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Abstract

A Fibonacci 3-subsequence is a subsequence of the type F,, Fnys, Frie, - - ., Where F¢
denotes the kth Fibonacci number. In this article, we investigate the reciprocal sums
of the Fibonacci 3-subsequences and obtain several interesting families of identities
involving the Fibonacci numbers.
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1 Introduction
The Fibonacci sequence is defined by the linear recurrence relation

F,=F,1+F,, forn>2,

where F), is called the nth Fibonacci number with Fy = 0 and Fj = 1. There exists a simple

and nonobvious formula for the Fibonacci numbers,

Y Y

The Fibonacci sequence plays an important role in the theory and applications of
mathematics, and its various properties have been investigated by many authors: see
[1-5].

In recent years, there has been an increasing interest in studying the reciprocal sums
of the Fibonacci numbers. For example, Elsner, Shimomura, and Shiokawa [6-9] investi-
gated the algebraic relations for reciprocal sums of the Fibonacci numbers. Ohtsuka and
Nakamura [10] studied the partial infinite sums of the reciprocal Fibonacci numbers. They

established the following results, where |-| denotes the floor function.

Theorem 1.1 Forall n > 2,

0 -1
1 o
Z 1 _ E, - lffn l‘S even, 1)
Fi F,»-1 ifnisodd.

k=n
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Theorem 1.2 Foralln>1,
o a
Z iz _ | EnFna -1 lfn l:S even, )
k=n Fk FnFn—l lfl’l is odd.

Recently, Wang and Wen [11] considered the partial finite sum of the reciprocal
Fibonacci numbers and strengthened Theorem 1.1 and Theorem 1.2 to the finite sum

case.

Theorem 1.3
(i) Foralln> 4,

2n 1 -1
L(Z P_k) J:FH. (1.3)
k=n

(i) fm=>3andn=>2,then
mn -1 . .
Z i | Fu2 if nis even, (1.4)
~ F Fuo—-1 ifnisodd. '
Theorem 1.4 For all m > 2 and n > 1, we have
mn -1 . .
Z i | FiFpa -1 if nis even, (15)
— F} F,F,1 if nis odd. )

Furthermore, the present authors [12] studied the reciprocal sums of even and odd terms
in the Fibonacci sequence and obtained the following main results.

Theorem 1.5 We have

mn -1
ZL ) P ifm=2andn>3, (1.6)
F NP1 ifm>3andn>1. ’

k=n

Theorem 1.6 Forall n>1 and m > 2, we have

mn -1
1
L(; sz-1> J =Fypa. (17)

Theorem 1.7 Ifn>1and m > 2, then

mn -1
KZ %2) J =Fyyp—1. (1.8)
k=n = 2k

Theorem 1.8 Forall n > 1 and m > 2, we have

mn -1
{(Z le ) J = Fina. (L9)
k=n = 2k-1
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In this article, applying elementary methods, we investigate the reciprocal sums of
the Fibonacci 3-subsequences, by which we mean the subsequences of the type F,, F,.3,
F,.6, ... and obtain several interesting families of identities involving the Fibonacci num-
bers.

2 Main results I: the reciprocal sums
We first present several well-known results on Fibonacci numbers, which will be used
throughout the article. The detailed proofs can be found in [5].

Lemma 2.1 For any positive integers a and b, we have
Fan + Fu+1Fb+1 = Fa+b+1' (21)
As a consequence of (2.1), we have the following conclusion.

Corollary 2.2 Ifn>1, then

F2n+l = Fn—an+1 + FnFn+2; (22)
F2n+l = Fn+1Fn+2 - Fn—an' (23)

The following interesting identity concerning the Fibonacci numbers plays a central role

in the proofs of our main results.

Lemma 2.3 Assume that a, b, c are given nonnegative integers with a > b. For n > a + c,
we have

Fn+aFn—a—c - Fn+bFn—b—c = (_l)n_a_c+lFa+b+cFa—b~ (24)

Proof We proceed by induction on 7. It is clearly true for n = a + ¢. Assuming that the
result holds for any integer #n > a + ¢, we show that the same is true for n + 1.
First, it is easy to check that
Fn—1+aFn—a—c + Fn+an—l—a—c = Fn—1+aFn—u—c + Fn+a (Fn+1—a—c - n—a—c)
=FutvalFn-a—c+ FnvaFniica—c — FnvaFnoa—c

= FZn—c - Fn+aFn—a—cr

where the last equality follows from (2.1).
Now we have

Fn+1+aFn+1—a—c = (Fn—1+a + Fn+a)(Fn—1—a—c + Fn—a—c)
= n—1+aFn—tz—c + Fn+aFn—1—ﬂ—c + Fn+aFn—a—c + Fn—1+aFn—l—a—c

= F2n—c + Fn—1+zan—l—a—c'

SimﬂarlY, we get FoitsvFnii—p—c = Fop-c + Fy_1ipFn1-p—c.
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Therefore, by the induction hypothesis, we arrive at

Fn+1+aFn+1—a—c - n+1+bFn+1—h—c = F(n—1)+aF(n—l)—a—c - F(n—l)+bF(n—l)—b—c

= (_l)niaicFa+b+cFa—hy
which completes the induction on n.

Before introducing our main results, we first establish an inequality.

Lemma 2.4 Ifn> 8, then
FyaF,Fu1 > 2.

Proof 1t follows from (2.3) that
Fyi1Fpo > By

Since n > 8, we have

Fy 2F, —2F,,5 = F, oF, — 2(F, + F,1)
= FyoF, = 2(Fy1 + 2F,)
=Fy(Fup—4)—2F
> 2F, —2F, 4

> 0.
Thus, F,2F,Fpi1 > 2F0F 0 > 2Fo,0.

Theorem 2.5 Foralln> 2,

(E) [

Proof Setting n=3k,a=1,b =0, and ¢ =2 in (2.4), we obtain
F3pnFais — FsrFan = (-1)*722 = (-1)*2.

It is straightforward to check that, for k > 1,

L1 1 FaFsn = 2F30F3k0 — FaFar
2Fy  Fa 2Fska 2F3 2 F3rF3i41
P31 (Fsx = 2F3x-2) = FaxFar
- 2F3 2 F3pFar
_ FyaFais—FaFyy  (FDf
© 2FyusFuFua FaroFaFara

where the last equality follows from (2.7).

Page 4 of 15

(2.5)

(2.6)

(2.8)
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Therefore, we get that

1 1 1 % (-1

— = - £y ——
F3 2F3,p  2Fsun F3_2F31F3p1

k=n k=n

If 1 is even, it is clear that
2n

Zi<0;

F3p_oF3F3p41

k=n
thus,
2n 1 1
—< .
i Fsx 2F3,2

Now we consider the case where # is odd. It follows from (2.5) and the condition # > 3
that

F3, 2F3,F3,41 > 2Fg,.1,

from which we derive

2 1 1 1 2 (Ckt
= = _ + =
i~ Fsx  2F3,2 2Fenn F3paFsuf3na (S FaaF3iFsin
1 1 1
< - +
2F3u2  2Fena F3naF3uF304
1
< .
2F3,

Hence, we always have

2n
)PP (29)

irrespective of the parity of #.
Ifweletn=3k,a=1,b=0,and c=1in (2.4), then

FsinFaig — FyFay = (1)KL (2.10)

By elementary manipulations and (2.10) we deduce that, for k > 1,

1 1 1  (-1)*4 = 2F5;_5 — (2F3t,1 + 1)
25 +1 Fyo 2Fyqa+1  (2F3c + D)F3(2F50 +1)
B (-1)%4 - 2F3, 1
" (2F3t9 + 1)F3t(2F31 +1)  (2F3_5 +1)Fs;
1

< _7,
(2F3k—2 + 1)F3i
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which implies that

2n 2n

1 1 1 1
ST LR T
— Fyc 2F3,0+1 2Feua+1 4= (2Fs2 +1)F5

1 1 1
> - + .
2F3, 0 +1 2Fga+1  (2F3,5 +1)F3,

It follows from (2.2) that

2F6pi1 = 2F3, 1F341 + 2F3,F3,,49
> 2F3, 2F3, + F3,

= (2F3n—2 + 1)F3n:

from which we get that

2n1 1

Sl . (2.11)
ng 2F3n_2 +1

k=n
Combining (2.9) and (2.11), we have

2n

1 Z 1 1
— <) —< ,
2F3, 0+ 1 4= F3 2F3,

which yields the desired identity. O
We now study a generalization of Theorem 2.5 and start with an inequality.

Lemma 2.6 Ifm > 3 and n > 3, then

1 1 1
- > .
Fn—ZFnFnJrl Fn+1Fn+3Fn+4 2an+1

(2.12)

Proof Lettinga = b =n-1in(2.1), we obtain F,F,, < F>,;. If weseta=2n—-landb=n+1
in (2.1), then F,,_1F,.1 < F3,.1. Therefore,

F,F,Fp < P340,

from which we derive that

1 B 1 B 1 - 1 _ 1 _ 1
FyoFuFpy FpaFusFua 2Fpna — FuoaFpFua FuaFusFaa 2F3,0
1 1 1
" FuaFuFun FanFrsFra EiFFon
Fya Fyq

- Fn—ZFnFnFnH - Fn—an+1Fn+3Fn+4
>0,

which completes the proof. O
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Theorem 2.7 Ifm >3 and n > 1, then

mn -1
1 [
Z _ 2F3, o zfn {s even, (2.13)
F3i 2F3, 2 —1 ifnisodd.

k=n

Proof Applying the same argument as in the proof of Theorem 2.5, it is easy to see that if
n is even, then

mn

1 1 1
—— <y —< )
2F3, 0 +1 4= F3 2F3,

and thus the statement is true when # is even. We now concentrate ourselves on the case
where 7 is odd.
Invoking (2.10), a direct calculation shows that, for k > 1,

1 1 1 _ 2F3(Fakn — Fak2) = (2F302 = 1)(2F341 — 1)
2 -1 Fy 2Fyn-1 (2F3%-2 — 1)F3t(2F 31 - 1)
_ 4(Fs5kFsk-1 = FaraFax-2) + 2F3-0 + 2F30 = 1
- (2F3k-2 = 1)F3¢(2F3141 — 1)
_ (=1)¥4 + 2F35_5 + 2F341 - 1
 (2F32 — 1)F3k(2F30 - 1)

> 0.
Hence, we arrive at
o 1 1 1 1
d o —«< - < . (2.14)
Fye 2F3,0-1 2P -1 2F3,5-1

k=n

Employing (2.8) and the fact that # is odd, we conclude that

mn mn k-1
1 1 1 -1
D e D
i Fsx 2F352 2F3mna 4= FakaFsiFain
1 1 1 1
> - + -
2F3n—2 2F3mn+1 F3n—2F3nF3n+l F3n+lF3n+3F3n+4
1
> ) (2.15)
2F3n—2
where the last inequality follows from Lemma 2.6.
It follows from (2.14) and (2.15) that if m > 3 and # is odd, then
1 — 1 1
B D
2F3, 5 i Fxx 2F3,5-1
from which the desired identity follows immediately. O

Applying a similar analysis to the subsequences {Fsi,1} and {Fsx.2}, we obtain the fol-
lowing results, whose proofs are omitted here.
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Theorem 2.8 Foralln>1,

2n 1 -1
{(kx}; ngﬂ) J =2F;, 1. (2.16)

Theorem 2.9 Ifm > 3 and n > 1, then

" -1
i 1 _ 2F3, 1 -1 l:fn l:S even, (2.17)
Fspi1 2F3,_1 ifn is odd.

k=n

Theorem 2.10 Foralln=>1,

2n 1 -1
Kkz F3k+2> J =2F;,. (2.18)

Theorem 2.11 Ifm >3 and n > 1, then

-1
fl: 1 )25, if nis even, (2.19)
Fsy2 | 2E5, -1 ifnisodd. '

k=n

3 Main results Il: the reciprocal square sums
In the rest of the article, we study the reciprocal square sums of the Fibonacci 3-sub-

sequences.

Lemma 3.1 Let a and b be two given integers with a > b > 0. For all n > a, we have

E2, F2  —F2 F2 =F,F, ,(F2+(-1)*"F} + (-1)"“"2F2). (3.1)

n+a’ n-a n+b" n

Proof Employing (2.4), we derive that

F2 F2 - F2 F2_b = (Fn+aFn—a - Fn+th—b)(Fn+aFn—a + Fn+bFn—b)

n+a’ n-a n+b" n
= (-1)"“"F, ,Fy p(2F> + FyyuFyg — F2 + FyypFyy — F?
—( 1) a+b a—b(2 n Y fnraln-a n T Enibbn-b n)
- (_1)n_a+1Fa+bFa—b(2Fy2; +(_1)n—a+lF3 + (_l)n—b+lF2)

= FapFap(F2 + (1) PF} + (-1)"“"2F2).
The proof is complete. O
Lemma 3.2 Ifn>1, we have
Foys = Fou > F3, (F35 = F3, + 1), (32)
Proof First, it is easy to see that

Fgm.?, - an = (F6n+3 + F6n)(F6n+3 - F6n) =4F¢,1F6ns2- (33)
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Similarly, we have

E3 s — 3, = 4F3,1F30. (3.4)
It follows from (2.1) that F,,,1 > F??n +1 and Fg,..0 > F3,41F3,42 + 1. Therefore,

FonirFonsa > F3 Fays1Fpa + F3,. (3.5
The desired result follows immediately from (3.3), (3.4), and (3.5). O

Lemma 3.3 For n>1, we have

8F3, - 16 8F3,.5 +16 1
— > .
(FB%VI - F§M—3)F§M(F§n+3 - F?%n) (F§n+3 - Fﬁsgn)F32n+3(F32n+6 - F§n+3) F§HF§H+3

Proof It is easy to see that 8F3, —16 > F3, —F3, s and 8F3,,5 +16 <F3, .. —F2, 5,50

7 n+6

8F2 —16 1
>
(F??n - F§M—3)F§n(F§n+3 - F?%n) F??VI(F?%VI+3 - F??n)

and
1 8F2,.5+16
> .
(F32n+3 - F3ZH)F§H+3 (FB?;HB - an)F??n+3(F32n+6 - F§n+3)
Hence,
8F2 —16 8F3 .. +16
(an - F??n—B)FBgn(F?gnﬂ - F?%n) (F32n+3 - F?%n)F?gn%(F??nw - F??n+3)
1 1 1
> - = ,
an (F§n+3 - Fi-%n) (F§n+3 - ngn)an+3 F32nF3%n+3
which completes the proof. d

We now present the first reciprocal square sum of the Fibonacci 3-subsequence.

Theorem 3.4 Ifn > 2 and m > 2, then

mn -1 2 2 . .
Z RS ) F5,-F3, 3 if n is even, (3.6)
Fy F3 —F2 .-1 ifnisodd. )

k=n

Proof We first consider the case where 7 is even. Applying (3.1), by a direct calculation we
get that, for k > 1,

1 1 1
F?%k - F32k—3 ngk F§k+3 - ngk
_ F32k(F32k+3 —2Fy + F5 ) - (ng - ngfs)(Fsszrs - F32k)
(ng - ng—s)ng(ngw - F?%k)
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B P Fh

(F3i = i) E3(Fay3 = F3p)
~ 16 + (-1)°8F2,

(F5k = i ) F5(Fps = F3)’

from which we get

mn Sk
Z L2 =) : 2 2 8 Z ( A k -2 21"
k=n F3k FBn - FSn 3 FSmVHB Fan k=n 3k 3) Sk(F3k+3 FBk)

Since # is even, it is easy to see that

mn

Z ( )BkFZ +2 0
>V,
- (F?%k - sz—B)F?%k(FE%kJr?' - sz)

which implies that

mn

Z 1 1 1 1
— < — .
F32k F32n_F§n—3 F F2 F32n_F5?n—3

k=n 3mn+3 3mn
A similar manipulation yields that, for k > 1,

1 1 1 _ F 3 Fy s+ 15+ (-1)8F}
F?%k Fk3+1 F32k F32k+3_F32k+1 (F32k Fk3+1) szk(F32k+3_F§k+l)

_ Fips = Fijs — 15— 8F5

<
T (B - E s+ DES(Fy s - F + 1)
1

2 )
k( skes — Fa +1)

where the last inequality follows from the easily checked fact
Fis = Fijs =15 - 8F5 > Fy — Fyy 3 +1.

Now we have

mn mn
I i mE
k=n F32k F32n_F32n—3+1 F32mn+3 Fgmn 1 k=n F??k(F??k+3_F§k+1)
1 1 1
=) 2 2 t o, 2
FSn Fn 3+1 FSmn+3 FSmn +1 FSn(F3n+3_F3n+1)
1 1 1
_an F3n3+1 F’ogn(FB%nﬁ_F?%n"'l) Fén+3_F62n+1

1
SN
F2 —F ,+1

where the last inequality follows from (3.2).

Page 10 of 15

(3.9)
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Combining (3.8) and (3.9), we get that

1 o 1 1
- - e
F’agn Fn 3+1 FB?k F32H_F?3n—3

’

k=n

which means that the statement is true when # is even.

We now consider the case where 7 is odd. It is not hard to derive that

1 1 1

Fagk F32k3 F32k F32k+3 ngk—l
(- )k8F32k+F32k+3 F 3+15
(Fs?k 31< 3 I)F (3k+3 ng—l)

>0,

where the last inequality follows from the fact that Fsi,5 = 3F3x + 2F3¢_1.
Therefore, we arrive at

mn

1 1 1 1
— < < . (3.10)
D R Uy s R

3mn+3 3mn

Invoking (3.7) and Lemma 3.3, we derive that if z is odd, then

mn

3 1 1 1
F F.,-F ., F . —F

k=n ~ 3k 3mn+3 3mn
k
N Z : )*-18FZ — 16 -
(F3k 3k 3) k( 3k+3 3k)
1 8F;, —16
> 2 2 2 2 2 2 2
F3n _F?m 3 (F3n F3n 3)F3n(F3n+3 F?:n)
8F2 . +16 1
(F§n+3 - F%n) 3n+3( 3n+6 F32n+3) Fén+3 F62n
1 1 1
"B B, BB . F
3n 3n-3 3n* 3n+3 61+3 6n
1 1 1
= + —
F32n - F32n—3 F32nF3?n+3 4Fen1Fone2
1

> (3.11)
F??n - F??n—S

where the last inequality follows from the fact that Fe.o > F3,F3,43 and 2Fgy.1 > Fepaa.
It follows from (3.10) and (3.11) that

1 21 1
2 _P? <ZF_2<F2 P2 .1
3n 3n-3 k=n = 3k 3n 3n-3

’

which yields the desired result. O

For the subsequences {F3x,1} and {Fsx,2}, we have similar results.



Wang and Zhang Advances in Difference Equations (2016) 2016:27 Page 12 of 15

Theorem 3.5 Ifn>1and m > 2, then

a1
f: 1 | B —F5,0—1 ifniseven, (312)
k=n F??kﬂ F§n+1 - Fsgn—Z l'f}’l is odd.
Theorem 3.6 Ifn>1and m> 2, then
4
f; 1 | B -Fl if n is even, (3.13)
k=n F§k+2 F§n+2 - F’;’%n—l -1 Ucn is odd.

Remark The proof of Theorem 3.5 is similar to that of Theorem 3.4 and is omitted here.
Since the telescoping technique for the proof of Theorem 3.6 is very different from that
for Theorem 3.4, we give a detailed proof of Theorem 3.6 in the next section.

4 Proof of Theorem 3.6
We first present a preliminary result, which plays a central role in the later proof.

Lemma 4.1 Forall n > 1, we have

2 2 2 2
2(F6r1+5 - F6n+2) > F3n+2F3n+5

> (F§n+2 - FB?n—l + 1) (F§n+5 - F§n+2 + 1)

Proof The second inequality is obvious, so we concentrate ourselves on the first one. It is
easy to see that

2(F8,5 — Fanea) = 2 4FenisFonsa > 4F5, 4. (4.1)
Employing (2.1), we get Fey1a = F3,42(F3141 + F343); therefore,

F2,.4 = F30(Fana + F3i3)”. (4.2)
It follows from 2F3,,,1 > F3,40 = F3,45 — 2F3,,,3 that 2(F3,,,1 + F3,43) > F3,.5; thus,

4(F3p41 + F3443)* > F3, . (4.3)

Combining (4.1), (4.2), and (4.3) yields the desired result. a

Proof of Theorem 3.6 We first consider the case where # is even. Employing (3.1) again,
by a direct calculation we deduce that, for k > 1,

1 1 1
2 2 T 2 2
F3k+2 - FBk—l F3k+2 F3k+5 - F3k+2

_E Sie2Fias = 2F50p + Fijy) = (Fiun = Fa ) (P s — Fijn)
(Ff)%k+2 - F32k—1)F??k+2 (F32k+5 - F§k+2)

2 2 4
_ F. 3k—1F 3k+5 F. 3k+2

(F32k+2 - F32k—1)F32k+2 (F32k+5 - F§k+2)

k

_ 16 + (-1)*8FZ

(F§k+2 - Fbgk—l)F?%kJrZ (F§k+5 - F§k+2)

(4.4)
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from which we obtain

% . . .
2 2 2 2 2
k=n F3k+2 F3n+2 - FBn—l F3mn+5 - Fan+2

-8 f: 2 g_l)kigkﬂ +22 2\
k=n (F3k+2 - F3k—1)F3k+2 (F3k+5 - F3k+2)

Since # is even, it is easy to see that
$ WBae
2 2 2 2 2
(F. 3k+2 ~ F. 3k—1)F 3k+2(F 3k+5 F. 3k+2)

k=n

0,

which implies that

mn

> : 5
< . .
k=n F32k+2 F??n+2 - an—l

Similarly, we can derive that, for k > 1,

1 1 1
Fhp-Fao+1 Fh, Fhs-Fy,+l
_ F??k—l _ F§k+5 +15+ (_1)k8F32k+2
(F?%k+2 - Fisgk—l + 1)F§k+2(F§k+5 - F?%k+2 + 1)

<0.

We now have

mn

1 1 1

2 2 2 = 2
=n F3k+2 F3n+2 - FSn—l +1 F3mn+5 - FSmn+

P 5 +1

mn 2 2 k 2
+ F3k+s — F3k—1 -15-(-1) 8F3k+2
k=n (F32k+2 - FB?k—l + 1)F§k+2(F§k+5 - F32k+2 + 1)

1 F§n+5 B F?%n—l -15- 8F§n+2
E P 41 (P2 P2 s )E (F2 _—F2  +1)
32 " L3 sne2 T L3 T U303 5 — L0 T
1
Fén+5 - an+2 +1
1 2
> +
F§n+2 - F?%n—l +1 (F32n+2 - F??n—l + 1)(F?3n+5 - F?%n+2 + 1)
1
F62n+5 _F62n+2 +1
1

>, (4.6)
F§n+2 - F?%n—l +1

where the last inequality follows from Lemma 4.1.
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Combining (4.5) and (4.6) yields that

mn

1 1 1

< <
2 2 2 2 2
En—Fa+1 = Fyy By —F0,

’

which shows that the statement is true when # is even.
Next we turn to consider the case where # is odd. It is not hard to derive that

1 1 1
Fro-Fia-1 Fhy Fhs—Fe-1
_ (-1)*8F. §k+2 +F. 32k+5 -F ?%k—l +15
By = Fy = DE3n (s = Fiy = 1)

>0,

where the last inequality follows from the fact that Fsx,5 = 3F3140 + 2F3141.
Therefore, we obtain

% 1 1 1 1 @7)
< — < . .
k=n F32k+2 F?%n+2 - F'agn—l -1 nygmn+5 - F’a?mn+2 -1 F32n+2 - F?%n—l -1

Applying (4.4) and the fact that # is odd, we derive that

mn

Z 1 1 1
=) 2 2 2
k=n F3k+2 F3n+2 - FBn—l Fan+5 - Fan+2

N i (-1)k18F2% , - 16
2 2 2 2 2
(F3k+2 - FBk—l)F3k+2 (F3k+5 - F3k+2)

k=n
1 8F2,.,—-16
BBy Pl - By PPl — Faio)
8F2 - +16 1
(Flus— BB s (P — Fhus)  Flus—Fips
1 2 2
TPy B —Fod) By Fars - Farro)
1
s Fou
~ 1 2 1
" Bn-Bs  FhaFhs  Flus—Fou
> ;, (4.8)

2 2
F3n+2 - F3n—1

where the last inequality follows from Lemma 4.1.
It follows from (4.7) and (4.8) that

mn

1 1 1

< <
2 2 2 2 2
F3n+2 - FSn—l k=n F3k+2 F3n+2 - FSn—l -1

’

which yields the desired result. O
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5 Conclusions

In this paper, we investigate in two ways the reciprocal sums of the Fibonacci 3-sub-
sequences, where a Fibonacci 3-subsequence is a subsequence of the type F,;, F 13, Fy16, - - - -
One is focused on the ordinary sums, and the other is concerned with the square sums.
By evaluating the integer parts of the reciprocals of these sums we get several interest-
ing families of identities. The results are new and important to those with closely related
research interests.
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