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1 Introduction
The harmonic numbers have many applications in combinatorics and other areas. Many
authors have studied these numbers. The nth harmonic number, H,, is defined by
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where Hy = 0. The nth harmonic number H,, can be expressed as

n+l

—
N
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where [Z] denotes the Stirling number of the first kind, counting the permutations of #
elements that are the product of k disjoint cycles.

Several interesting properties of harmonic numbers can be found in [1]. For #n > 1, some
of them are the following:
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where 12 = n(n — 1) and m is a nonnegative integer.
In [2], Spivey proved that, for n > 1,

2 (- (L)

Harmonic numbers have been generalized by many authors [3-7]. In [5], Conway and
Guy defined the nth hyperharmonic number of order 7, HY for mr>1 by the following
recurrence relations:

n
HY =Y " HY,
k=1

where Hﬁ,o) = % and Hﬁ,l) = H,, is the nth ordinary harmonic number.
Furthermore, these numbers can be expressed by binomial coefficients and ordinary
harmonic numbers [5], as follows:

n+r-1
Hr(lr) = ( r_1 )(Hn+rl - H,,).

In [4], Benjamin et al. gave the following properties of hyperharmonic numbers:

n
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where 0 < m < r - 1. In [3], Bahsi and Solak defined a special matrix whose entries are
hyperharmonic numbers and gave some properties of this matrix.
The Fibonacci sequence is defined by the following recurrence relation, for n > 0:

Fn+2:Fn+1+Fn

WithFQZO,FIZL
In [8], Dil and Mez6 defined hyper-Fibonacci numbers, F,(,r), for positive integer r,

n
Fy(lr) — Z F]EV -1)
k=0

with F,(,o) =F, F(()r) =0, and Fl(r) = 1. Moreover, the authors obtained some properties of
these numbers.

In [9], Ohtsuka and Nakamura studied the partial infinite sums of reciprocals Fibonacci
numbers and the reciprocal of the square of the Fibonacci numbers. Holiday and Komatsu
generalized their results in [10].
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The important point to note here is the form of finite sums of reciprocals Fibonacci
numbers. In [11], Rabinowitz pointed out that

1

n= —_—

k-1 Fk
is no known simple form. Now we present some preliminaries to our study.
In [1], the difference operator of f(x) is defined as

Af(x) =f(x+1) - f (x).

The expression x to the m falling is denoted x™. The value of
K =xx-1)(x-2)--(x—m+1)

and it is called the falling power.

The A operator has a very interesting property for m > 0,

Ax™ = maL,

Analogously, the A operator has an inverse, the anti-difference or summation operator

> defined as follows. If Af(x) = g(x) then
b b-1
Y g®)8e =Y gx) =f(b) ~f(a).

The anti-difference operator }  has some properties as follows:

m+1

meax _ J;n: lfm #—1,

H, ifm=-1
and
b b
Z u(x) Av(x)é, = u(x)v(x)|z+1 - ZEv(x)Au(x)(Sx,

(6)
where Ev(x) = v(x + 1) [1].

In [1] the authors use a property of the finite difference operator to show the validity of
the identity (1) as follows.

Let u(k) = Hy and Av(k) = 1 be as in (6). Then they obtain Au(k) = >
Therefore,

= 17 and v(k) = k.
n-1 n 1

Hy = kH|" — k+1)——§
kXﬂ: 3 [4 Xl:( + )k+1 k

=nH, —n.

In this paper, inspired by the definition of a harmonic number, we introduce harmonic

Fibonacci numbers and give various identities for these numbers by using the difference
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operator. Moreover, we introduce hyperharmonic Fibonacci numbers and present some
certain properties of them; the same as hyperharmonic numbers. Finally, we obtain the
spectral and the Euclidean norms of circulant matrices with harmonic and hyperharmonic

Fibonacci numbers.

2 Harmonic Fibonacci numbers and some combinatorial properties
In this section, we investigate various properties of IF,,; finite sums of the reciprocals of the
Fibonacci numbers are defined as
"1

—~ F
Here and subsequently we call it the #nth harmonic Fibonacci number. Now we state some
theorems related to harmonic Fibonacci numbers.

Theorem 1 Let I, be the nth harmonic Fibonacci number. Then we have

Proof Our proof starts with the observation of a property of the difference operator. Let
u(k) = Fr and Av(k) = 1beasin (6). Then we obtain Au(k) = Foo v(k) = kand Ev(k) = k+1.
Hence, we have

n-1 n-1

k+1
> Fi=nF, - = -
k=0 k=0 * K+l

o1 ksl 1
> F?=nFr->" (zm + ) 7)
=0 =0 Fk+1 Fk+1

Proof Let u(k) = IF‘% and Av(k) =1 be as in (6). Then by using (6), we obtain

il Lk+1 1
(Fk)z = nFi - (ZF/( + )
g k2=0: Fk+1 Fk+1 d

Theorem 3 Let I, be the nth harmonic Fibonacci number and m be a nonnegative integer,
we have

1 1

- — [ k+1
2 ()= ()2 ()E
oo\ m+1 o m+1) Feq’

Proof Letu(k) =Fyand Av(k) = (y/;) beasin (6). Then we obtain Au(k) = %, v(k) = ( k ),
and Ev(k) = (k+1). By using (6), we have

m+1

=
P pars m+1 Fk+1 O
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Theorem 4 LetF, be the nth harmonic Fibonacci number and m be a nonnegative integer.

Then we have

(k+1)mL 1
K2Fy =
Z ©kE Er Z m+1 Fkﬂ
k=0
Proof Let u(k) = Fy and Av(k) = kK be as in (6). Then we get Au(k) = B v(k) = m+1 ,and

Ev(k) = k:i—::“ With the aid of (6), we have

m+1 (k 1)m+1 1
K2Ry =
Z( k= Ex kXO: m+1 Fuy 0

The following theorem gives the relationship between harmonic numbers and harmonic

Fibonacci numbers.

Theorem 5 Let IF,, be the nth harmonic Fibonacci number, we have

n-1

I H
Z k _ Hn]Fn k+1
pary k+1 Fk+1

Proof Let u(k) = Fy and Av(k) = k+1 be as in (6). Then we obtain Au(k) = 1+1, v(k) = Hy,
and Ev(k) = Hy,1. By using (6), we have

F Hy.,
—k:Hn]Fn_ZFkl. .
o K1 k=0 ~ K+l
Corollary 1
n-1 Fk n+ n-1 k+2]
oo k+ 1 pry (k+1)!Frpp
Proof If we take H,, = [ i ] in Theorem 5 the proof can be completed. O
Theorem 6 We have
n-1
> E Fi=F,F,—n
k=0
Proof Let u(k) = Fx and Av(k) = Fx_1 be as in (6). Then we obtain Au(k) = Foo v(k) = Fy,

and Ev(k) = Fi,1. By using (6), we have

n-1 n-1
ZFk_IIFk =F,F, - Zk%k
k=0 k=0

=F,F,-n. d
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3 Hyperharmonic Fibonacci numbers

In this section, hyperharmonic Fibonacci numbers will be defined having used a similarity
and affiliation between harmonic numbers and hyperharmonic numbers with the help of
harmonic Fibonacci numbers. Now we define FY, the hyperharmonic Fibonacci numbers

of order r.

Definition 1 Let [F,, be the nth harmonic Fibonacci number. For 7,7 > 1 hyperharmonic

Fibonacci numbers are defined by
FO =Y Fy ®)
k=1

with FYY) = Fin and ]Fg() =0 for k> 0.

In particular for r = 1 we get

n

1
]FS) = FYI = F_) (9)
k=1 K
where F,, is nth harmonic Fibonacci numbers.
Lemma 1 Hyperharmonic Fibonacci numbers have a recurrence relation as follows:
-1 (r)
FO =Fr-D 4 FY.
Proof From (8) we have
n
(r) _ (r-1)
F7 =) T
k=1
n-1
=S Y 4 FUD
k=1
= FY, + FU-D m

We give an interesting property of hyperharmonic numbers; the same as in (4).

Theorem 7 For1 <i,j<n, we have

0 “(n-k+j-1\ 1
Fn—iJrl:Z( ]_1 )

o Fi-in

Proof We begin by recalling the definition of FY. If we use this definition j—1 times, we
get

n—i+l

() (-1)
IF;’z—i+1 = Z ]Fk
k=1

n—i+1 k/’ ko

=ZZ"'ZF%’

k/':1 k/—l =1 ky=1
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We use induction on # to obtain
n—i+l k/’

IPIE I (i

Feil
=l k=1 k=1t KU k=il

Clearly it is true for n = 1. Suppose it is true for some z > 1, then using the induction
hypothesis, we have

n-i+2 ki ko n—i+l ki ko n—i+2 kj-1 ko

k,’=1 k,‘,1=1 k=1

F,
/(1:1 /(1‘,1:1 k1=1 ky /(1,1:1/(];2:1 k1=1 ky
n—i+l ky 1 n—i+2 1
D)3 3
ko=1 k=1 ky k=1 K
n—i+1 k/' ko n—i+1 k/‘—l ko

n—i+l ky n—i+l
1 1 1

+ Z F_ + F_ + 7

ko=1 ki=1 ky k=1 kg n—i+2
n 1 |:(I’l—k+]—1) (n—k+j_2) (n_k>:|

- . + ) oot
o Fr-int j-1 j-2 0
1

+

Fn—i+2

Zn: 1 <n -k + j) 1
= . +
k=i Fk—Hl J— 1 Fn—i+2

Finally we obtain

0) - n-k+j-1 1
F’...= .
n—i+l Z( j—l ) 0

= Fiin

Corollary 2 We have

" " (n—-k+r-1 i
]Fn _Z( r—1 Fk.

k=1
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Proof By putting i =1 and j = r in Theorem 7, one has

n
n-k+r-1\1
F® = —.
- )E -
k=1
At this point, we express F"* in terms of ]Fﬁs),IF(zs ) .., FY with the following theo-

rem.

Theorem 8 Forr>1ands> 0 we have
L n—t+r-1
]F(r+s) - - - ]F(S)' 10
! t=21 ( r= l ) ' ( )

Proof We prove this by induction on n. Clearly it is true for n = 1. Assuming (10) to hold

for n > 1, we will prove it for # + 1. Thus,

]F(r+s) _ ]F(r+s—1) + FS«H)

n+l T T n+l

_ FS‘:;*D " IFE{:‘JrS—l) n F;Hs)

_ ]Fii)-l ¥ ]F;Hl) P Fﬁ[rﬂ—l) i ]FS‘+S)

n
n—t n—t+1 n—-r—t-1
) (1) (e
t=1
(s) " n—t+r (s)
:]Fn+1+z r—1 Ft
t=1

n+l
n—1r+71\ ()
-3
r—1

t=1

Thus the proof is completed by the mathematical induction. d

Another proof Let CY) be the n x n matrix which is defined by

Fﬁlr) FE'IHI) . quﬂn—l)
[ E e
Cn = . ’
(r) (r+1) (r+n-1)
Flr F1r+ . F1r+n
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be an # x n upper triangle matrix. In [3], Bahsi and Solak show that A" = (;;),,x», where

L, 1) i<,
ij =

0 otherwise.

From the matrix multiplication one obtains
C(r+s) _ ArC(s)
n n*

Hence the element of (CV**),; is
n
(s)
]ngrﬂ) = Z bl/’]FnSfm
-1

n .
—2
:Z<]+r )F(S)' 1
r_l n—-j+

j-1

4 An application of harmonic and hyperharmonic Fibonacci numbers in
circulant matrices
In this section, we will give some applications on matrix norms of harmonic Fibonacci and
hyperharmonic Fibonacci numbers. Recently, there have been many papers on the norms
of circulant matrices with special numbers [12-15].
Let A = (a;;) be any m x n complex matrix. The Euclidean norm and the spectral norm
of the matrix A are, respectively,

Al = <iimi;|2>%

i=1 j=1

and

’

IAll2 = [ max [;(A"A)
1<i<n

where 1;(A" A) is an eigenvalue of A”’A and A" is the conjugate transpose of the matrix A.
Then the following inequality holds:

IAll2 < 1Al < V/nllAll2. (11)
By a circulant matrix of order # is meant a square matrix of the form
Co i C -+ Cy
Cp1 C0 €1 1 Cp2

C = Circ(cg, C1y.vvsCnot) =

4] Cy (€3 - Co
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Theorem 9 Let C; = Circ(Fo,F1,F,,...,F,_1) be an n x n circulant matrix. The Euclidean

norm of Cy is

1
n-1 2
k+1 1
ICillg = | W*F2 —n <2F + ) )
e Z Fk+l , Fk+1

k=0

Proof From the definition of the Euclidean norm, we have
n-1
ICIE=n)_ Fr.
k=0
Then by using (7), we have

1
n-1 2
k+1 1
= | n?F2 - § 2F .
ICillE [n w— N Fou k+Fk+1 0

For the proof of the following theorem, we use the same method as in [12].

Theorem 10 Let C; = Circ(Fo,Fy,Fy,...,F, 1) be an n x n circulant matrix. The spectral

norm of C is

n-1

k+1
ICulla =nFy =Y ——.
=0 Fk+1

Proof Since the circulant matrices are normal, the spectral norm of the circulant C; is
equal to its spectral radius. Furthermore, C; is irreducible and its entries are nonnegative,
we see that the spectral radius of the matrix C; is equal to its Perron root. Let v be a vector
with all components 1. Then

n-1
Civ= (Z ]Fk) u.
k=0

Obviously, ZZ;(I) Fy is an eigenvalue of C;. Corresponding to a positive eigenvector, it must
be the Perron root of the matrix C;. Hence from Theorem 1, we have

n-1

k+1

Cilla = nlF, — .
ICillo = nF, gﬂﬂ -
Theorem 11 Let C, = Circ(IF(Or), IFY), ]F(zr), s IFEQI) be an n x n circulant matrix. The spec-

tral norm of C, is
1
ICalla = By,

n

Proof An analysis similar to that in the proof of Theorem 10 shows that

n-1
ICalla =) FY.
k=0
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From the definition of hyperharmonic Fibonacci numbers, we have

[Cally = F*D. O

n

Corollary 3 For the Euclidean norm of the matrix C, = Circ(F,FV,FY,...,FV)), we
have

1 1
FY < |Gyl < /nFU).

Proof The proof is trivial from Theorem 11 and the relation between the spectral norm
and the Euclidean norm in (11). O

Corollary 4 For the sum of the squares of hyperharmonic Fibonacci numbers, we have

Proof It is easily seen from the definition of the Euclidean norm and Corollary 3. d

5 Conclusion
Our results can be applied to any linear recurrence sequences by using a similar method;
for example, Lucas numbers, Pell numbers, Horadam numbers, generalized Fibonacci

p-numbers.
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