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1 Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, and C, will, respec-
tively, denote the rings of p-adic integers, the fields of p-adic numbers, and the comple-
tion of the algebraic closure of Q,. The p-adic norm | - |, is normalized as |p|, = }17. The
space of continuous functions on Z, is denoted by C(Z,). Let g be an element in C, with
1-ql, < p_lﬁ. The g-number of x is defined by [x], = %. For f € C(Z,), the fermionic
p-adic integral on Z, is defined by Kim,

N
L= [ S = lim DS e (1-27)) W
where [x]_, = 1_1(:{?)"‘ From (1), we note that
n-1
q'Lq(f) + (F)" ' Lg(f) = 121, Y ()" g'f (1), 2)
=0

where f,(x) = f(x + ) (n > 1). In particular, for n =1,

ql-q(h) + 14(f) = [21/(0). 3)
We note that
x+ [2] X
/Z M) = e (4)

© 2015 Jang and Lee. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13662-015-0574-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-015-0574-8&domain=pdf
mailto:jukolee@wku.ac.kr

Jang and Lee Advances in Difference Equations (2015) 2015:250 Page 2 of 7

As is well known, the g-Euler polynomials are defined by Kim,

(2],
get +1

o0 t”
e =) Eng)—  (see2,9,22,28)). (5)
n=0 ’

When x = 0, E,; = E, 4(0) are called the g-Euler numbers. We note that lim,_,; E,4(x) =
E,(x), where E,(x) are called the Euler polynomials which are defined by the generating
function,

2 L, e t"

X _ —

i1l _ZOEn(x)n!'
P

The Stirling number of the first kind is given by the generating function,

@ =Y Silm,Dx' (m>0) 6)

=0

and the Stirling number of the second kind is defined by the generating function,
m_ N t
(e -1)"=m) S m)y (m=0) (see [7,8,15,17]). 7)
I=m

In [21], Kim (2010) presented the generating functions related to the g-Euler polynomi-
als of higher order and gave some interesting identities involving these polynomials. In [2],
Bayad and Kim (2011) studied some relations involving values of g-Bernoulli, g-Euler, and
Bernstein polynomials (see [3-6, 10, 20, 22-25, 29, 30]). Recently, Kim et al. studied some
identities for g-analogs of the Changhee polynomials (see [11, 15]), for various degenerate
Bernoulli polynomials (see [13, 16, 17, 22]), and for g-analogs of the Boole polynomials
(see [10, 12]).

In recent years, a lot of people have studied various types of g-Euler polynomials and
obtained many results which are interesting in number theory and combinatorics. To cite
a few, in [28] one obtained eight basic identities of symmetry in three variables related to
the g-Euler polynomials and a g-analog of alternating power sums. The derivation is based
on the p-adic g-integrals in our case but on the p-adic integrals in [28]. In [9], some combi-
natorial identities involving g-Euler numbers and polynomials were obtained by adopting
the ideas from [25]. It is fascinating that very recently some degenerate versions of many
important polynomials were studied and some interesting results were obtained including
the degenerate g-Euler polynomials. The aim of this paper is to define Barnes-type g-Euler
numbers and polynomials in terms of p-adic g-integrals and to derive Witt-type formu-
las for them. Further, we find the connection between Barnes-type g-Euler polynomials
and Barnes-type Frobenius polynomials and Barnes-type g-Changhee polynomials. This
generalizes the Euler polynomials introduced in [21] by Kim.

In a forthcoming paper, we would like to give some of the applications of our results to
symmetric identities involving Barnes-type g-Euler numbers and polynomials, to deriva-
tion of many identities of combinatorial nature. Also, we will investigate further proper-
ties, recurrence relations, and combinatorial identities for the Barnes-type polynomials
by utilizing umbral calculus and degenerate versions of them.
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The main results of this paper are some identities of the Barnes-type g-Euler polyno-
mials. Furthermore, we define the Barnes-type g-Changhee polynomials and numbers,
and we derive some identities related with the Barnes-type g-Euler polynomials and the

Barnes-type g-Changhee polynomials.

2 The Barnes-type g-Euler polynomials and numbers
Letwy,...,w, € C,. The Barnes-type Euler polynomials are defined by the generating func-
tion

r

2 Xt = t"
l_[(eW/t+1>e :;En(xlwl,...,wr)ﬁ' (8)

I=1

When x = 0, E,(wy,...,w,) = E,(0|wy,...,w,) are called the Barnes-type Euler numbers
(see[1,3,5,6,9,12, 14, 28-30]). By (4), we get

r 2]
. (W1X1 +-+ Wy +X)E du_ cedi ) = [ q xt’ 9
/Z,, /Z,," i glon) - dp () H(qewlm)e )

=1

1
for |t], < p 77I. From (9), the Barnes-type g-Euler polynomials are defined by the gener-

ating function,

r 1 oo t”
r | | Xl _ E
[2]q ] <W>e = £ En,q(x|W1,...,Wr)E. (10)

When x =0, E,q(w1,...,w,) = E,4(O|wy,...,w,) are called the Barnes-type g-Euler num-
bers. By (9) and (10), we get

n

> t
ZEn,q(x|w1,...,wr)

n!
n=0

_ / B / WIXL+ + Wy 2)t dl/(/—q(xl) . dﬂ_q(xr)
z, Jz,

n

= t
5 [ [ ) diay o) o) a
n=0 Y Lp Zp n:

From (11), we obtain the following theorem.

Theorem 2.1 For n > 0, we have
E, xlwy,...,wy) = / . / (Wixy + -+ W, + %) dpi_g(x1) - - - dp_g(xy). (12)
Zp Zp
From (12), we note that

Eugnreeew) = [ o [ e o) di ). (13)
Zp Zp
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Now, we observe that

o0
t 1+9)
Y Englwy,..wp)— = —— DV
=0 n' (geMt +1)---(ge"rt +1)

- (1 + q_l)r Xt
(ewlt + q—l) .. (ewrt + q—l)

o0 tn
= ZH,,(x, —q’1|w1,...,w,)—',
— n!

(14)

where H, (x, u|wy,...,w,) are called the Barnes-type Frobenius-Euler polynomials defined

by the generating function,

(1-w)y
(et —u) - (e"rt — 1)

[o¢]
tn
et = E Hy(x,ulwy, ..., wy)—  (see [2,4]).
n!
n=0

Therefore, by (14), we obtain the following theorem.
Theorem 2.2 Let n > 0, we have
E, xlwi,...,w,;) = H, (x, -q twy,..., w,).

Let n> 0 and d € N with d =1 (mod 2). By (2), we get

d-1

T Lg(fa) + Ly(f) = [21, )_(-a)'f Q).

1=0
By (17), we get

n

= t
ZE,,,q(x|w1,...,wr)

n!
n=0

= [2]q . (W11 -+ + Wy +X)E o
B ([2]qd) /Z,, /Z,, ¢ dp—q(x1) -+ dp—g(x,)

r [2] d-1
1 ety (w1l ++wrlp+x)t
(i) 2 careven

=1

Byelr=0

2] > o
i ([2] 2) (ZEm,qd(dWh...,dwr)%)

> k

d-1

t

E _g)atetl E ... kZ_

X (-q) wih + - +wl, +x) Iz
Hpeody=0 k=0

ad " d-1
= Z( [[22]]401> (Z <Z) Z (_q)11+---+lr(wlll RS err +x)k
q

n=0 k=0 1ol =0
n

E.

t
X En—k,qd (dw,..., dW,J)

Thus, by (18), we obtain the following theorem.

(15)

17)

(18)
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Theorem 2.3 Let n > 0. Then, for positive integer d with d =1 (mod 2),

E, (xlwi,...,w,)
[2] n " d-1
) ( ; ) Z ( ) Z (=) r(wily + -+ wily + )
(2] k=0 k 0 ly=0
X B, g ga(dwi, ..., dw,). (19)

We note that in [6], the authors considered the g-extensions of Changhee polynomials
which are derived from the fermionic p-adic g-integral on Z,, and they gave some identi-
ties for these polynomials. Finally, we consider the Barnes-type g-Changhee polynomials.
By (3), we note that, for [ =1,...,r,

(2]

1 wix _ — 7‘7) 2
Zp( + )" dp_g(x) d0+ 071 (20)

where [¢], <p71’%1. By (20), we get

WXL+ +Wrkp +X . _ : [2]
vép - v/Zp(l " t) dﬂ_q(‘xl) dM_q(xr) - 11:1[ q(l + t)wl + 1( " t) (21)

From (21), the Barnes-type g-Changhee polynomials are defined by the generating func-

tion,

a 2
m(l £ = ZChnq(x|W1, ,w,)— 22)

=1 =

When x = 0, Chy, 4(w1, ..., wy) = Chy, 4(0|wy, ..., w,) are called the Barnes-type g-Changhee
numbers (see [7, 11, 13, 15]). By (21) and (22), we have

[e.¢] t”

Z Chn,q(x|W1, ;Wr)_

n=0

= / . (1 + t)W1x1+---+Wrxr+x d,u—q(xl) c.. dM—q(xr)
Zp Zp

o0
WXL+ WXy + X,
(M )er gty
n=0 v Zp Zp n
t}’l

2/ / WL W 2 (1) g )
Zp .

= ZZ/ / Si(m, Dy (wixy + - + Wiy + x) dpi_ 1) dp q(xr)_

n=0 =0 Zp
0 n .

=D S DExw, .. wy)—. (23)
n=0 1=0 i

By (23), we obtain the following theorem.
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Theorem 2.4 Let n > 0. Then we have

Chn,q(xlwl; c W) = ZSI("I» Z)El,q(xlwl; W)

=0

By replacing ¢ by ¢’ — 1, we have

qevit +1

lL[ &ext _ ZChm,q(le"”’W’)
m=0

> 1
= Z Chypg(xlwr, ..., w,)%m! ZSz(n,m)—

m=0

[ee] n

= Z ZSg(n, m)Chyq(x|W1,. .., w,)t—.

n=0 m=0

By (25) we obtain the following theorem.

Theorem 2.5 Let n > 0. Then we have

(e =1)"

o0 tm
m!
n=m

n

n!

E, (xlwy,...,w,) = ZSz(n, m)Chy, g (xX|wi, ..., w,).

m=0
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