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on spaces of holomorphic functions. For example, the six product-type operators from
Bergman spaces to Bloch type spaces

MψCϕD, MψDCϕ , CϕMψD, CϕDMψ , DCϕMψ , DMψCϕ ()

were studied by Sharma in []. The next product-type operators Wϕ,ψD and DWϕ,ψ ,
which were considered in [] and [], are included in () as the first and sixth opera-
tors, respectively. For some other product-type operators, see, e.g., [, –] and the
references therein.

In order to treat operators in () in a unified manner, Stević and Sharma introduced the
following so-called Stević-Sharma operator:

Tψ,ψ,ϕ f (z) = ψf
(
ϕ(z)

)
+ ψ(z)f �(ϕ(z)

)
, f � H(D). ()

For example, in [] and [] the operator was studied on the weighted Bergman space.
By using Stević-Sharma operator all six possible products of composition, multiplica-

tion, and differentiation operators can be obtained. More specifically we have

MψCϕD = T,ψ ,ϕ , MψDCϕ = T,ψϕ� ,ϕ , CϕMψD = T,ψ�ϕ,ϕ ,

CϕDMψ = Tψ ��ϕ,ψ�ϕ,ϕ , DMψCϕ = Tψ � ,ψϕ� ,ϕ , DCϕMψ = Tϕ�ψ ��ϕ,ϕ�ψ�ϕ,ϕ .

Furthermore, by using this operator all possible difference operators of product-type op-
erators in () can also be obtained. For example

MψCϕD – MψDCϕ = T,ψ–ψϕ� ,ϕ , MψCϕD – CϕMψD = T,ψ–ψ�ϕ,ϕ ,

MψCϕD – CϕDMψ = T–ψ �
�ϕ,ψ–ψ�ϕ,ϕ , MψCϕD – DMψCϕ = T–ψ �

,ψ–ψϕ� ,ϕ ,

MψCϕD – DCϕMψ = T–ϕ�ψ �
�ϕ,ψ–ϕ�ψ�ϕ,ϕ , MψDCϕ – CϕMψD = T,ψϕ�–ψ�ϕ,ϕ ,

MψDCϕ – CϕDMψ = T–ψ �
�ϕ,ψϕ�–ψ�ϕ,ϕ , MψDCϕ – DMψCϕ = T–ψ �

,(ψ–ψ)ϕ� ,ϕ ,

MψDCϕ – DCϕMψ = T–ϕ�ψ �
�ϕ,ψϕ�–ϕ�ψ�ϕ,ϕ ,

CϕMψD – CϕDMψ = T–ψ �
�ϕ,(ψ–ψ)�ϕ,ϕ ,

CϕMψD – DMψCϕ = T–ψ �
,ψϕ–ψϕ� ,ϕ ,

CϕMψD – DCϕMψ = T–ϕ�ψ �
�ϕ,ψ�ϕ–ϕ�ψ�ϕ,ϕ ,

CϕDMψ – DMψCϕ = Tψ �
�ϕ–ψ �

,ψ�ϕ–ψϕ,ϕ ,

CϕDMψ – DCϕMψ = Tψ �
�ϕ–ϕ�ψ�ϕ,ψ�ϕ–ϕ�ψ�ϕ,ϕ ,

DMψCϕ – DCϕMψ = Tψ �
–ϕ�ψ�ϕ,ψϕ�–ϕ�ψ�ϕ,ϕ ,

etc., where ψ,ψ � H(D). In this paper we characterize the boundedness and compactness
of the Stević-Sharma operator from the Zygmund space to the Bloch-Orlicz space. As
the applications of our main results, readers can obtain some characterizations for the
boundedness and compactness for all six product-type operators in (), as well as above
mentioned differences operators from the Zygmund space to the Bloch-Orlicz space.
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Now we present the needed spaces and some facts. For α > , the weighted Zygmund
space Zα consists of all f � H(D) such that

sup
z�D

(
 – |z|

)α∣∣f ��(z)
∣∣ < �.

It is a Banach space with the norm

�f �Zα =
∣∣f ()

∣∣ +
∣∣f �()

∣∣ + sup
z�D

(
 – |z|

)α∣∣f ��(z)
∣∣.

When α = , this space is the Zygmund space and is denoted by Z []. From Zygmund’s
theorem (see Theorem . in []), we know that f �Z if and only if f is continuous on D

and

sup
h>,θ�R

|f (ei(θ+h)) + f (ei(θ–h)) – f (eiθ )|
h

< �.

For some results on Zygmund-type spaces and some concrete operators on them, see, for
example, [, , ] and the references therein.

Recently, the Bloch-Orlicz space was introduced in [] by Ramos Fernández. More pre-
cisely, let � be a strictly increasing convex function such that �() = . From these con-
ditions it follows that limt�+� �(t) = +�. The Bloch-Orlicz space associated with the
function � , denoted by B� , is the class of all f � H(D) such that

sup
z�D

(
 – |z|

)
�

(
λ
∣∣f �(z)

∣∣) < �

for some λ >  depending on f . The Minkowski functional

�f �� = inf

{
k >  : S�

(
f �

k

)
	 

}

defines a seminorm for B� , where

S� (f ) = sup
z�D

(
 – |z|

)
�

(∣∣f (z)
∣∣).

Moreover, B� is a Banach space with the norm

�f �B� =
∣∣f ()

∣∣ + �f �� .

In fact, Ramos Fernández in [] proved that B� is isometrically equal to μ� -Bloch space,
where

μ� (z) =


�–( 
–|z| )

, z �D.

Thus, for f � B� it follows that

�f �B� =
∣∣f ()

∣∣ + sup
z�D

μ� (z)
∣∣f �(z)

∣∣.
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This equivalent norm is useful to us for the study of operator Tψ,ψ,ϕ from the Zyg-
mund space to the Bloch-Orlicz space. It is obvious to see that if �(t) = tp with p > ,
then the space B� coincides with the weighted Bloch space Bα , where α = /p. Also, if
�(t) = t log( + t), then B� coincides with the Log-Bloch space (see []). For the gener-
alization of the Log-Bloch spaces, see, for example, [, ].

Let X and Y be Banach spaces. It is said that a linear operator L : X � Y is bounded if
there exists a positive constant K such that

�Lf �Y 	 K�f �X

for all f � X. The operator L : X � Y is said to be compact if it maps bounded sets into
relatively compact sets. It is well known that the norm of operator L : Z � B� is defined
by

�L�Z�B� = sup
�f �Z	

�Lf �B�

and written by �L�.
Throughout this paper, a positive constant C may differ from one occurrence to the

other. The notation a � b means that there exists a positive constant C such that a 	 Cb.
When a � b and b � a, we write a 
 b.

2 Main results and proofs
In order to characterize the compactness, we need the following result, which is proved
in a standard way []. So, the proof is omitted.

Lemma  Let ϕ be an analytic self-map of D and ψ,ψ � H(D). Then the bounded opera-
tor Tψ,ψ,ϕ : Z � B� is compact if and only if for every bounded sequence {fj}j�N in Z such
that fj �  uniformly on every compact subset of D as j � �, it follows that

lim
j��

�Tψ,ψ,ϕ fj�B� = .

We state the following useful result whose first estimate was essentially proved in [],
while the second essentially follows from the point evaluation estimate for the Bloch func-
tions (see, e.g., []). See also [].

Lemma  For each f �Z and z �D, it follows that

∣∣f (z)
∣∣ 	 �f �Z and

∣∣f �(z)
∣∣ 	 log

e
 – |z|

�f �Z .

The following lemma was proved in [], Lemma ..

Lemma  Let {fj}j�N be a bounded sequence in Z which uniformly converges to zero on
compact subsets of D as j � �. Then

lim
j��

sup
z�D

∣∣fj(z)
∣∣ = .
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For w �D and / < |w| < , we define the function

fw(z) =
(

z –

w

)[(
 + log

e
 – wz

)

+ 
]
.

By using this function, the test functions in the Zygmund space can be obtained as follows:

gw(z) = fw(z)
(

log
e

 – |w|

)–

,

hw(z) = fw(z)
(

log
e

 – |w|

)–

–
∫ z


log

e
 – wλ

dλ.

From [] we have the next result on the functions gw and hw.

Lemma  Let w �D and / < |w| < . Then

g �
w(w) = log

e
 – |w|

, g ��
w(w) =

w
 – |w|

, h��
w(w) =

w
 – |w|

.

Moreover,

sup
/<|w|<

�gw�Z � , sup
/<|w|<

�hw�Z � .

Now we characterize the boundedness of the operator Tψ,ψ,ϕ : Z � B� .

Theorem  Let ϕ be an analytic self-map of D and ψ,ψ � H(D). Then the following
statements are equivalent.

(i) The operator Tψ,ψ,ϕ : Z � B� is bounded.
(ii) The functions ψ, ψ, and ϕ satisfy the following conditions:

M := sup
z�D

μ� (z)
∣∣ψ �

(z)
∣∣ < �,

M := sup
z�D

μ� (z)
∣∣ψ(z)ϕ�(z) + ψ �

(z)
∣∣ log

e
 – |ϕ(z)|

< �,

and

M := sup
z�D

μ� (z)|ψ(z)||ϕ�(z)|
 – |ϕ(z)|

< �.

Moreover, if the operator Tψ,ψ,ϕ : Z � B� is nonzero and bounded, then

�Tψ,ψ,ϕ� 
  + M + M + M.

Proof (i) � (ii). Suppose that Tψ,ψ,ϕ : Z � B� is bounded. For a fixed w �D and |ϕ(w)| >
/, let f (z) = hϕ(w)(z) – c + c, where

c = gϕ(w)
(
ϕ(w)

)
= fϕ(w)

(
ϕ(w)

)(
log

e
 – |ϕ(w)|

)–

, c =
∫ ϕ(w)


log

e
 – ϕ(w)λ

dλ.
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Then by Lemma 

f
(
ϕ(w)

)
= f �(ϕ(w)

)
= , f ��(ϕ(w)

)
= h��

ϕ(w)
(
ϕ(w)

)
=

ϕ(w)
 – |ϕ(w)|

.

By using the boundedness of Tψ,ψ,ϕ : Z � B� to the function f , we have

M(w) :=
μ� (w)|ϕ(w)||ψ(w)||ϕ�(w)|

 – |ϕ(w)|
= μ� (w)

∣∣(Tψ,ψ,ϕ f )�(w)
∣∣ 	 C�Tψ,ψ,ϕ�, ()

from which we get

sup
|ϕ(z)|>/

M(z) 	 C�Tψ,ψ,ϕ�. ()

From () it follows that

sup
|ϕ(z)|>/

μ� (z)|ψ(z)||ϕ�(z)|
 – |ϕ(z)|

	  sup
|ϕ(z)|>/

M(z) 	 C�Tψ,ψ,ϕ�. ()

Let h(z) �  �Z . Then by the boundedness of Tψ,ψ,ϕ : Z � B� , we obtain

M = sup
z�D

μ� (z)
∣∣ψ �

(z)
∣∣ 	 �Tψ,ψ,ϕh� 	 C�Tψ,ψ,ϕ�. ()

Considering h(z) = z �Z , by the boundedness of Tψ,ψ,ϕ : Z � B� we have

sup
z�D

μ� (z)
∣∣ψ �

(z)ϕ(z) + ψ(z)ϕ�(z) + ψ �
(z)

∣∣ 	 C�Tψ,ψ,ϕ�. ()

From (), (), the boundedness of ϕ, and the triangle inequality, we obtain

L := sup
z�D

μ� (z)
∣∣ψ(z)ϕ�(z) + ψ �

(z)
∣∣ 	 C�Tψ,ψ,ϕ�. ()

Considering h(z) = z �Z , we have

sup
z�D

μ� (z)
∣∣ψ �

(z)
(
ϕ(z)

) + 
(
ψ(z)ϕ�(z) + ψ �

(z)
)
ϕ(z) + ψ(z)ϕ�(z)

∣∣ 	 C�Tψ,ψ,ϕ�. ()

From (), (), (), the boundedness of ϕ, and the triangle inequality, we get

L := sup
z�D

μ� (z)
∣∣ψ(z)

∣∣∣∣ϕ�(z)
∣∣ 	 C�Tψ,ψ,ϕ�. ()

Then from () we have

sup
|ϕ(z)|	/

μ� (z)|ψ(z)||ϕ�(z)|
 – |ϕ(z)|

	 C�Tψ,ψ,ϕ�. ()

From () and () we finally have M < �.
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Now we prove that M < �. For a fixed w � D and |ϕ(w)| > /, let g(z) = gϕ(w)(z) – c.
Then

g
(
ϕ(w)

)
= , g �(ϕ(w)

)
= log

e
 – |ϕ(w)|

, g ��(ϕ(w)
)

=
ϕ(w)

 – |ϕ(w)|
.

By using the boundedness of Tψ,ψ,ϕ : Z � B� , we have

μ� (w)
∣∣∣∣
(
ψ(w)ϕ�(w) + ψ �

(w)
)

log
e

 – |ϕ(w)|
+ 

ϕ(w)ψ(w)ϕ�(w)
 – |ϕ(w)|

∣∣∣∣

= μ� (w)
∣∣(Tψ,ψ,ϕg)�(w)

∣∣ 	 C�Tψ,ψ,ϕ�. ()

From (), (), and the triangle inequality, it follows that

μ� (w)
∣∣ψ(w)ϕ�(w) + ψ �

(w)
∣∣ log

e
 – |ϕ(w)|

	 M(w) + C�Tψ,ψ,ϕ�

	 C�Tψ,ψ,ϕ�, ()

and then

sup
|ϕ(z)|>/

μ� (z)
∣∣ψ(z)ϕ�(z) + ψ �

(z)
∣∣ log

e
 – |ϕ(z)|

	 C�Tψ,ψ,ϕ�. ()

From (), we obtain

sup
|ϕ(z)|	/

μ� (z)
∣∣ψ(z)ϕ�(z) + ψ �

(z)
∣∣ log

e
 – |ϕ(z)|

	 L log
e


	 C�Tψ,ψ,ϕ�. ()

Hence, from () and () we have M < �.
(ii) � (i). By Lemma , for all f �Z we have

μ� (z)
∣∣(Tψ,ψ,ϕ f )�(z)

∣∣

= μ� (z)
∣∣ψ �

(z)f
(
ϕ(z)

)
+

(
ψ(z)ϕ�(z) + ψ �

(z)
)
f �(ϕ(z)

)
+ ψ(z)ϕ�(z)f ��(ϕ(z)

)∣∣

	 μ� (z)
(∣∣ψ �

(z)
∣∣∣∣f

(
ϕ(z)

)∣∣ +
∣∣ψ(z)ϕ�(z) + ψ �

(z)
∣∣∣∣f �(ϕ(z)

)∣∣

+
∣∣ψ(z)

∣∣∣∣ϕ�(z)
∣∣∣∣f ��(ϕ(z)

)∣∣)

	 (M + M + M)�f �Z . ()

It is clear that

∣∣Tψ,ψ,ϕ f ()
∣∣ 	 C�f �Z . ()

Hence from () and () it follows that Tψ,ψ,ϕ : Z � B� is bounded.
Suppose that the operator Tψ,ψ,ϕ : Z � B� is nonzero and bounded. Then from the

proof of (i) � (ii) it is not hard to see that

M + M + M � �Tψ,ψ,ϕ�. ()
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Since the operator Tψ,ψ,ϕ : Z � B� is nonzero, we have �Tψ,ψ,ϕ� > . From this we can
find a positive constant C such that  	 C�Tψ,ψ,ϕ�, which means that

 � �Tψ,ψ,ϕ�. ()

Then combing () and () gives

 + M + M + M � �Tψ,ψ,ϕ�. ()

It is clear from () and () that

�Tψ,ψ,ϕ� �  + M + M + M. ()

Hence from () and () the asymptotic expression of �Tψ,ψ,ϕ� follows. The proof is
finished. �

Next we characterize the compactness of operator Tψ,ψ,ϕ : Z � B� .

Theorem  Let ϕ be an analytic self-map of D and ψ,ψ � H(D). Then the following
statements are equivalent.

(i) The operator Tψ,ψ,ϕ : Z � B� is compact.
(ii) The functions ψ, ψ, and ϕ satisfy the following conditions:

M := sup
z�D

μ� (z)
∣∣ψ �

(z)
∣∣ < �,

L := sup
z�D

μ� (z)
∣∣ψ(z)ϕ�(z) + ψ �

(z)
∣∣ < �,

L := sup
z�D

μ� (z)
∣∣ψ(z)

∣∣∣∣ϕ�(z)
∣∣ < �,

lim
|ϕ(z)|�–

μ� (z)
∣∣ψ(z)ϕ�(z) + ψ �

(z)
∣∣ log

e
 – |ϕ(z)|

= ,

and

lim
|ϕ(z)|�–

μ� (z)|ψ(z)||ϕ�(z)|
 – |ϕ(z)|

= .

Proof (i) � (ii). Suppose that (i) holds. Then it is clear that the operator Tψ,ψ,ϕ : Z � B�

is bounded. In the proof of Theorem , we have shown that M < �, L < � and L < �.
Consider a sequence {ϕ(zi)}i�N in D such that |ϕ(zi)| � – as i � �. If such a sequence
does not exist, then the last two conditions (ii) obviously hold. We may suppose, without
loss of generality, that |ϕ(zi)| > / for all i �N. Using this sequence, we define the function
sequence

fi(z) = fϕ(zi)(z)
(

log
e

 – |ϕ(zi)|

)–

–
(

log
e

 – |ϕ(zi)|

)– ∫ z


log e

 – ϕ(zi)w
dw.
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Then from a calculation we see that supi�N �fi�Z 	 C and fi �  uniformly on every com-
pact subset of D as i � �. So by Lemma 

lim
i��

�Tψ,ψ,ϕ fi�B� = .

Moreover, we have

f �
i
(
ϕ(zi)

)
= , f ��

i
(
ϕ(zi)

)
= –

ϕ(zi)
 – |ϕ(zi)|

.

Hence we get

∣∣∣∣
μ� (zi)|ψ(zi)||ϕ�(zi)||ϕ(zi)|

 – |ϕ(zi)|
– μ� (zi)

∣∣ψ �
(zi)

∣∣∣∣fi
(
ϕ(zi)

)∣∣
∣∣∣∣ 	 �Tψ,ψ,ϕ fi�B� .

From this, Lemmas  and , and since M is finite, we obtain

lim
i��

μ� (zi)|ψ(zi)||ϕ�(zi)|
 – |ϕ(zi)|

= . ()

On the other hand, take the sequence gi(z) = gϕ(zi)(z) – ci, i � N, where ci = gϕ(zi)(ϕ(zi)).
Then supi�N �gi�Z 	 C,

gi
(
ϕ(zi)

)
= , g �

i
(
ϕ(zi)

)
= log

e
 – |ϕ(zi)|

, g ��
i (zi) =

ϕ(zi)
 – |ϕ(zi)|

.

Hence we have

μ� (zi)
∣∣∣∣
(
ψ(zi)ϕ�(zi) + ψ �

(zi)
)

log
e

 – |ϕ(zi)|
+

ϕ(zi)
 – |ϕ(zi)|

∣∣∣∣ 	 �Tψ,ψ,ϕgi�B� .

By the compactness Tψ,ψ,ϕ : Z � B� , Lemma  and (), we get

lim
i��

μ� (zi)
∣∣ψ(zi)ϕ�(zi) + ψ �

(zi)
∣∣ log

e
 – |ϕ(zi)|

= .

(ii) � (i). We first prove that Tψ,ψ,ϕ : Z � B� is bounded. We observe that the condi-
tions in (ii) imply that for every ε > , there is an η � (, ), such that for any z � K = {z �
D : |ϕ(z)| > η}

R(z) := μ� (z)
∣∣ψ(z)ϕ�(z) + ψ �

(z)
∣∣ log

e
 – |ϕ(z)|

< ε ()

and

R(z) :=
μ� (z)|ψ(z)||ϕ�(z)|

 – |ϕ(z)|
< ε. ()

From the fact L < � and (), we obtain

M = sup
z�D

μ� (z)
∣∣ψ(z)ϕ�(z) + ψ �

(z)
∣∣ log

e
 – |ϕ(z)|

	 ε + L log
e

 – η .
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From the fact L < � and (), we also obtain

M = sup
z�D

μ� (z)|ψ(z)||ϕ�(z)|
 – |ϕ(z)|

	 ε +
L

 – η .

Hence from Theorem  it follows that the operator Tψ,ψ,ϕ : Z � B� is bounded.
In order to prove that the operator Tψ,ψ,ϕ : Z � B� is compact, by Lemma  we just

need to prove that, if {fi}i�N is a sequence in Z such that supi�N �fi�Z 	 M and fi � 
uniformly on any compact subset of D as i � �, then

lim
i��

�Tψ,ψ,ϕ fi�B� = .

For such a chosen ε and η, by using (), (), and Lemma  we have

μ� (z)
∣∣(Tψ,ψ,ϕ fi)�(z)

∣∣

= μ� (z)
∣∣ψ �

(z)fi
(
ϕ(z)

)
+

(
ψ(z)ϕ�(z) + ψ �

(z)
)
f �
i
(
ϕ(z)

)
+ ϕ�(z)ψ(z)f ��

i
(
ϕ(z)

)∣∣

	 μ� (z)
(∣∣ψ �

(z)
∣∣∣∣fi

(
ϕ(z)

)∣∣ +
∣∣ψ(z)ϕ�(z) + ψ �

(z)
∣∣∣∣f �

i
(
ϕ(z)

)∣∣

+
∣∣ϕ�(z)

∣∣∣∣ψ(z)
∣∣∣∣f ��

i
(
ϕ(z)

)∣∣)

	 M sup
z�D

∣∣fi(z)
∣∣ +

(
sup
z�K

+ sup
z�D\K

)
μ� (z)

∣∣ψ(z)ϕ�(z) + ψ �
(z)

∣∣∣∣f �
i
(
ϕ(z)

)∣∣

+
(

sup
z�K

+ sup
z�D\K

)
μ� (z)

∣∣ϕ�(z)
∣∣∣∣ψ(z)

∣∣∣∣f ��
i
(
ϕ(z)

)∣∣

	 ε + M sup
z�D

∣∣fi(z)
∣∣ + L sup

|z|	η

∣∣f �
i (z)

∣∣ + L sup
|z|	η

∣∣f ��
i (z)

∣∣. ()

Since fi � uniformly on compact subsets of D as i � � implies that for each k � N,
f (k)
i �  uniformly on compact subsets of D as i � �, from () and Lemma  we get

lim
i��

sup
z�D

μ� (z)
∣∣(Tψ,ψ,ϕ fi)�(z)

∣∣ = .

It is clear that

lim
i��

∣∣Tψ,ψ,ϕ fi()
∣∣ = . ()

From () and () we obtain

lim
i��

�Tψ,ψ,ϕ fi�B� = . ()

Hence from () and Lemma , we see that Tψ,ψ,ϕ : Z � B� is compact. The proof is
finished. �
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38. Stević, S: On an integral operator on the unit ball in C

n . J. Inequal. Appl. 2005(1), 81-88 (2005)


