Yao and Zhao Advances in Difference Equations (2015) 2015:247 ® Advances in Difference Equations

DOI 10.1186/513662-015-0584-6

a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

A note on comparison results with
positive linear operators

Meiping Yao™ and Aimin Zhao

“Correspondence:
yaomp@sxu.edu.cn

School of Mathematical Sciences,
Shanxi University, Taiyuan, Shanxi
030006, People’s Republic of China

@ Springer

Abstract

Recently, Jankowski (Appl. Math. Comput. 218:2549-2557, 2011; Appl. Math. Comput.
219:9348-9355, 2013) established four existence results for four difference equations
with causal operators. These results are based on four comparison results,
respectively. However, the comparison results in the above papers contain
inaccuracies. In this paper, we will establish four new comparison results which
correct and supplement the comparison results in the above papers. Two examples
are given to illustrate our results.
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1 Introduction and preliminaries

The study of differential or difference equations with causal operators has seen a rapid
development in the last few years, see the papers [1-5] and the references therein. Recently,
existence results for differential or difference equations with causal operators have been
obtained by using monotone iterative technique combined with the method of upper and
lower solutions; for details, see for example [6-10]. In [7, 8], some existence results for the
following boundary value problems of difference equations:

Ay(k-1) = (Qy)(k), keZ[1,T],
g((0),y(T)) =

Ay(k) = (Qy)(k), keZ[0,T],
g»(0),y(T)) = 0,

Ayk-1) = Qi(y,2)(k), ke Z[1,T],
Az(k —1) = Qa(z, y)(k), keZ[1,T], 1.3)
£1(9(0),¥(T),2(0),2(T)) = 0, £2(2(0),2(T), y(0), y(T)) =

and

Ay(k) =y, 2)(k), ke Z[0,T],
Az(k) = Qx(z,y)(k), ke Z[0,T], (1.4)
&1(9(0),5(T),2(0),2(T) =0,  £2(2(0),2(T), y(0), (7)) =
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were obtained based on four comparison results with positive linear operators, respec-
tively. In (1.1)-(1.4), Ay(k) = y(k + 1) — y(k), Q, Q1, and Q, are causal operators (which will
be defined in the following), g € C(R%,R), 1,82 € C(R*, R). However, these comparison
results contain inaccuracies and only hold if the linear operators are causal and strictly
positive. In this paper, we will give four new comparison results, which hold if the pos-
itive linear operators are causal or non-causal. Our results correct the inaccuracies and
supplement the comparison results in [7, 8]. Two examples will be given to illustrate our
results.

Let Ny be the set of integer numbers and Z[a,b] = {a,a + 1,...,b} with a,b € Ny and
a < b.Denote E = C(Z[a, b],R), Ey = C(Z[1,T],R), E; = C(Z[0, T —1],R), and R, = [0, +00).
An operator Q € C(E,E) is called a causal operator, or nonanticipative, if the following
property holds: for each couple of elements of E such that u(s) = v(s), fora <s <k, s,k €
Zla, b), as a result (Qu)(s) = (Qv)(s) for a < s < k with k < b arbitrary. A linear operator
L € C(E,E) is called a positive linear operator, if (Lm)(k) > 0 provided that m(k) > 0,
k € Z|[a, b). Similar to [11], a linear operator £ € C(E, E) is called a strictly positive operator,
if (Lm)(k) > 0, (Lm)(k) # 0 provided that m(k) > 0, m(k) # 0, k € Z[a, b].

Considering the following inequality with boundary condition:

Aylk=1) = -M(k)y(k) — (Ly)(k), ke Z[1,T],

y(0) <ry(T), 1.5)

where M € C(Z[1, T],R,), r > 0, and L € C(Ey, Ey) is a positive linear operator.
Denote p; := ZiTzl(El)(i)Si_l where1(k) =1, S; = ]_[le[l +M(i)] fork € Z[1, T]and Sy = 1.
We list the following assumptions for convenience.

(Hy) p1 <rS7t<land Sy—r+p >0,
(Ha) L € C(Eo,Ep) is a strictly positive operator and p; < rS7' <1,
(H3) L € C(Eo,E) is a causal operator, p; <1, 7S7* <1,and St —r+ p; > 0.

Firstly, we state our main comparison results.

Theorem 1.1 Assume that y € C(Z[0, T],R) and satisfies (1.5). If one of the assumptions
(Hy)-(Hs) holds, then y(k) <0, k € Z[0, T].

Remark 1.1 If £ € C(Ey, Ey) is a strictly positive linear operator, then p; > 0. Hence rS7* <
1 implies that S7 — r + p; > 0. So one of (H;)-(H3) ensures S; —r + p; > 0.

Corollary 1.1 Assume that L € C(Ey, Eo) is strictly positive and causal,
o<1, S <1 (1.6)
Ify € C(Z[0, T], R) and satisfies (1.5), then y(k) <0, k € Z[0, T.

Remark 1.2 Compared with Lemma 1 in [7], here the operator L is restricted to be strictly
positive and causal. In fact, if £ is only just positive linear, then the condition (1.6) is not
sufficient to guarantee that y(k) < 0 for k € Z[0, T']; see the examples below.

Example 1.1 Consider problem (1.5) with M(k) = 0, (Ly)(k) =0, and r = 1. Here L is
not strictly positive. Obviously, p; = 0 < 1, rS7! = 1. Hence the condition (1.6) is fulfilled.
However, y(k) = 1 satisfies (1.5), which is not non-positive.
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Example 1.2 Consider problem (1.5) with M(k) = é, T=3,r= é, and
1
_y(z)) k= 1,
Ly)k)=1*%
(Ly) (k) 0. PP

Here £ is non-causal. It is easy to identify that 0 < rS7! = % <landp; = Z?:l(ﬁl)(i)Si_l =
i < 1. The condition (1.6) holds. However, y(0) = -1, y(1) = %,y(Z) =-5,9(3) = —49—0 satisfies
problem (1.5), but y(1) is not non-positive.

Similar to Theorem 1.1, we can get the following theorem which corrects and comple-
ments Lemma 2 in [7].

Theorem 1.2 Assume that y € C(Z[0, T], R) and satisfies

Ay(k) < -M(K)y(K) - (Ly)(K), k€ Z[0, T 1],

¥(0) < ry(T), 1.7)

where M € C(Z[0,T -1],[0,1)), r > 0, and L € C(Ey, E,) is a positive linear operator. If one
of the following assumptions holds:

(Hy) p1 <rP7 <land Pr—r+p >0,
(H)) L € C(Eo,Ey) is a strictly positive linear operator, py < rP;* <1,
(H3) L € C(Eo,Ey) is a causal operator, py <1, rP7* <1,and Pr —r+ 1 > 0,

where py = LML) ()P, Pr = [Tall = M@)]™ for k € Z[1, T, then y(k) < 0, k €
Z[0,T).

2 Proofs and applications

In this section, the proofs of Theorem 1.1 will be given firstly. The proof of Theorem 1.2
is similar and is omitted. Two new comparison results based on Theorems 1.1 and 1.2 will
be established secondly.

Proof of Theorem 1.1 It is obvious that y(k), k = 0,1,..., T, has a maximum value and a

minimum value. Let

yk) = min (&), (k)= max_ y(k). (2.1)

It is enough to prove that y(k*) < 0.
From (1.5) we know that

yk-1)  (Ly)(k)
1+ MKk) 1+Mk)’

y(k) < ke Z[1,T].

Since L is a positive linear operator,
(Ly)K) = Ly = y(ks) - 1) (k) + L(y(ks) - 1) (k) = y(k)(LD)K), k€ Z[1, T].

Hence y(k) satisfies the first order linear difference inequality

_Yk=1)  yk)(EDK)

ST - Lemp o ket

y(k)
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By utilizing Theorem 4.4.1 in [12], we have, for any ko € Z[0, T —1],
y(k) <v(k), ke Zlko,T],
where v(k) is the solution of the initial value problem

_ k=1 ylka)(L1) ()
V(k) 1+Mk) T LM kGZ[k()‘I'l, T],

v(ko) = y(ko).

One can easily obtain

y(ko)Sk, (LD )Si
k) = 22020 e UL ke Zlko, T
v(k) S ( )i:kXO;l 5 k € Zko, T)
Hence
(/)<y( kodSko _ y(k.) Z El)(i)s‘ L ke Zko, T). (2.2)
i=ko+1

Particularly, using the boundary condition and (2.2), we have

(0) Sin _ry(T)  puylks)
()5—— <’<>Z =,

that is,
(S =ry(T) + pry(ky) < 0.

In view of rS7~ <1 and y(T) > y(k,), we have
(St —r+p)y(ks) <0.

Hence y(k,) <0, since S —r + p; > 0.

In the following, we will divide the proof into two cases.
Case 1: k, < k*. From (2.2) we have

k* . I+
y(k*) < y(ks)Sk, k) Y LYH@Si-1 _ yks) [S,(* -y (£1)(i)Si_1].

See e Sk See ikt
Noticing that
k* T
St = Y (L)@DSia=1= D (L)@DSi1=1-p1 =0
i=ky+1 i=1

and the fact that y(k,) < 0, we have y(k*) < 0.
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Case 2: 0 < k* < k, < T. Taking ko = 0 and kq = k., respectively, in (2.2) we get

() (L)
J’(k)f S —y(k*)ZT

and

y(k,)Sx, L (L1)()Sia
—, k) PPe=rea=y

y(T) < S,

i=ky+1

Case 2.1: (H;) or (Hj) holds. Combining with the boundary condition y(0) < ry(T), we

have

1) <D )i (LH@Sis

Sk i1 Sk

k. El 0)S;-
D) (S s ) -yt 3 DS
Sk*ST i=ky+1 i=1

BRIO) N P ZT:(M)(i)s- —i(ﬁl)(i)&
= ST ks i-1 i-1 |-

i=ky+1 i=1

Noticing that

T
é(sk*‘ 3 (L)), 1) Z(a

i=ky+1
r a -
=5 2} (L1 - El (LD)@)Sia
r d r
>—=) LN@Si1=--m>0,
> 5 EM:( JOSia=g5--mz

we know that y(k*) < 0.
Case 2.2: (Hs) holds. Let y(k,.) = mingezjo,x+ ¥(k). Then, since L is causal, we have

yk=1)  ylka)(LD)(K) .
Tow) T 1m0 KEAOKD

y(k) <

Similar to (2.2), we have

(k*) y(/;**) _ (k**) Z Ll)(l i-1 J’(k**) |:Sk** - Z (Ll)(L)Sl 1:|

Six
i=kyx ke i=kyx+1

In view of y(k,) < y(k*), we know

(Kie) -
AU |:Sk* —Sk** + Z (,Cl)(i)si_li| <0.

S
ke i=kyx+1
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If Sp — S, + Yong 1 (L1)(@)Si1 > 0, then y(k.,) < 0. So

ke - K
i) <2 [sk** - (a)(i)sil} <20 p <o

i=kyse+1

I Spr = Sk, + Xip, a (LD@Si1 = 0, then y(k*) < %) - S = y(kes). So y(k) = y(k*) for
k € Z[0,k*]. Thus

. ry(k,) d , ry(k,)
y(k*) = y(0) < ry(T) < yST [sk*— Z(ﬁl)(1)5i1:| < yST (1-p)=0.
i=ky+1
The proof is complete. O

In the following we will establish two comparison results which will be used to consider
the problems (1.3) or (1.4).
Considering the following inequalities with boundary conditions:

Ap(k —1) < =My (k)p(k) + Ma(k)q(k) — (L1p)(k) + (Lag)(k), k€ Z[1, T],
Aq(k 1) < -My(k)g(k) + My(k)p(k) — (L1g)(k) + (Lap)(k), k€ Z[1, T,
p(0) < rp(T) + raq(T),
q(0) < r1g(T) + rop(T),

(2.3)

where My, My, My — M, € C(Z[1, T],R,), 1,2 > 0,and Ly, Lo, L1 — L5 € C(Ey, Ey) are pos-
itive linear operators.

Denote py = Y1 (L1 — L2)1)(0)S;, and p3 = "5 (L1 + L2)1)()S}, where S; = [T, [1+
M (i) - Ma(d)], S; = ]_[f:1 [1+M;() + Ma(i)] for k € Z[1,T] and S; = S§ = 1.

We list the following assumptions for convenience.

(Ha) p3 <752, %22 <1,and S — (1 +12) + 02> 0,
T

(Hs) L1 — L, is a strictly positive linear operator, p3 < %52 and 222 <1,

T
(Hg) L1, L, are causal operators, p3 <1, % <1,and S7 — (11 +712) + p2 > 0.

Theorem 2.1 Assume that p,q € C(Z[0, T1, R) and satisfy (2.3). If one of the assumptions
(Ha)-(Hg) holds, then p(k) <0, g(k) <0, k € Z[0, T.

Proof We only prove the case that condition (H4) holds. The others are similar and are

omitted. Let y = p + q. Then we have

Ay(k —1) < —[M;(k) — My (K)]y(k) — (L1 — L)y)(k), ke Z[1,T],
¥(0) < (1 + ro)y(T).

Condition (H;) holds for M(k) = My (k) - M, (k), L = L1 —L,,and r = r; + r,. By Theorem 1.1
we get y(k) < 0 for k € Z[0, T]. Thus p(k) + g(k) < 0 for k € Z[0, T]. Substituting p(k) <
—q(k) and g(k) < —p(k) into (2.3) we have

Ap(k —1) < —[My(k) + Ma(K)]p(k) — (L1 + La)p)(k), ke Z[1,T],
p(0) < (rn —r)p(T)
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and

Aq(k —1) < =[My (k) + Ma(k)]q(k) — (L1 + L2)g)(k), ke Z[1,T],
q(0) < (r1 —r)gq(T).

Again condition (H;) holds for M(k) = My(k) + Ma(k), L = L1 + L, and r = 11 — rp. By
Theorem 1.1, we have p(k) <0, g(k) <0, k € Z[0, T]. The proof is complete. O

Considering the following inequalities with boundary conditions:

Ap(k) < =My (k)p(k) + Ma(k)g(k) — (Lip)(k) + (L29)(k), k€ Z[0, T —1],
Aq(k) < =My (k)q(k) + My (k)p(k) = (L1g) (k) + (Lap)(k), k€ Z[0,T 1],
p(0) < rp(T) + raq(T),
q(0) < rg(T) + rop(T),

(2.4)

where My, M, M; — M, € C(Z[0,T —-1],[0,1)), r1,7, > 0,and L1, Lo, L1 — L, € C(Ey, Ey) are
positive linear operators.

Denote /5, = Y 1o (L1 — LODG)P;, and p3 = 310 (L1 + L2)1)()P,, where Py =
[T 1L = My ) + My ()], P = [T 1L = My (i) — Mo ()] for k € Z[1, T1.

We list the following assumptions for convenience.

(Hy) p3 <152, 522 <1,and Py — (1 +72) + 02 > 0,

T
(HL) L1 - L, € C(Ey, Ey) is a strictly positive linear operator, g3 < ”P’;’z, and % <1,
(Hy) L1, L, € C(Ey, E;) are causal operators, g3 <1, % <1,and P; - (r1 + 13) + p2 > 0.

Similar to the proof of Theorem 2.1, a new comparison result based on Theorem 1.2 can
be established.

Theorem 2.2 Assume that p,q € C(Z[0, T], R) and satisfy (2.4). If one of the assumptions
(H,)-(Hg) holds, then p(k) <0, q(k) <0, k € Z[0, T].

Finally, we will address the following fact. In [7, 8], the conditions for causal operators
Q, @1, and Q, show that the corresponding positive linear operators £, £;, and £, are
causal too. Similar to Theorems 3 and 6 of paper [7] and Theorems 3 and 5 of paper [8],
existence results of problems (1.1)-(1.4) can be obtained by using the comparison results
Theorems 1.1, 1.2, 2.1, and 2.2 in this paper. We will omit the details.
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