapping Q: X — 2% is called a multifunction on X and u € X is called
a fixed point of Q whenever u € Qu.

Consider the Hausdorff metric H; : 2% x 2X — [0, 00) by

H,(A, B) = max { supd(a, B),supd(A, b) } ,

acA beB
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where d(A, b) = inf,c4 d(a, b). Let (X, d) be a metric space, & : X x X — [0,00) a map, and
T : X — 2% a multifunction.

We say that X obeys the condition (C,) whenever for each sequence {x,} in X with
(X4, %,,1) = 1 for all n and x, — x, there exists a subsequence {x,,} of {x,} such that
a(x,,,%) > 1 for all k. The map T is said to be «-admissible whenever for each x € X and
y € Tx with «(x,y) > 1, we have a(y,z) > 1 for all z € Ty [26]. Suppose that W is the family
of nondecreasing functions ¥ : [0, 00) — [0, 00) such that Y- ¥"(¢) < oo forall £ > 0 (for
more on this please see [26]).

By using the following fixed point result, we review the existence of solutions for the
fractional finite difference inclusion

AY_sx(t) € F(t,x(t), Ax(t), A*x(t))

via the boundary conditions &x(v — 3) + BAx(v —3) =0, yx(b + v) + §Ax(b + v) = 0, and
x(n) = 0, where n € No*571, 2 < v < 3, and F: N&*3 x R x R x R — 2% is a compact valued

multifunction.

Lemma 2.2 [26] Let (X,d) be a complete metric space, W € V a strictly increasing map,
a: X xX—[0,00) amap and T : X — CB(X) an a-admissible multifunction such that
alx, y)H(Tx, Ty) < ¥ (d(x,y)) for all x,y € X and there exist xo € X and x1 € Txo with
a(xo,x1) > 1. If X obeys the condition (C,), then T has a fixed point.

3 Main result

In this section, we consider the fractional finite difference inclusion
AY_sx(t) € F(&,x(2), Ax(t), A*x(t)) (3)

via the boundary value conditions éx(v — 3) + BAx(v —=3) =0, yx(b +v) + Ax(b +v) =0,
and x(n) = 0, where £, 8, v, § are non-zero numbers, n € N?*571, 2 < v < 3, x: No# U+l 5 R
and F: N6+ x R x R x R — 2F is a compact valued multifunction.

Lemma 3.1 Let y:N;*"' — R and 2 < v < 3. Then xo is a solution for the fractional finite
difference equation A),_;x(t) = y(t) via the boundary conditions Ex(v —3) + BAx(v —3) = 0,
x(n) =0, and yx(b + v) + Ax(b + v) = 0 if and only if xo is a solution of the fractional sum
equation x(t) = Zf:é G(t,s,1n)y(s), where

[y +8(w =DIl(n +2-v)(n +3 - )]*=2 - Oy +5(v ~D]e*=
OBoul (V)(b + v)r=t
_E-Bv -3y +3(v-D][(n+2-v)(n+3- V)]t”‘z]
B =2)0Boul (V)(b +v)2=2

G(t,s,1m) = [

[(n+2-v)(n+3-v)—0B]t2=2 — g1
BoO?n*=3T (v)
s [ +B(v=-3)][(n+2-v)(n+3-v)- Qﬂo]tu:|( _ G(S))u
B(v—2)62Bon =T (v) "

(t—o(s)=L
T

x (b—s+2)(b+v_a(s))”‘2+[
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whenever 0 <s<t—-v<b+land0<s<n-v<b+1,
[y +8(v=DI(n+2-v)(n+3-v)]=2 -0y +5(v - 1]+
OBouT (v)(b + v):=2

_[E-Bv-3)]ly +5(V—1)][(77+2—V)(77+3—v)]t"‘2]
B —2)0Boul (v)(b + v)e=t

G(t,s,n) = |:

[(n+2-v)(n+3-v)—0B]t2=2 — gL
Bo6?n2=3T(v)
[—é+/3(v—3)][(n+2—v)(n+3—v)—9ﬁo]t”2} 1)
BV —2)6%Bon*3T (v) " ’

x (b-s+2)(b+u-a(s))ﬂ+[

+

whenever 0 <t-v<s<n-v<b+1,

[y +8(w-DI[(n+2-v)n+3-v)]=2 -0y +5(v - 1]~
OBouT (v)(b + v)=2
_E-BO -3y +80v-DIln+2-v)(n+3- v)]tﬂ]
B(v—2)0Boul (v)(b + v)r=2
(t—o(s)=L
r'(v)

G(t,s,n) = |:

X (b—s+2)(b+v—a(s))ﬂ+

’

whenever 0 <n-v<s<t-v<b+1and
[y +8v=DI(mn+2-v)(n+3-v)]==2 -0y + (v - 1]+
0Boul" (v)(b + v)r=+

_[E-BOv-3)]ly +5(V—1)][(77+2—V)(n+3—v)]tv-2]
B —2)0Boul (v)(b + v)r=%

x(b—s+ 2)(b +v —a(s))ﬁ,

G(t,s,m) = [

whenever 0 <t-v<s<b+1land0<n-v<s<b+1.Here,

_nBv—nE-3nB-2& +Ev—Bv>+6Bv -8p
) B(v-2) ’
_ bESY —2b8E + yED® + 3by§ + Bbv>S + 5b*Bv + BbSv — 65b + 3B5b” + 455V
e B -2)
s —88& +4AyEb +12yE + 4BVv25 + 7Ty Bvb + 12y By + 488V — 2488 + 218y b + 368y
Bv-2)

0

and

_ O(v=-1)+yb+2)(b+3)b+4)+un+2-v)(n+3-v)

Bo o

Proof Let xo be a solution for the equation A}_,x(t) = y(¢) via the boundary conditions
Ex(v—-3)+BAx(v-3)=0,x(n) =0,and yx(b +v) + §Ax(b + v) = 0. Then by using (2) and
Lemma 2.1, we get

t—=v

1 .
xo(t) =l + o' 4 et + > (t- o))
v
s=0
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and
Axo(8) = c;(v = D=2 + ¢y (v — 2)82=2 4 ¢5(v — 3)8=2

t-v+l
1

oD Z (t-0(9)"7¥s),

where ¢;, ¢y, ¢3 € R are arbitrary constants. Now, by using the boundary condition
Ex(v-3)+BAx(v-3)=0,

we get £cs + Blca(v —2) + c3(v — 3)] = 0. Also, by using the condition x(n) = 0 we obtain

c3=—-+2-v)n+3-v)e;—-(n+2-v)cy

1
—mZ(ﬂ U(S)) J’(S)

Moreover, by using the boundary condition yx(b + v) + § Ax(b + v) = 0, we get

[ (v-1)+ y(b+2)](b+ v)—+cz[ v=-2)+ y(b+3)](b+ p)r=3

+ 03[8(1) -3)+y(b+ 4)](b + )=t

s b+1 v b
= To D ;(b+ v—0(s))" y(s) To) ; (b+v-0o(s)) y(s)

Thus, by using a simple calculation, we get

n—-v

1 v-1
a= —m ;(U - U(S)) ¥(s)

b+l

y+38(v-1) Z —-s+2) b+V_ (S)) (S)

Bl ()(b +v)e=2

y(s)

Cy =

[& + B =3)][(n +2 - v)(1 + 3 — 1) — O] <~
BV —2)62fon =T (v) SZO:(" 76"

BB =3[y +8(v-D][(n +2-v)(n +3-v)]
B —2)0Boul (v)(b + v)2=%

b+l

x Y (b-s+2)(b+v-0(s))" "2(s)

s=0

and

C3 =

(n+2-v)(n +3 - v) - 0By f(n_(,(s))ﬁ .

2o 3r(v) g

b+l

[y +8(v-DI(n+2-v)(n+3 - Z(b—s+2) (b+v-0(5)2(s).

0BouT (v)(b + )=t
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Hence,

o) - [y +8(v =Dl +2-v)(n +3-v)]=2 -0y +5(v - 1)}
e [ BB () (b + V)t
CE-B =3[y +3(v-DI[(n+2-v)(n +3 - V)]t”‘z}
BV =2)0Boul (vV)(b + v)=%

b+1
X Z(b -5+ 2)(b +v— (r(s))dy(s)
s=0
[[(n +2-v)(n +3 - v) —Ofp|t+=2 — r=L
+
Bob*n2=2T"(v)

£+ B0 =3)][(n+2-v)1 +3—v)—0Bp] 2T <~ -
’ B(v =2)02Bon>=2I"(v) ] ;(’7 —0(9) ")
v t U(S b+1
( ) = Z G(s, t,n)y(s).
5=0 s=0

Now, let xy be a solution for the equation x(¢) = Zf% G(s,t,n)y(s). Then we have

< [ 730 =Dl + 2= ) +3 = )=~y + 80~ D)=t
ol = [ BBonT ()b + V)2
[E- B =3)]ly + 80~ D]l + 2= v)(n +3—v>]tu}
(v —2)0Bopl ()b + V)2

b+1
X Z(b -5+ 2)(b +v— o(s))ﬁy(s)
s=0
|:[(n +2-v)(n+3-v)—6B]t=2 — o=l
¥
Bob?n2=3T (v)

. &+ B -3)][(n+2-v)(n+3-v) - Oﬂo]t”‘z]
Bv —2)6%Bon =3I (v)

n-v t—v _ v=1
x Y=o+ 3 T

s=0 s=0

Since (v=3)2L=(v-3)2=2=0, (v -3)2=2=(v-3)=2=T(v-2),and

-3 -2
Y (v-3-0()"Tys) = Y (v -3-0(5)Ty(s) =0,
s=0 s=0

we getExo(v—3)+BAxo(v-3) = 0. A simple calculation shows us yxo(b+v) +8 Axo(b+v) =

0 and x(n) = 0. On the other hand,

t—=v

%0(t) = 1L + ot + ctV=2 + % Z(t o(s)™ y(S)
s=0

is a solution for the equation A}_,x(¢) = y(t) and so A}_;x0(2) = y(£).

Page 6 of 16
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A function x : N2*3*1 — R is a solution of the problem (3) whenever it satisfies the

boundary conditions and there exists a function y : N5*! — R such that
y(t) € F(t,x(8), Ax(t), A*x(2))

for all £ € N5*! and

x(t) = [[y F 8w =1)][(7+2 = v)(n +3 = V)23 — 0y + (v —1)]2=L
i OBouT (W) (b + v)r=2
=B =3)lly + 60 - D]l +2 - v)y +3_Wﬂ
BV —2)8BouT(v)(b + v)r=4

b+l
X Z(b —s+2)(b+v-— a(s))ﬂy(s)
s=0
[(n+2-v)(n+3-v)-0pp]t*=> - o=
' [ Bob 3T (1)

N (-6 +Bv=-3)][(n+2-v)n+3-v)- Qﬂo]tﬁ]
B(v = 2)0>Bon*=2I"(v)

n—v t—v _ v-1
Y-+ Ym0
s=0 s=0

Let X be the set of all functions x : N2*2*1 — R endowed with the norm

%] = max |x(t){+ max |Ax(t)|+ max {A2x(t)|.
reNbyH reNbry+l teNbyHl

We show that (&X', || - ||) is a Banach space. Let {x,} be a Cauchy sequence in X and € > 0
be given. Choose a natural number N such that ||x, —x,,|| < € for all m, n > N. This implies

that Max, yorys1 [%,(8) — x,,(8)| < €, Max, brys1 |Ax, () — Ax,,(£)| < € and

max |A2x,(t) - A2xm(t)| <e.

b+v+1
teNpTy

Choose x(t), z(t), w(t) € R such that x,,(£) — x(t), Ax,(t) — z(t), and A%x,(t) — w(t) for all
te N‘b)ﬁg“. Note that Ax,(t) = x,(¢ +1) —x,(¢) and so Ax(t) = x(¢t + 1) —x(£) = z(¢). Similarly,
we get Ax(t) = w(t). This implies that |x,(£) —x(£)| < §, |Ax, () — Ax(t)| < §, and |A%x,(t) -
A%x(t)| < & forall t € N9*4*! and 1 > M for some natural number M. Thus,

%, —x| = max |x,,(t) —x(t)| + max |Ax,,(t) - Ax(t)| + max |A2x(t) - Azx(t)| <E€.
teNbry+l teNbry+l teNbry+l

Hence, (X, || - ||) is a Banach space.
Let x € X. Define the set of selections of F by

Sk = {y: NG — R | y(t) € F(t,x(2), Ax(t), Ax(t)) for all £ € N5}

Since F(t,x(¢), Ax(t), A%x(t)) # ¥, the selection principle implies that Sr,, is nonempty.
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Theorem 3.2 Suppose thaty € ¥ and F : No*35" x R x R x R — Py (R) is a multifunction
such that

Hy(F(t,%1,%2,%3) — F(t,21,22,23)) < ¥ (I%1 — z1] + %2 — 22| + |%3 — 23)

forallt e ij’jg"l and x1,%3,%3,21,22, 23 € R. Then the boundary value inclusion (3) has a
solution.

Proof Choose y € Sg, and put h(t) = Zﬁ’:& G(t,s,m)y(s) for all t € szg“. Then /1 € X and
so the set

b+1
{h € X : there exists y € Sp,, such that k(¢) = Z G(t,s,n)y(s) for all t € NE+v+l

v=3
s=0

is nonempty. Now define F : X — 2% by

b+1

Flx) = ih € X : there exists y € Sg, such that h(t) = Z G(t,5,1n)y(s)
s=0

forallt e Nﬁf;*l }

We show that the multifunction F has a fixed point. First, we show that F(x) is closed

subset of X' for all x € X. Let x € X’ and {u,},>1 be a sequence in F(x) with u, — u. For
each #, choose y, € Sg, such that

< [ +80 = DI+ 2= )+ 3= V] -0y + 50 - D}
et [ 0BonT(0)(b + )2
£~ B =3[y + 50 DI +2 )7 +3 - v)]tﬂ

(v = 2)0Bopl (V)b + V)4

b+l

X Z(b -5+ 2)(b +Vv - a(s))ﬁy,,(s)

s=0
[[(n +2-v)(n+3-v)—0B]t2=2 - oL
n
Bo62n2=3T(v)
N [-£+Bv=-3)][n+2-v)(n+3-v)- Gﬂo]tu]
BV —2)6%Bon2=3T(v)

. R S tid )
X Z(U - U(S)) Vn(s) + Z T%(S)
s=0 s=0

for all £ € N®*4*1. Since F has compact values, {,,},>1 has a subsequence which converges
to some y € Sr,. We denote this subsequence again by {y,},>1. So
u,(t) — u(z)

[y +80w =Dl +2-v)(n +3-0)]=2 -0y +8(v - D))=
- [ 0BouT (v)(b + v)=t
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C[E-BO-3)]ly +3(0 = DIl +2-)(n +3—v)]tﬂ]
B(v = 2)6Boul (V)(b + v)r=4

b+1

X Z(b -s+2)(b+v- o(s))ﬂy(s)

s=0
[(n+2-v)(n+3-v)—0B]t2=2 — gL
' [ Bot? 13T (v)
. [-£+B-3)]n+2-v)(n+3-v)- Qﬁo]tﬁ}
B(v —2)02Bon>=3I"(v)

. i1 s (o)
X ;(n —a(s)) y(s) + 2 —F(v) ¥(s)

for all £ € N®*4*1. This implies that # € F(x). Thus, the multifunction F has closed values.
Since F is a compact multifunction, it is easy to check that F(x) is bounded set in X" for
allx e X.Letx,ze X, by € F(x), and hy € F(z). Choose y; € Sp, and y; € S, such that

I (t) = |:[V +8(v=D][(n+2-v)n +3—U)]tﬁ—9[y +8(v—1)]2=L
o OBl (v)(b + v)r=2
=B =3)ly +80 =DI[(n+2-v)(y +3 - v)]t“‘2:|
Bv =2)0Boul (v)(b + v)r=4

b+l

x Y (b-s+2)(b+v-0(s)) ()

s=0

[(n+2-v)(n+3-v)—0Bp]t=2 —gr=L
i [ Bol T ()
. £+ Bv-3)][n+2-v)(n+3-v)— 9,30]15”_2]
B(v —2)0%Bon =3I (v)

n-v t—v

_ v=1
x Y (n-0() "+ %m(s)
s=0 s=0

and

o(t) = [y +8(v =Dl +2-v)(n +3 - v)]==2 -0y +5(v - 1)}
? ‘[ 0BonT ()(b + v)2=2

=B -3y +3(v-D][(n+2-v)n+3- v)]t”’z}

B —2)0Boul () (b + v)r=4

b+1
X Z(b -5+ 2)(b +v— a(s))dyz(s)
s=0
[(n+2-v)(n+3-v)— 0B — Hr=L
’ [ Bob 13T (v)
. [-&+Bv-3)][n+2-v)(n+3-v)- Hﬁo]t”—z}
B(v —2)62Bon>=2I"(v)

n-v t—v

_ v-1
x 3 (1-09) ) + Y %m)
s=0 s=0
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for all £ € N&*3*1, Since

Hy(F(t,x(2), Ax(t), A*x(t)) - F(t,2(2), Az(t), A%2(t)))
<y (|x(e) - ()

+|Ax(t) — Az(t)| + | A%x(8) — A%2(2)|)

for allx,z € X and ¢ € N2*5*1, we get
[y1(8) = y2(8)| < W (|%(6) — 2(8)| + | Ax(E) = Az(B)| + | A%x(E) — A*2(2)]).
Now, put

[y +8(v =Dl +2 - v)(n +3 =)= -6y +8(v -]
0BouT (v)(b + v)r=2

(€ - B -3)][y +5(w—-D)][(n+2-v)(n+3-v)]r=2
B —2)0Boul (v)(b + v)r=2

G; = max {

b+1+v
teNyT3

b+1
v2 [ +2-v)(n+3-v)—6f]=2 - Hr=L
x SZ:():(b_S +2)(b+v—-0l(s)) 2y ‘ ﬂoeznﬂr‘(v)o

N [-& + B =3)][(n + 2~ v)(n + 3~ v) OB ]t*=>
B(v —2)0>Bon*=2I"(v)

n-v t—v

— v-1
S -ao)e 3 o) }

s=0 s=0 r (U)

W=3)y +8(v-DIl(n+2-v)(n+3-v)e=2t
OBou () (b + v)r=2
(v =10y + (v —1)]=2
0BT (v)(b + v)r=t
_[E-BO=3)]ly +8(v = DIl(n +2 - v)(y + 3 - v)]e=2
BOBouT () (b + v)r=t

G, = max [

b+1+v
teND* 3

b+1

X Z(b—s+ 2)(b+ v —a(s))ﬂ

s=0
W=3)+2-v)n+3-v)—0B]t-=2 —0(v —1)tx=2
BoO?n=3T (v)
[-& + B(v=3)][(n+2-v)(n+3-v)—6B]>=2
BO2Bon =3T"(v)

+

+

n-v t—v+1

_ V=2
Y r-ow)e LI }
s=0 =0
and
G = max (w=3)v—4)[y +3(w-D](n+2-v)(n+3-v)]r=
7 entrte 0Bonl ()b + v)r=%

(w-1( -2y +8(v-1)]z=3
- 0BouT (V) (b + V)=
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_(=3)[E-B-3)lly +5(v = DIl(n +2-v)(n + 3 - v)]e=*
BOBouT (v)(b + v)r=2

b+l
x 3 (b-s+2)(b+v-o(s)=

s=0

W=3)v-8[n+2-v)(N+3-v)—0B]t=2—0(v —1)(v — 2)t2=3
' Bob? =T (v)

(W =3)-£+ B =-3)][(n+2-v)n+3-v)—0F]r~2
+

BO2Bon =3I (v)

n-v t—v+2 _ V-3
x Z(’I—U(S))ﬁ"' Z (tr(z(j);) ‘].
s=0 s=0

Then we have

[AGEYAG]

[y +80 =Dl +2 - v)(n +3 - v)]2=2 — 0y + 8(v - D))=
- [ 0Boul (V) (b + v)r=%

_[E-BO=-3)ly +8(v-DIl(n+2- u)(n+3_u)]tﬂ]
B(v —2)0Boul () (b + v)r=%

b+1

be s+2)(b+v o(s)) (yl ¥2)(s)

s=0

[(n+2-v)(n+3-v)—0B]t2=2 - gL
' [ BoO 13T (v)

N [-§+Bv=3)][(n+2-v)(n+3-v) —9ﬂo]tu}

B(v = 2)02Bon>=2I"(v)
n-v t—v

<Y (n-00) 01 - y2)<s)+2%m ~32)(9)
s=0 s=0

' [y +8( =Dl +2-v)(n+3-v)]=2 -0y + §(v - ]e*=*
OBouT (V)(b + v)r=2
(£ = B0 =3[y +8( -DIl(n+2-v)(n +3 - v)]e"=2
B(v =2)0Boul’ (v)(b + v)2=2

IA

b+l

xZ(b s+2)b+v a(s)) |y1(s) yzs)|

s=0
[(7+2 - v)( +3 - v) — Ofp]e2=3 — gL
* Bob2 =T (v)

.\ [-&+Bv=-3)](n+2-v)(n+3-v)-6B]r=2
B(v —2)62Bon=2T"(v)

xZn O ) - 2(6)] + Z%IW —30)
s=0

< max |y () - 52(2)|
teNg+1
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[y +8(v = DIy + 2= v)(n +3 = )] — 0Ly + 5 - D)=L
X max
(Nl 6ol ()b + v)2=

£ B =3)lly +80v =Dl + 2~ v)(y + 3 - v)]=2
B —2)0Bou T (v)(b + v)r=4

b+l

X Z(b—s+2)(b+ v —o(s))d+

[(7+2-v)(n +3-v) - 6B]t"> — 6=
Bo62n2=3T"(v)

6+ B =3[0+ 2 )0 +3 - v) - OBo)e=2
Blv - 2)92,30,7@1“(1,)

< w(‘x(t) -z t)’ + ’Ax t) — Az(t) ’ + ’Azx(t) — A2z(t)‘) x Gj.

Since

N [(v )y + 8w -1 +2-v)(n +3 - )]E=% - (v — 1Oy +8(v — 1)]=2
' OBoiT (v)(b + v)r=t
=B =3)]ly +5(v = DI[(n +2 - v)(n +3—v)1tv-3}
BOBouT (v)(b + v)i=4

b+l

x Y (b-s+2)(b+v-0(9)nls)

s=0
W=-3)m+2-v)(n+3-v)-06B]t:=2 —0(v —1)12=2
|: BoO*n¥=3T"(v)
. (& +B0-3)][(n+2-v)(n+3-v) —Oﬁo]t“‘s}
BO?Bon =3I (v)

n-v t—v+1 )
(t—o(s)==
;(U o(s)™ y1(s) + ;}: F(zijl)yl(s),

we get

| ARy () — Al (o)
_| 0= 3)ly 80~ D] +2 = V)0 + 3~ )= - (0 - DOLy +8(v - D]
= BB (V)(b + v)=2

_[E-BO=3)ly +8(v - DIy +2-v)(n +3 - )]
BOBouI () (b + v)r=2

b+1

be s+2)(b+v os)) |y1 yz(s)’

s=0

W=-3)(n+2-v)n+3-v)-0B]t:=2 - 6(v —1)r==2
+
BoO?n*=3T (v)

[-& + B(v=3)[(n+2-v)(n+3-v)—OB]-=2
+
BO?Bonr=3T (v)

n-v t—v+1

x> (1= 0(6) = ya(s) — 3205)] + Z“”Lbl(s) ya(s)|
s=0 s=0
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< max |y(¢) - y2(2)|
teNg”

(v =3)[y +8(v = DI[(n + 2 - v)(n +3 - v)]e*=*
0BouT (v)(b + )=t

X max
]
(v=-1)0[y +8(v —1)]r=2

OBl (v)(b + v)r=2

_[E-BO-3)ly +8(v - DIl(n +2-v)(n +3 - )]
BOBoul (v)(b + v)r=4

b+l

X Z(b—s+ 2)(b+ v —a(s))ﬂ

s=0
W=3)n+2-v)n+3-v)—0B]t:=2 -0 (v — 1)tx=2
BoO?n*=3T (v)

[-& + B(v =3)1[(n+2-v)(n+3-v) -6 ]>=2
+
BO2Bon =3I (v)

n-v t—v+l _ v-2
x Z(U —o(s))ﬁ+ Z (tr:,(i)i) }

s=0 s=0

+

< (|x(®) — 2(6)] + | Ax(t) — Az(t)| + | A%x(t) - A%2(t)|) x Go.
Also, we have

| A% (t) - Ahy(2)]
_ |0 =30 -9y + 80 - D[ +2 - ) +3 - v)]e=>
= 0BT (V) (b + v)r=+
(w=-1)(v-2)0[y +8(v-1)]e=2
- 0Bl (v)(b + v)2=t

_(=3)[E =B -3)lly +8(v - DI[(n +2-v)(n +3 - v)]e"=*
BOBouT (v)(b + v)r=2

b+1

x Y (b-s+2)(b+v-0(5)|pls) - 7205)|

s=0
W=3)v-B[n+2-v)(n+3-v)=0B]=2—0(v - 1)(v — 2)12=3
Bo62n2=2T"(v)
W =-3)[-E+B0-3)[(n+2-v)(n+3-v)—6B]t=2
+
BO2Bon =3I (v)

+

(s v (- o)
x Y (1=0)" " -]+ ooz P©-206)
s=0 s=0
< max |y1(¢) — y2()]
teNg*l

(v=3)(v =Dy + 80 = DI[(n +2 - v)(n +3 - v)]*=>
OBouT (v)(b + )=t

X  max {
teNbrLH
(v-1)(-2)8[y +8(v-1)]z=3

- 0BT (V) (b + )=+
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_(=3)[E-B-3)lly + 80 = DIl(n +2-v)(n + 3 - v)]~=*
BOBouT (V)(b + v)r=2

b+1

x 3 (b-s+2)(b+v-o(s)=

s=0
W=3)v-[n+2-v)N+3-v)—0B]=2—0(v - 1)(v — 2)e2=2
' Bot? =T (v)
W=-3)[-§+B0-3)[(n+2-v)(n+3-v)—6B]t=*
+
BO2Bon =3I (v)

n-v t—v+2 _ v-3
SRR B

s=0 s=0

< ¢(|x(t) —z(t)| + |Ax(t) - Az(t)| + |A2x(t) - A2z(t)|) x Gs.
Hence, we obtain
1 = hall = max |m(t) = ha(t)| + max |Ahy(£) — Ahy ()]
teNbtl teNbHLrY
+ max |A2h1(t) - Azhz(t)|
teNbHLrY
< Y (|x() - 2(t)| + | Ax(t) = Az(®)] + | A%x(t) — A%2(8)])(Gy + Ga + G3)

<(Gi+Gy+ G3)1/’(||x —Z||)

forallx,z € X, h; € F(x), and hy € F(z). So Hy(F (x), F(2)) < (G1 + Gy + G3) ¥ (||x — z||) for
allx,ze X.

Define the function « on X x X’ by «(x,z) =1 whenever G; + Gy + G3 <1 and a(x,z) =
m otherwise. Thus,

a(x,2)Hy(F (%), F(2)) < ¥ (llx - zll)

forallx,z € X.Let {x,} be asequence in X with «(x,,x,,1) > 1forall »and x,, — x. Then it
is easy to check that there exists a subsequence {x,, } of {x,} such that a(x,,,x) > 1forall k.
This implies that X obeys the condition (Cy). If x € X and y € F(x) with «(x,y) > 1, then
itis easy to see that «(y,z) > 1 for all z € F(y). Thus, F is an «-admissible «--contractive
multifunction. Hence by using Theorem 2.2, there exists x* € & such that x* € F(x*). One
can check that x* is a solution for the problem (3). O

Example 3.1 Consider the fractional finite difference inclusion

(4)

inx(t Ax(t 3 A2x(t
Ag‘g,sx(t) € |:1,et2 +2+ sin(?) +sinh? ¢ + | Ax(0)] A7 )|]

+ +
e2ltl 4|t 6t2 -1 cosh|3¢]|

via the boundary value conditions §x(—0.5) + BAx(-0.5) = 0, yx(6.5) + §Ax(6.5) = 0, and
x(3.5) =0, where &, B, y, § are non-zero numbers. In fact, this problem is a special case of
the problem (3), where v = 2.5, n = 3.5, b = 4, and

2 sinx; | oz | 3 |3
F(t,x1,%0,%3) = |1, +2 + +sinh® £ + — + + )
(81,2, x3) [ e2lt! 4|t]  6t2—-1 cosh|3¢|
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Note that e” +2 + Tk +sinh® £+ P2+ 3o+ L > 1 forall £ € N3 and x1,%5,%3 € R
Also, &2l > 2, 4]¢| > 2, and cosh 3¢| > 2 for all £ € N”; . and F is a compact valued multi-

function on N7 x R x R x R. Now, define y € W by ¥(z) = £ for all z > 0. Since

Hd(F(t’xl’x2yx3)1F(t; Zl:ZZ:ZS))
sinx; Xy X3 sinz; 2 Z3
et 4lt]  cosh|3t] €2l 4|t] cosh|3¢|

< [%1 = z1] + [x%2 — z2| + |x3 — 23]
- 2

=¥ (v — 21| + |2 — 22| + |3 — 23)

forall t € NZ‘S.S and x1,%,,%3,21,22,23 € R, by using Theorem 3.2 the problem (4) has at
least one solution.

4 Conclusions

In this manuscript, based on a fixed point theorem, we provided the existence result for a
fractional finite difference inclusion in the presence of the general boundary conditions.
An example illustrates our result.
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