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Abstract

Let (G, -) be a group, (H,+) be an Abelian group, and f : G — H be a function. In this
paper, for a positive integer n, we first give a representation of nth-order Cauchy
difference of f via the function as

COCa X pXps) = Y CITT N X, X,

1<m=<n+1 1< <ip<e+<im<n+1

where x1,X,...,X,41 € G. Then, based on the representation, we get some special
solutions of C™f = 0 on free groups. Moreover, sufficient and necessary conditions on
symmetric groups and finite cyclic groups are also obtained.
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1 Introduction

It is well known that the solutions to Jensen’s functional equation

flx+y)+fx-y) =2f(x) 1.1)

are just all linear functions f(x) = cx + d if we assume that f are continuous, and they
are the set of all homomorphisms (when d = 0) on real line R as an additive group. Let
(G, ) be a group, and (H, +) be an Abelian group. Denote by e € G and 0 € H the identity
elements, respectively. In [1], it was pointed out that the set of solutions is not equivalent to
all homomorphisms on a general group. Therefore, finding out the solutions to equation
(1.1) on groups becomes an interesting problem (see [1, 2] and references therein). Note
that these solutions are related to their Cauchy differences [3—6]. For a functionf : G — H,
its Cauchy differences C"f are defined by

cOf =f, 1.2)
COf (a1, 20) = f(x1%2) — (1) — f (x2),
C(’”+1)j’(x1,x2, e ,xm+2)

= CUF (120, %3, .., Xms2) — CF (1, %3, .., Xms2) — COF (0, %3, o, Hpwsn). (13)
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The first-order Cauchy difference CV'f will be abbreviated as Cf. In general, C"*)f = 0 if
and only if C")f is m-additive, and C”f = 0 implies C"f = 0 for n > m [7]. Fischer and
Heuvers [7-9] mentioned that any generalized polynomial f with C?f = 0 has a unique
representation of the form f(x) = fi(x) + - - - + fu(x), where each fj(x),j = 1,..., m, is a j-form.
Besides the properties of solutions satisfying (1.3), we are also concerned with its general
solutions. In [10, 11], by using the reduction formulas and relations given in [1, 2], Ng
provided the general solution of the second-and third-order Cauchy difference equations
on free groups. Some previous results on second order were extended to high order in
[11]. Moreover, for the general solution of the third-order Cauchy difference equation on
symmetric groups and finite cyclic groups, see reference [12].

Plentiful results were also devoted to the generalized Cauchy difference functional equa-
tions of the form

F@) +f) - flx+y) = g(Hx ), (1.4)

where H is given, and f, g are unknown. Under regularity assumptions on H and a partic-
ular solution fy, go, Ebanks [5, 6] investigated the general solution (f,g) of equation (1.4).
For particular forms of g(H (x, y)), the existence and stability of solutions to equation (1.4)
are studied extensively in, e.g,, [13-23].

Note that equations (1.3) and (1.4) are concerning functions of one variable. Also, for a
map F : G" — H, we define the mth partial Cauchy difference with respect to the ith vari-
able (1 < i < n), which is connected to the representation of the generalized polynomial F
(see [7-9, 24]).

It is natural to consider the general expression of nth-order Cauchy difference C*f and
determine the solutions to equation

Cc"f =0, (1.5)

which becomes the motivation of this paper. Remark that equation (1.5) for free group
with just one generator has been solved in [11]. In our paper, the purpose is to determine
all solutions to equation (1.5) on some given groups. For simplicity, the general solution
to equation (1.5) will be denoted by

KerC"(G,H)={f:G— H|C"f =0} (1.6)

Obviously, Ker C ")(G,H) is an Abelian group under the pointwise addition of functions,
and Hom(G, H) € Ker C"(G, H).

2 Some properties on solutions
In this section, we study properties of solutions for nth-order Cauchy differences.

Proposition 1 For a positive integer n, the nth-order Cauchy difference C"f can be ex-

pressed in terms of [ as

n+l

C(n)_f(xlrx27 e :xmxn-d) = Z(_l)n+l_m Z f(xilxiz o 'xim)° (21)

m=1 1<ij<ig<-<ipm<n+l
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Proof Claim (2.1) is true for n = 1,2 from (1.2)-(1.3). Suppose that (2.1) holds for n — 1.
Note that

C(”)f‘(xl, K25 o3 Xpy xn+1)
= C(n_l),f(xlx21 X3yeees X erl)

— CU" (23, .., Xy Xna1) — CUVf (2, X3,y Xy K1)
by (1.3). Then, we have

C(n—l)f‘(xlxz,xs, ey Xy xn+l)

= (1)) + (1" D flx)

3<ii<n+l

(12D flamaxy) + (D)"Y flena)

3<iij<n+l 3<ij<ip<n+l

+o+ (-1)? > S ooy xiy -+ i, )

3<iy<ip<-<iy_3<n+l

+(-1)? Z S&ixiy %, )

3<iy<ip<-<iy_p<n+l

+(-1)! Do flamamxy, o xi, ) + (<) f(axs - Kpa)

3<ij<ig<---<iy_p<n+l
+f(o1w0x3 - - - Xa1)s
C(nil)f‘(xl; X35e0 3 Xny xn+l)

= ()" w) + (D" Y flx)

3<ij<n+l

(1" flax) + ()2 Y fla,)

3<ii<n+l 3<ii<ip<n+l

oo+ (—1)2 Z f(xlxilxiz o 'xl’nf?;)

3<iy<ip<-<iy_3<n+l

+ (—1)2 Z S iy i, )

3<iy<ip<-<iy_p<n+l

+(-1)! DT flamiy %) + (1) (s xa)

3<ij<ig<--<iy_p<n+l

+f (13 - - - Xuin),
and

C(Yl*l)f‘(x2’ X350 9 K> xn+1)

= )+ DS fy)

3<ii<m+l

YT floxy) + (D) Y flea)

3<ii<m+l 3<ii<ip<n+l

+oeot (1) > S Goadiy iy« - X, _5)

3<ii<ip<+<iy_3<n+l
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P> g x,)

3<ii<ip<+<iy_p<mn+l

+ (-1} Z Sfloaxixiy -4, ) + (=1 f (34 -+ Xp01)

3<iy<ig<-+<iy_p<n+l

+f(x2%3 - X))

Summing over these three equalities, we get

n+l
COf (@1, %0,y Xy 1) = Y (1)1 Do Sl eeexi,),
m=1 1<ij<ig<-<ipm<n+l
and this gives (2.1). O

Proposition 2 Iff € Ker C") (G, H), then the following properties are valid.
(i) Fori=1,2,...,n—=1andj=1,2,...,i +1, we have

C(i)J‘(xl,xz, e X1, 6, Xji 15 ,xm) =0. (22)
In particular,
fle)=0. (2.3)

(i) C"Vf is a homomorphism with respect to each variable.

Proof We first check (2.3). For f € Ker C"(G, H), we take x| = e in (2.1). Then, it follows
from (1.3) that
0=C"%(e,x3, ..., %n11)
= CU"Vf (6,200, %3, .., %ps1) = C" Vf (2,23, .., %1) = CPVf (e, %3, ..., Xpe1)
= (-D)C" Vf(e,x3,...,%m1) = (1) *C" 2 (e, %4, ..., Xs1) = -+
= (-1)"'Cf (e, %u11) = (-1)"f (e),
which gives (2.3).
Obviously, (2.2) is true for i = 1,2 by (1.3) and (2.3). Assume that (2.2) holds for all num-
bers smaller than i > 3. By induction, for j = 1, we have
C(i)_f(e’ X2, X350 ;xi+1)
= CUVf (g, x5, .., xi01) = CUVf (o, x5, ., xi01) — CU0f (e, 3, ., i)

= —C(i_ly(er X3yt )xi+l) = O’
forj=2,

C(iy(xl! €,X35..+) xi+l)
= C(i_l)f(xh?%, o Xig1) — C(i"l)f(e, X35ee0rXis1) — C(i_l)f(xbxg, e Xir1)

= —C(i_l)]C(e,x3, o Xip1) = 05
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and

C(i)]‘(xl,xz, X1 € Xl Kig)
= C(i‘l)j”(xlxg,xg, X1, € Xy 5 Xig1)
— CUVf (1, %3, 0,51, €, %741, ., Xiz1)
- C(i’l)]’(xz,xg,...,xj_l,e,x,»+1, s Xis1)
=0
in the case j > 3. This confirms (2.2).
We infer from (1.3) and (1.6) that C”"-Vf is a homomorphism with respect to the first

variable. Then by the symmetry among the variables the Cauchy difference of C"-Vf in
its first variable is equivalent to the other variable, and therefore, (ii) is proved. a

Remark 1 For any function f : G — H, the following statements are equivalent:
(i) The function f € Ker C"(G, H).
(ii) C"Vf isa homomorphism with respect to the j-variable, j € {1,2,...,7 + 1}.

Next, we give two useful lemmas.

Lemma 1 (Lemma 2.4 in [10]) The following identity is valid for any function f : G — H
and £ € N:

feoxa-x)= " > C"Vf(y,xiy, 0 ,). (2.4)

m<{1<ij<ip<--<i;p<t

Lemma 2 (Proposition 2.4 in [11]) Let n be a positive integer. If f € Ker C"(G, H), then for
all x € G and p € Z, we have

o 2o Do) Cl)f (i, x, . <0orp>
250 fx,%,...,x), p<0orp=>n,

(+1)!
f) = oo 2.5)
Zfz_ol ’%Co)f@,x,...,x), O<p<n.
J+1

The following statement is a vision of Lemma 1 under the restriction f € Ker C"(G, H).

Theorem 1 Suppose that f € Ker C" (G, H). Then the following identities are valid.
(i) Ifl > n, then, formy € Z and x € G,i=1,2,...,1, such that xx # xi.1, we have

S x)

l Vl—lm(m _1)(m —‘)
) Z( (Mg ( k=] C(I')f(xk,xk, . ..,xk))
j=0 _

G+

j+1

(i-1) £ (k1 ko ki
+Z Z C f(xkl ’xkz ""’xk,’ )
i=2 1<ky<ky<---<k;<l

+ My My, - - My, Z CUVf (xry, Xkys - - Xty )- (2.6)

1<k <ky<---<ky <l
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(i) Ifl<n,then, formy € Z and all xx € G, k=1,2,...,1, such that xx # xx.1, we have
S5 x")

l n—lm(m _1)(m_) .
:Z( KTk RN k ]C(’)f(xk,xk,...,xk))

D)
k=1 \j=0 (] ) il
!
- m, m, s
+ Z Z ct l)f(xklkl,xkzkz,...,xki )- (2.7)
i=2 1<kj<ky<---<k;<l
Proof Replacing xy in (2.4) by x,, we have
!
P m, m, mp;
FEmay?amy =" 3 CEVf (g w2 x ). (2.8)

i=1 1<ky<ky<---<k;<l

We first consider the case [ > n. Vanishing of CYVf for i > n yields

I

n-2
f(x;nlx;nz eayl) = Zf(x;”k) + Z Z C(i_l)f(xlq:xkz:ukai)

k=1 i=2 1<kj<ko<---<k;<l

1 mp,  my iy,
+ Z cl )f(xkll,xkzz,...,xkn”).

1<k <kp<---<kn <l

Therefore, by (2.5) in Lemma 2 and (ii) of Proposition 2 we have

n-1
m my(mg 1) (mg =)
)= B St COf (ke X1 ., 30, (2.9)
=0 (] + 1)! —— ——
- J+1
C(’"Df(xznlk1 ,x:;kz oo X ) = g Mgy - g, CUVf (g Ky ), (2.10)
which is formula (2.6).
In the case [ < n, (2.7) is obtained by (2.8)-(2.9) directly. This completes the whole
proof. O

3 Solutions on free groups
In this section, we discuss some special solutions of C"f = 0 for the free group on an
alphabet (o) with |&7| > 2.

An element x € .o/ can be written in the form

x=ay'ay’ --a,', wherea; € o/ ,n; €. (3.1)

For each fixed a € 7 and fixed pair of distinct a, b € .<7, define the functions W, W5, W3

by
Wa) =Y m, (3.2)
Wo(x; a4, b) = Z ninj, (3.3)

i<ja; :a,a]-:b
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Wis(x;a,b) = Z nin; (3.4)

i>j,ai:a,aj:b

along with (3.1). Referred from [1, 2], these functions are well defined. Furthermore, they

satisfy the following relations:

Wxy;a) = W(x;a) + W(y;a), (3.5)

Wo(x; a,b) = W3(x; b, a). (3.6)

Proposition 3 For any fixed a € &/ and fixed pair of distinct a, b in </, the following
assertions hold:
(i) W(-;a) belongs to Ker C"((Z),Z);
(i) Wa(-;a,b) belongs to Ker C™((e7), 7);
(ili) Wi(-;a,b) belongs to Ker C"((<),Z).

Proof Statement (i) follows from the fact that x — W (x;a) is a morphism from (%) to Z
by (3.5).

Now we consider statement (ii). Let x1, x5, ..., %,,1 in the free group (/) be written as

_ ot _to firy _ t _tan tary
X1 =dydyp Ay X2 = dydyy Ay, s e
_ i1l In+l2 tn+1,rn+1
Xntl = Ay 11%41,2 " Puslrg
Then by (1.6) we have

C(Vl) Wz(xl’xZI e Xnels 4, b)

n+l

= Z(_l)}‘HI—WI Z WZ(xllxlz e xlm;ax b)
m=1

1<h<ly<<hy<n+l

n+l

= (D)"Y Whlksa,b)+ (D)"Y Walxyan;a,b)

I=1 1<h<ly<n+l

+ (=12 Z Wo(xy, %1, %1550, b) + -

1<h<ly<lz<n+l

+(=1)! Z Wo (x4, - - - %1, 4, b)

1<h<ly<-<ly<n+l

+ (=)’ Wa(wrxs - - - Xs15 4, b)

n+l

=Dty

k=1 i<jax=a.ai=b

A VY (Z Yoo tatyi+ Y tllit12j>
b

1<h<ly<n+l “1<k=<2 i</»ﬂlki:“:“lkj:b ap i=aajyj=

+(=1)"2 Z ( Z Z ity

1<li<ly<iz<n+l “1<k<3 i<j,a1ki=a,ulk/=b
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+ Z Z tlpithf) toe

1<p<q<3 ﬂlpi=“v“lq/=b

NETEEDS (z Sty

1<h<ly--<lp<n+l “<k<n i<j,a/ki:a,alk]~:b

DD WA

1<p<q<n ﬂlpi=“v”lqj=b

+(-1)°( DO DD DR tpit‘ﬂ')

1<k<n+l i<j,aki:a,akj:b 1<p<g=<n+l api:a,aqj:b

= ((—1)n Z Z ity

1<k=n+li<jag=a.ai=b

+ (=1 Z Z Z L ity

1<h<ly<n+11<k<2 i<f:“lki:ﬂ:“lkj:b

+ (-1 Z Z Z tyityj + -+

1<h<lp<iz<n+11<k<3 i<j,a1ki=a,alk/=b

+ (-1} Z Z Z Ly ity

1<h<by<-<lp<ntll=k=<ni<jay j=a,ay ;j=b

+(-1)° Z Z tkitkj>
b

1<k<n+li<jap=a,ax=

+((—1)”'1 > Y thity

1<li<lp<n+1 u11i=a,a12j=b

+ (=) Z Z Z Eipitlyj

1<li<ly<l3<n+11<p<q=<3 alpi=a,alq/-=b

o (K1) Z Z Z by itiyj

1<h<ly<-<ly<n+l1<p<q<n alpi=a,alq/-=b
0
+ (—1) E tpitqj)
1<p<g<n+l

éll +12,

where

L=D" > Y tuty

1<k=n+li<jay=aai=b

+ (_1)7!—1 Z Z Z tlkitlkj

1<h<ly<n+11<k<2 i<j,alki:a,alki:b

+(-1)"? Z Z Z tyityg + -

1<h<lp<iz<n+11<k<3 i<j,a1k,-=a,a1k/-=b

+ (_1)1 Z Z Z tlkitlkj

1<h<ly<-<ly<n+l1<k<n i<j:“lki:“ﬂlkj:b

FED° DT DT wt (3.7)

1<k=n+li<jay=aag=b
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By the symmetry we can see that for any 1 <k < #n + 1 and i <, the coefficient of the item

Lty in (3.7) is identical and equals

(e ()]
oot (—1)1( " ) + (—1)0<n>
n-1 n

=(-1+1)"=0,

which gives [; = 0. Now compute

L=y Yo tuty

1<h<lp<n+l “lll‘:“:“lzj:b

(D Z Z Z by itlyj

1<li<ly<l3<n+11=<p<q<3 ﬂlpi=ﬂv“1qj=b

ook (B! Z Z Z bpitlyj

1<h<ly<-<ly<n+11<p<q<n alpi:a,ulq/:b

D0 DT bty (3.8)

1<p<g=<n+l

Obviously, for any 1 < p < g < n+1, the coefficient of the item ¢,;t,; in (3.8) is identical and

equals

aafn-1 nafn—1 asfn—1
() ()5
()

which gives I; = 0. This concludes assertion (ii).
Statement (iii) follows from (3.6) directly. O

4 Solutions on symmetric groups

The symmetric group on a finite set X is a group whose elements are all bijective maps
from X to itself and whose group operation is that of the map composition. If X =
{1,2,...,m}, thenitis called a symmetric group of degree m, denoted by S,,,. In this section,
we consider C"f = 0 for G = §,,..

Proposition 4 Iff € Ker C"(S,,, H), then for any i =1,2,...,n, we have

C(nil),f(xlerr e 7xi—l¢y1y2 . 'yp:xi+1; o )xn)

= C(n_l)f(xlrx21 XL Yr W)Y 2) V() Xitls e - ,xn) (4'1)

Jorallx;,y; €Sy, i=1,2,...,n,j=1,2,...,p, and all rearrangements 7.
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Proof Note that C”-Vf is a homomorphism with respect to each variable and H is an
Abelian group, which yields

C(n_l)f(xl,xb XL, Y1Y2  YprKisl oo Xn)
= C(n—l)f(xl,xg, e i1 Y1 Xig s -+ 9 K
+ C(”‘Df(xl,xz, e X1 Y2 Xit1s oo )xn)
Foeee C(”‘Df(xl,xz,...,xi_l,yp,xmy---,xn)

= C(n_l)_f(xlyny XL Yr ()Y (2) 'yfr(p)’xiJrlr vee 1xn)'
This proves (4.1). O
Proposition 5 Let t be an arbitrary 2-cycle in S,,, and f € Ker CY(S,,, H). Then we have

f(z?) =0, (4.2)

Cf(x,7,...,7) = (<2)"f(x) = 27 lf” l:S e (4.3)
=2"f(t) ifnisodd,

2"f(z) = 0. (4.4)

Proof We only need to prove (4.3). To this end, we need the following facts.
(i) If mis even, then

<n+1> <n+1> <n+1> <n+1>
+ + et
1 3 5 n+1
n+1 n+1 n+1 n+1
:( )+( )+( >+~~~+< ) (4.5)
0 2 4 n
(if) If m is odd, then
<n+1) (n+1) (n+1) (n+1)
+ + oot
1 3 5 n
n+1 n+1 n+1 n+1
:( )+( )+( >+-~~+< ) (4.6)
0 2 4 n+1
Note that by (2.1)

C(”)f(t,t,...,t)

- ("} Yo e (7 ) s o (e
‘(D) ("; 1>/(rn) . (Z ' Df(r"ﬂ). (4.7)

We first prove the even case of (4.3). When # is even, by (4.5), (4.7) becomes

C"f(t,1,...,7)

- (”Il>/(z) " (”; 1)/(1) " (”;1>/(z) bt <Z:)/(r)
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n+1 n+1 n+1 n+l
()50 () G o
1 3 5 n+1
1”4rl n+1 1 il
5}2{)( o= sa e
:znf(_[),

which confirms the even case. When # is odd, by (4.6), (4.7) becomes

CYf(t,1,...,1)
n+1 n+1 n+1 n+1
(" o= ("5 - (" o= (M
n+1 n+1 n+1 n+1
()05 () e
3 5 n
n+l
1 n+1 1
___ =——“(1+1 n+l
;2 (o -—Ja s
j=0
=-2"f().
This completes the proof. O
Proposition 6 For any 2-cycle 01,05,...,0, and f € Ker C"(S,,, H), we have

C"Vf(o1,00,...,0,) = C(”_l)f((u), (12),...,(12)). (4.8)

Proof For any 2-cycle oy, there exists z € S, such that o, = z(12)z™!. Hence, for any
X2,%3,...,%y € Sy, by (4.1) we have

CrVf (o1, %0, %3, ..., %)
= C(n—l)f(z(12)z‘1,x2,x3, e ,xn)
= CUVf((A2)zz7h %2, %3, ..., %)
= CUVF((A2), %0, %3, ..., %) (4-9)
Similarly, for any 2 <i <,
CUVf (o1, X,y Ki1y Oty Kialy -+ » Xo)
= CUVf (1,29, ., %01, 2(12)27 Y Xiv, 0 %),
= CUf (1, %0, .., X1, (12)227, Kists -5 %),
= CUf (1,20, K11, (12), Kt oo %) (4.10)

In particular, (4.8) follows from (4.9)-(4.10). O

Lemma 3 Assume that

CY(01,0,...,051) = CVF((12),(12),...,(12)) (4.11)
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for every 2-cycle 01,0,...,011 € S, j=1,2,...,n—2. Then for any x,y, B, 7; € S,, and rear-
rangements i, where 3, T; are 2-cycles, we have

S 1) =f(taT@ - Tew) (4.12)
fxBy) = f(x(12)y), (4.13)
f(B)=£((12)) (4.14)

for every f € Ker C"(S,,, H).

Proof First, for any 2-cycle t; € Sy, i =1,2,...,p, and rearrangement , it follows from
(4.11), (2.4), and (4.8) that when p > n,

flure---1p)

:ff(rm Yo )+ Y COf(n Ty, Ts)
i=1

1<ii<ip<p 1<ii<ip<iz<p

Foee g Z C(”_l)f(‘fil,l'iz,...,fin)

1<ij<ig<-<iy<p

p —
=3 f) + 2 (pz D r(a2),a2)
i=1

)+ 220022 corp12), (12),12)

PPVt

! DF((12),12),..., (12)

=f(TzTr @ Te(p)

which gives the case of p > n in (4.12). The case of p < n is similar to verify. This confirms
the proof of (4.12).

On the other hand, for all x,y, 8 € S,,,, there exist 2-cycles 0,75,z € S, i=1,2,...,p,j =
1,2,...,q,suchthatx = 6109 -0,y =TiT -+ - Tg,and B = z(12)z7!. Noting that z = §;85 - - - 8-
for some 2-cycles 81,85, ...,8, € S;y, we obtain

fxBy) :f(0102 0818y 5,(12)6,—15;_11 e 51_1‘[11'2 e l'q)
=f(0’10’2 s Up(12)5152 s 8"5;18;—117"1{2 s 'Kq)

= f(x(12)y)

by (4.12). In particular, taking x = y = e in (4.13), we get formula (4.14). This completes the
proof. O

According to Lemma 3, we give the following main result in this section.

Theorem 2 Assume that (4.11) holds. Then f is a solution to the equation C"(S,,,H) = 0
if and only if there is hy € H such that 2"hy = 0 and

0 ifxiseven,
f@) = (4.15)
ho ifxisodd.
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Proof We first deal with the necessity. Let f € Ker C"(S,,,, H). Then, for any x € S,,,, there
exist 2-cycles o; € Sy, i = 1,2,...,p, such that x = ¢y - - - . In view of (4.1), (4.3), and
(4.14), we get that for p > n,

S&x) =flago - - ap)

p
=Y fla)+ Y Cflagan)+ Y. COffy,ap,as)
i=1

1<ii<ip<p 1<ij<ig<iz<p
§ : n-1
+ -+ C( )f(Olil,Oliz,...,Olin)

1<ij<ip<-<iy=<p

plp-1)
2

= pf((12)) + Cf((12),(12)) + @f((12),12),12))

b PETDP=D o)

n:

PV

"Vf((12), (12), .., (12))
- (§)rta2) « ()21 + () (2rr(2)
P (p ) ((-27f((12)))

n

- ((f) + (_2)1(’2’ ) + (_2)2@ ) +oot (=2 (’; ))f (12)). (4.16)

Let

We claim that

2"7. if pis even,
glp) e (4.17)
2"7 +1 if pisodd.

We first prove the even case. Obviously, (4.17) is true for p = 2 since g(2) = 0. For an in-
ductive proof, suppose that (4.17) holds for p = 2¢, t € N. Then we have

()€ (7))
e (5)-C) (7))
() () o) () -
ol )-(2)
R R G N
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1 2t N 2t el 2t
+<(—2) ~2<1>+(—2) ~2<2)+-~~+(—2) ~2<n_1>)

é]l +J2,

where

]1 =2+ (_2)1 (2(‘;) + (_2)2 (2:‘5) R (_z)n—l (nz_tz)
= (_2)2 ((21t> + (_2)1 (it) R (_2)n—3 (n2_t2>>
= (=2)2 _(_9\2 2t __n_12t
= (-2) (g(2t) (-2) (n_l) -2) (n)>
= 4g(2t) - (-2)”( 2 ) — (_2)n+1 <2t)

n—1 "
and

Ja=(=2)"- 2<21t> +(=2)* 2(2;) o (=2 2(n2f1>
= —22 (<21t> + (_2)1 (it) PR (_2)n—2 . (ng’_tl))
- _92 o[t
- 22(g20 - 2y (%))

= —4g(2t) + (-2)" (%),

n

which yields g(2¢ + 2) — g(2t) = —(-2)" (nzfl) and g(2t + 2) € 2"7Z. This confirms the even
case of (4.17). When p is odd, (4.17) is true for p = 1 because of g(1) = 1. Suppose that
(4.17) holds for p = 2¢ — 1, and then we get

g2t +1)-g(2t-1)

C((2t+1 2t—1 2! 2t +1 2t—1

() -(7) e ((59)-(57)
()= (%) + e () -(5)

_24(2) (2 (Ztl— 1) .\ (21:0— 1>) s (_2)2(2 <2t2— 1) . <2t1— 1)) .
e () ()

n-1 n—2

_ (2 R (—2)1(%0‘ 1) (-2 (”1’ 1) o (2! (it__zl))

N ( 2)! .2 <2t1— 1) L (222 (2:52— 1) b (2 <2nt_— 11))

é]?) +]4,
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where

]3 =2+ (_2)1 (2t0— 1) + (_2)2 (Ztl— 1) R (_2);1—1 <it_—21>
— (_2)2 (<2t1— 1) . (_2)1 (2t2— 1) P (_2)n—3 (i[t_—;))
= (-2) (g(2t —1)— (-2 (% B 1) _ (o (Zt - 1))
n-1 n

~age-- 2 (%) o (M)

and

Ja=(=2)" 2(% 1_ 1) +(=2)%- Z(Zt; 1) oo (22)" 2(3:11 )
- _22<<2t1_ 1) ¥ (—2)1(%2_ 1) bt (22)2. (it_‘11>)
- 22 (g(Zt 1) - (-2)"! (Ztn_ l))

= _4g(2t—1) + (<2 <2tn_ 1),

which yields g(2¢ + 1) — g(2£ — 1) = —(-2)" (2;__11) and g(2¢ —1) € 2"Z + 1. This completes the
proof of (4.17). According to (4.17) and (4.4), equation (4.16) becomes

_Jo if x is even,
f((12)) ifxis odd.

This proves that when p > n, f must be of the form (4.15) with /¢ = £((12)).
When p < n,

S&x) =flago - - ap)
p

= Zf(ai) + Z Cf(ail ) 0[[2) + Z C(Z)_f(ail » Uiy aig)

i=1 1<ii<ig<p 1<iy<ig<iz<p

+ -+ Z C(piz)f(ail,aiz,...,dipil)

1<ij<ig<-<ip_1=p
-1
+Cl )f(ozl,otz,...,ap)

= pf(12) + 2 (pz_ b cf((12),(12)) +

+10(1!9—1)(19—2)---2
(p-1)
+CPf((12),(12),...,(12))

- (§)ra)+ () 2iram) + (5) o))+

WCQV((RL (12), (12))

4o

c¥2£((12),(12),...,12))
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* (pli 1) ((=277%£((12))) + (-2)77'f((12))

(o) a2 o
ettt

2y (p ) 2)1’) 1)f((lz))
=< ;( 2+1)1’+—)/((12))

0 if p is even,
f(12)) ifpisodd.
This implies that when p < 1, f must be of the form (4.15) with /g = f((12)).
Now we turn to the sufficiency. Let f : S,,, — H be defined by (4.15), where A is a con-
stant with 21y = 0. In order to prove C"f = 0, by the symmetry of x1,%y,...,%,.1, it suf-
fices to verify that it holds when x;,x5,...,x¢ are odd and %1, %42, . . .,%,41 are even for

any k =1,2,...,n + 1. To this end, we only need to verify the following two cases: (i) k is
odd; (ii) k is even. In fact, for case (i), by (2.1) we have

C(n)_f(xlx KXyeees xn+l)

STyt Y flay o,

1<m=<n+l 1<ii<ip<---<ip<n+l

- ((—1)" (’;) + (2 (’1() (” - ") . 1y (’;) (ﬂ s k)
v () ()
() Y
. ~+<—”k'3(§)(211i§) o
(e ()
; "”‘”ks(lg)(Z::i))ho

+ ..

+(<-1>”‘“() P e ()
()G
_ ((’1‘><_1)k—1(_1 1 i o (5 )0 en ey = i
+ (({;)(_1)“(—1 + 1)"+l-k)h0 o
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+ ((z) (_1)k—k(_1 + 1)n+1—k>h0

=0,

which confirms the odd case. With a similar discussion, the proof of the even case is also
obtained. O

5 Solutions on finite cyclic groups
Let Cy, = (a | a™ = e) be a cyclic group of order m with generator a. In this section, we
study a general solution on the finite cyclic group C,,,.

Theorem 3 Assume that mCXf(a,a,...,a) =0,k =1,2,...,n -2, and m = n, mf(a) = 0.
———

k+1
Then f is a solution to the equation C"(C,,,H) = 0 if and only if it is given by

Z;’:J%Cuy(ma,...,a) ifp<0orp>n,
———
f(dp) = j+l (5.1)

—1 —1)---(p—f - .
Yy e COf(a,a,...a) if0<p<n,

where p € 7. and f(a), C" Vf(a,a,...,a) satisfy

mC(”‘l)f(a, a,...,a)=0, (5.2)
mf(a)=0 ifm<norm>n, (5.3)
C"Vf(a,a,...,a)=0 ifm=n. (5.4)

Proof Let f : C,, — H be a function satisfying C"f = 0. Then, by (2.5) we see that f also
satisfies (5.1). Now using (2.2), (ii) of Proposition 2, and the fact a” = e, we get

mC"Vf(a,a,...,a) = C"Vf(a",a,...,a) = C"f(ea,...,a) = 0,

which gives (5.2). Furthermore, let p = m in (5.1), according to the assumptions of
mC®f(a,a,...,a)=0,k=1,2,...,n -2, mf(a) =0, and m = n, (5.3)-(5.4) are obtained.
This proves (5.2)-(5.4) and implies the necessity.

To give out the sufficiency, we claim that (5.1)-(5.4) give a well-defined function on C,,.
Indeed, when m > n, it suffices to verify the following four cases: (i) p+ m > nand n—m <
p<O0orp>m(ii)p+m>nandO<p<n;(iii)p+m<0andp <-m<0;(iv)0O<p+m<n
and -m<p<n-m<0.

For case (i), by (5.1) we have

fl@™) (@)

n-1
B p+mp+m-1)---(p+m—j

) )
G+ CVf(a,a,...,a)

n-1 /
_Zchym,a,...,a)
j=0 '



Guo et al. Advances in Difference Equations (2015) 2015:363 Page 18 of 19

= mf (a) + Z

j=1

<(10+M(p+m D--p+m-j) (p—l)---(p—j)>
G +1) ¢+1)!

x C(a,a,...,q). (5.5)
It is easy to see that the coefficient CYf(a,a,...,a) is an integer multiple of m for j =
1,2,...,n — 1, and therefore, by (5.2)-(5.3) and the assumption of mC(k)f(zz,a, ...,a)=0

k=1,2,...,n-2,(5.5) equals 0.

For case (ii), we compute that

fl@™) (@)

n-1 .
=Z(p+m)(p+W(Zj:ll));"(p+m_])c(i)jf(@,-~~,ﬂ)
J=0 ) j+l

1
_ZP(” (,)+1)v(p P ci Cf(aa,...a)

j+1

G+ 1)
_M)Cwﬂm,...,m
——

p-1
:mf(a)+z((p+m)(p+m 1)---(p+m-))
j=1

G+
j+1
n-1
p+mp+m=-1)---(p+m—j) c
+ %: i Caa...,a). (5.6)
E j+1

With the same discussion as in case (i), (5.6) equals 0. The proofs of the other two cases
are similar to case (i).

When m < n, it suffices to verify the following five cases: (i) p+m>nandn-m<p < n;
(i) p+m>=nandp>m (i) p+m<0andp <-m; (iv) 0<p+m<nand -m< p < 0;
(v) 0<p+m<nandO0 < p < n—m. Since the proof is similar to the case of m > n, we omit
the details.

When m = n, it suffices to verify the following four cases: (i) p + m > nand 0 < p < n;
(i) p+m>nandp>m (i) p+m<0andp <-m; (iv)0O<p+m<nand -m< p <0.

Similarly to the cases of m > n and m < n, the proof of m = n is omitted. O
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