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where D' denotes the Riemann-Liouville fractional derivative of order r, /= [0, 1], and
the functionsu:J x R— R\ {0}, w:J x R— R, w(0,0)=0and v:J x R — R satisfy
certain conditions.

Here, we extend the Dhage hybrid fixed point theorem (Dhage in Kyungpook
Math. J. 44:145-155, 2004) and then present some results on the existence of coupled
fixed points for a category of operators in Banach algebra. Also, an example is
analyzed to show the use of the reported results.
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1 Introduction
It is worth noting that the perturbation techniques are useful in the nonlinear analysis for
studying the dynamical systems described by nonlinear differential and integral equations.
Some differential equations representing a certain dynamical system have not analytical
solution, so the perturbation of such problems can be helpful. The perturbed differential
equations are categorized into various types. An important type of these perturbations is
called a hybrid differential equation (i.e. quadratic perturbation of a nonlinear differential
equation). See for more details [2] and the references therein.

Recently, this issue has received much attention [3—6]. We mention that the hybrid fixed
point theory can be used to develop the existence theory for the hybrid equations. For

more details we refer the reader to [7-10]. Dhage and Lakshmikantham [8] scrutinized
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the following first order hybrid differential equation:

& U(i(et()m] =v(t,0(t), aete],

0(ty) =6 € R,

where/ =[0,T), u € CJ x R,R\ {0}),and v € C(J x R, R). They were the first authors able
to prove the existence and uniqueness results as well as various fundamental differential
inequalities corresponding to the hybrid differential equations. In fact, with the help of the
theory of inequalities, the existence of extremal solutions and a comparison result were
proved by Dhage and Lakshmikantham.

The topic of fractional calculus which deals with derivatives and integrals of arbitrary
orders started to be used to model successfully several physical phenomena [11-13]. Evi-
dently, this branch of calculus has found numerous miscellaneous applications connected
with real world problems as they appear in many fields of science and engineering, includ-
ing fluid flow, signal and image processing, fractals theory, control theory, electromagnetic
theory, fitting of experimental data, optics, potential theory, biology, chemistry, diffusion,
and viscoelasticity. For some recent developments on the topic, see [14—19].

Zhao et al. [20] introduced FHDESs. They took the initiative by regarding the FHDE with
R-L differential operators

D‘f[u(ig()t))] =v(t,0(t), aete],0<qg<l,

0(to) =6 € R,

where /] =[0,T), u € C(J x R,R\ {0}),and v € C(J x R, R). Beside that, by using the mixed
Lipschitz and Carathéodory conditions they proved the existence theorem for FHDEs.

Sitho et al. [21] studied existence results for the initial value problems of hybrid fractional
integro-differential equations:

8O- 1Piwi(66(2)
Dq[%] =v(t,0(t), ae.te],

0(0)=0eR,

where D7 denotes the R-L fractional derivative of order ¢, 0 < <1, I? is the R-L fractional
integral of order ¢ >0, ¢ € {B1,62,...,8m}, J=10,T), u € C(J x R,R\ {0}), and v,w €
C(J x R,R) with w(0,0) = 0.

The research of coupled systems within fractional differential equations become inter-
esting, mainly because these kinds of research appear in various problems, e.g. see [22—-25].
Recently, Su [26] analyzed a two-point boundary value problem corresponding to a cou-
pled system of fractional differential equations. Also, Gafiychuk et al. [27] discussed the
solutions of particular case, namely the coupled nonlinear fractional reaction-diffusion
equations.

Also, in 2014, Bashir Ahmad et al. [28] considered the following Dirichlet boundary
value problem of coupled hybrid fractional differential equations:

CD(S[}#?J“))] :hl(trx(t),y(t)); te]rl<8 521

DY [ i) = Ia(Lx(0),y(1), te] 1<y <2,
20)=x(1)=0,  0)=y(1)=0,
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wheref; e CU x Rx R,R\{0})and ;e CJ x R x R,R), i=1,2.
Here, we are studying the existence of solutions for the system of fractional hybrid dif-

ferential equations

Dp[%(?g)(f))] =v(,0(@), t€],

%@]:V(t;e(t))r t€]10<p<1’ (1)

2
u(t,0(t

6(0) =0, ¥(0) = 0.

First of all, we prove a coupled fixed point theorem which is a generalization of a fixed
point theorem of Dhage [1] in Banach algebras.

2 Preliminaries
Let C(J x R, R) be the category of continuous functions u:J x R — R.

Definition 1 ([29]) The form of the Riemann-Liouville fractional integral operator of or-
der o > 0 of the function w € L'(R*) is defined as

Iw(t) = % /(;t(t—l)”‘lw(l) dl.

Definition 2 ([29]) The Riemann-Liouville fractional derivative of order o > 0 of a con-

tinuous function w: (0,00) — R is

RIS S G W
Dw(t)_r(n_o)( t) /O(t 1"~ "Lw(l) dl,

where n = [o] + 1.

Lemma 1 ([29, 30]) Let us consider 0 <o <1 and w € L1(0,1). Then D°I° w(t) = w(t),

IGDUW(t) — W(t) _ %ta_l,

hold almost everywhere on J.

What follows next is a fixed point theorem in Banach algebras due to Dhage ([1]).

Lemma 2 ([1]) Let S be a non-empty, closed, convex, and bounded subset of a Banach
algebra I and let E,G: 3 — J and F : S — J be two operators fulfilling the following prop-
erties:

(a) E and G are Lipschitzian with Lipschitz constants o and 8, respectively,

(b) F is completely continuous,

() O=EOFY + GO =0 €S forallv €8, and

(d) oF +38 <1, where F =||FS|| =sup{||F(8)] : 6 € S}.
Then the operator equation EOFO + GO = 0 has a solution in S.

Below we recall the definition of a coupled fixed point for a bivariate mapping.
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Definition 3 ([31]) An element (8,?) € I x J is called a coupled fixed point of a mapping
T:3x3J—Jif TO,%) =6 and T(,0) = 9.

By a solution of the FHDEs system (1) we mean a function (6,9) € AC(J,R x R) with

the following properties:

0-w(t,0)
u(t,0)

(ii) (0, 9) satisfies the system of equations in (1),

(i) the function t — is absolutely continuous for each 8 € R, and

where AC(J,R x R) is the space of absolutely continuous real-valued functions defined
on/.

3 Fixed point theorems

Throughout this section, let ¥ = C(J, R) be equipped with the supremum norm. Clearly it

is a Banach algebra with respect to pointwise operations and the supremum norm.
Define scalar multiplication and the sum on J x J as follows:

(61,91) + (62, 02) = (61 + 02,01 + V)
and

w(0,9) = (ud, ut),

for 1 € R. Then ¥ x J is a vector space on R.
In the following lemma we introduce a certain Banach algebra which is used in proving

our results.

Lemma3 Let3:=3 x 3. Define the product
©,9)(0',0") = (06, 90")

and

[@.9)] =261 + 191
Then 3 is a Banach algebra with respect to the above norm and multiplication.

Proof By inspection Sisan algebra and || - || is a norm on 3. We notice that

[©1,02)(61,65) | = || (€267, 0205) |
2(|er61 | + [ 6265])
2161167 + 16211] 03] )

=<2(leul (6] + ;1) + (1611 + N6 1) 63])

< 2[(I6ul + 162y (ex] + o) + (newt + ne=n) (e + 5]
< 2(2(leull + o1 ([ler] + o2]))

(levea[) (1 09)]),

so || - || is an algebra norm on 3. O

IA

IA




Bashiri et al. Advances in Difference Equations (2016) 2016:57 Page 5 of 13

Now, we prove a coupled fixed point theorem, which is a generalization of Lemma 2 of
Dhage [1].

Let us denote by ® the family of all functions ¢ : R* — R* fulfilling ¢(r) < r for r > 0 and
¢(0) =0.

Definition 4 Let J be a Banach space. An operator C: I — J is called o -nonlinear con-
traction if there exist a real constant o € (0,1) and a function ¢¢c € ® such that

1CO—Coll <oec(lo -2,
for all 6,9 € J. We call the function ¢¢ a nonlinear function of C on X.

Theorem 1 Let S be a non-empty, closed, convex, and bounded subset of the Banach al-
gebra I and $=85xS8. Suppose that E,G : 3 — I and F : S — I be three operators such
that

(C1) The operators E is o -nonlinear contraction with nonlinear contraction function ¢,

and G is §-nonlinear contraction with nonlinear contraction function ¢g,

(C2) F is completely continuous,

(C3) 0=EOFY + GO =0 €S forallv €8, and

(C4) 40 ||FS|| + 8 <1, where ||FS|| = sup{||[F(x)| : x € S}.
Then the operator T(0,9%) = EOF® + GO has at least a coupled fixed point in S.

Proof By inspection we conclude that Sisa non-empty, closed, convex, and bounded sub-
set of the Banach algebra 3. Define E,G:3 — J,and F: S > 3 by

E0,9) = (E6,EV),

F6,9) = (F9,F6),

G(,9) = (G, GY).
It is sufficient to prove E(Q,yﬁ)?(@, D) + 5(9, ?¥) = (0, 9) has at least one solution, because

(T,9),T(9,0)) = (EOBY + CO,EVFO + GiY)
= (E0,EV)(Fv,F0) + (GO, GY)
=E(0,9)F6,0) + G(6,9) = (0,9),
which implies that 7'(0,¢) has at least one coupled fixed point. We claim that the oper-
ators E, F, and G satisfy all the conditions of Lemma 2 on the Banach algebra 3. First,
we show that E and G are Lipschitzian. By using the condition (C1), for every 6 = (6;,6,),
D = (0,10,) € 3 we obtain
IE0 ~Ev|| = | (E6y, E62) — (Evy, Ey) |
= || (E61 - E®1,E0, — ED,) ||
= 2(|[E6 — Eth | + || EO» — Ed||)

< 2(oe(ll6r = 9111) + o @e(162 - a1))
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20 (1161 = 911l + 1162 = 921

AN

o |61 - 1,6, - 9) |

olle —v,

which implies that Eis Lipschitzian with constant . Similarly Gis Lipschitzian with con-
stant §. The next step is to prove that Fisa compact and continuous operator on S.
Let (6,) = (614, 62,) be a sequence in S converging to a point 6 = (61,0,) € S. Since F is

continuous we have

lim 76, = <lim F0,,, lim F91,,>

n—00 n—00

= (F6,,F6,) = F(61,6,) = F0,

so F is continuous.
Let 0 = (61,6,) € S. Then we have
|E©1,62)| = |(Fo1, F6y)|
= 2(IF6ull + IF6.l)
< 4|FS|,
for all 6 € S. This result shows that F is uniformly bounded on S.

Let ¢ > 0, since F(S) is an equi-continuous set in 3, there exists § > 0 such that for #, £, €
J, |t1 — t2| < § implies that |FO(t1) — FO(£,)| < € for all 6 € S. Then, for any 6 = (61,6,) € S,
we have

|f9(t1) —fQ(t2)| = |(FO2(tr), FOL(1r)) — (FOs(t2), FO1(12))|
= [(FOx(tr) — FO5(t2), FO1(t1) — FO1(82)) |

= \/ (FoL(t1) -~ FOL(t2))” + (FOx(t1) — Foa(t2))”
<V2e,

so F(S) is an equi-continuous set in 3. Thus, F(S) is compact according to the Arzela-
Ascoli theorem. As a result, F is a continuous and compact operator on S. So, F is com-
pletely continuous on S.

We show now that the hypothesis (iii) of Lemma 2 is satisfied. Let 0 = (61,6,) € 3,9 =
(1,,) € S such that § = EOFY + GO. Then

(61,62) = E(61,0,)E (9, 02) + G(6y,6,)
= (E6y, E6,)(F V2, F) + (GO, Gb,)

= (E91F192 + G«91,E92F191 + G92),
which implies that

91 = E@lFﬁg + GGl,
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92 = E92Fl91 + G92

So, by assumption (C3), we conclude that 6;,0, € S, then 0 € S. Finally, we prove that
of +8<1,where [ = ||ES| = sup{||1-"(8)|| :0 €S} By using the assumption (C4) we obtain

oF +8=0|FS| +8
= o (2(IES|| +|IFS])) + 8

= 40 ||ES| + 8 < 1.

So, all conditions of Lemma 2 are satisfied and hence the operator equation ExFu + Gu = u
has at least one solution on S. As a result, T(6, ?) has at least one coupled fixed point and

the proof is completed. O

Corollary 1 Let S be a non-empty, closed, convex, and bounded subset of the Banach al-
gebra I and S=85xS. Suppose that A,C : 3 — J and B : S — 3 are three operators such
that

(Cl) E and G are Lipschitzian with Lipschitz constants o and 8, respectively,

(C2) F is completely continuous,

(C3) 0 =A0BY + CO = 0 € S forall ¥ €S, and

(C4) 40 ||FS|| + 8 <1, where ||FS|| = sup{||[F(0)] : 0 € S}.
Then the operator T(0,9) = EOFY + GO has at least a coupled fixed point in S.

Taking G = 0 in Theorem 1, we obtain the following.

Corollary 2 Let S be a non-empty, closed, convex, and bounded subset of the Banach al-
gebra I andS=S5x 8. Suppose that E: S — I and F : S — I be two operators such that
(a) there exists g € ® such that for all 6,9 € I, we have

IE0 — E¥|| < oee(16 - 1),

for some constant o > 0,
(b) F is completely continuous,
(c) O=EOFY =0 S foralld €S, and
(d) 4c||ES| = sup{||F(®)]|:6 € S} <1. B
Then the operator T(0,9) = EOFY has at least a coupled fixed point in S.

Taking E =1 in Theorem 1, we obtain the following.

Corollary 3 Let S be a non-empty, closed, convex, and bounded subset of the Banach space
SandS =S x S. Suppose that G: 3 — I and F : S — 3 are two operators such that
(a) there exists oc € O such that for all 6,9 € J, we have

1G6 — Gl < ¢g (116 —91),

for some constant § > 0,
(b) F is completely continuous,
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(c) 0=GO+BY =0 €S forallv €S.
Then the operator T(0,0) = GO + FO has at least a coupled fixed point in S whenever § < 1.

4 Systems of fractional hybrid differential equations
By applying Theorem 1, we study the existence of a solution for the FHDEs system (1)
under the following general assumptions:
(H1) The functionsu:J x R — R\ {0}, w:J x R — R, w(0,0) = 0 are continuous and
there exist two functions ¢ and ¥ with bounds |¢|| and ||y ||, respectively, such
that for all 8, % € S and ¢ € J we have

lu(t,0()) — u(t, 2(@®))| < @(®)|0(8) - ()|
and
w(t,6(8)) —w(t00)] < v @)]6@6) -0 ()].
(H2) There exists a continuous function v € C(/,R) such that
v(t,0) <v(t), te,
forall 6 € R, and i lllIvil + 1] < 1.

As a consequence of Lemma 1 we have the following result, which is useful in proving

the existence results.

Lemma4 Assumethatv € C[0,1],0 <p <1,and u,w € C([0,1] x R, R), such that u(0,0) #
0 and w(0,0) = 0. Then the unique solution of the following initial value problem:

D[P = v, te(0D),
0(0) =0,

()

ut,008) f* v(s)
0(t) = ) /0 )7 ds+w(t,9(t)), te[0,1].

Proof Let6(¢) be asolution of the problem (2). By applying to both sides of (2) the operator

17, we get

0(t) — w(t, 6(t))
W[W] =)

so, from Lemma 1 we conclude that
—170(8)-w(t,0(t)
0(t) -w(t,0() D' [=gagy o

-1 _
WLow) r'(p) B = Ful).
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wE0) )|t=0 = 6(;()(;2’((8)’)0) = u((()),O) = 0 (due to the fact that (0, 0) # 0 and w(0, 0) = 0),

o) -w(t,00@) 1 Lou(s) s
WLo0) Ty -9

u(t,0(t) [+ vls)
Lp) Jo t-9t»

At this stage, our target is to prove the following existence theorem; see (1).

0(t) = ds+w(t,0(1)). 0

Theorem 2 Assume that the hypotheses (H1)-(H2) hold. Then the system (1) has a solution
defined on J.

Proof Set I = C(J,R) and a subset S of J defined by
S={0 30l <N},

where N = %, Uy = max,e; |u(t,0)|, Wo = max,e; |w(t,0)|, and A = F(lp%
We take note of the fact that S is a closed, convex, and bounded subset of the Banach
algebra J. Now, we consider the system (1). Obviously, 6(¢) is a solution of the FHDEs

system (1) if and only if 0(¢) satisfies the following system of integral equations:

00 = “557 Jo fs ds + w(t,0(), o
D(t) = G [T LD ds 4 wit,0(s)), te].

Let us define two operators E,G: I — Jand F: S — I by

EO(t) = (t 6(1)),
FO(t) = fo(t — s\ lu(s,0(s)ds, te],
Go(t) = ( ,0(2)),

so the system (3) is transformed into the system of operator equations

0(t) = EO()FO(t) + GO(2),
U(t) = ES(t)FO(t) + Go(t), te].

We shall show that the operators E, F, and G satisfy all the conditions of Theorem 2.
Let 0,9 € 3, by the hypothesis (H1) we have
|E0(6) — EV(2)] = |u(t,0(0)) — u(t,9 (1))
<p®o@) -2 < llelllo -1,
for all ¢ € J, which implies that ||[E6 — E®|| < ||¢||||6 — ¢||. Therefore, E is a Lipschitzian

on J with Lipschitz constant ||¢|. Analogously, C is a Lipschitzian on J with Lipschitz
constant ||/||. Next, we prove that F is a compact and continuous operator on S.
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Let {6,} be a sequence in S converging to a point 6 € S. Then

nll)ngo FO,(t) = (lp) nli)r&(/t(t—s)”_lv(s,e(s)) ds)

1
F(p)/ (t-s)y~ hm v(s,9 (s))

= F—(p) /0 (t- s)p’lv(s,e(s)) ds
= FO(1),

for all ¢ € J, where the second equality holds by the Lebesgue dominated convergence
theorem. So F is a continuous function on S.
Let 6 € S, by assumption (H2), for ¢ € J, we have

|F0(t)| = Fi(p)‘/o (t—s)”’lv(s,@(s)) ds

1t _
< F_(p)/o (t—-s) 1|v(s,9(s))|ds

L ' _ w1

< F(p)/ (t—s)Pv(s)ds
[

< F(p)/ (t—sPds

vl

< ’
“Tp+1)

taking the supremum over ¢, we obtain

vl
I'(p+1) =4

IEO| <
for all 6 € S, so F is uniformly bounded on S. Now letting £, ¢, € J, for any 6 € S, one has

|Fo(t) - FO (1)

—syly s, / (t — sy (s,@(s))

— )P~ v(s,@(s) ds—/ (£, —s)P! (s,x(s)) ds

—l/ 1(L‘z—s)"_lv(s,@(s)) ds—/ 2(t2 —S)p_lv(s,H(s)) ds
0

vl & _
_F(p)< /;1 (tz—s)PldS>

< A -]+t 0],
Since t is uniformly continuous on J for 0 < p < 1, for any ¢ > 0 there exists §; > 0 such
that if |#; — £>| < §; we have

+

(f1 =Pt = (8, —s)P L ds

1
’tlp—tg|<ﬁ8,
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1
Letting § = min{4y, ﬁs)ﬁ },if |& — £1] < 8, we have

|F9(t1) —F@(t2)| < A(Ls + Ls) =e.

This implies that F(S) is equi-continuous. As a result F is completely continuous on S.
In order to prove the hypothesis (C3) of Theorem 1, let 6 € J and ¢ € S such that 6 =
EOFY + GO; by assumptions (H1) and (H2) we have

lo@)| = |[EO@||Fo )|+ |Go(®)|

_ vl
T
+ (|w(6,0(2)) — w(£,0)| + |w(z,0)|)

vl
=T+
< A(lell(lo1) + Uo) + (Iwli(l161) + Wa),

qu@ﬁu»—uuxnpwumon)ﬁ\u—gf*ds

(e@(0@]) + [ut, 0)]) + (¥ ) (|0®]) + [wiz, 0)])

then by taking the supremum over ¢ on J and by taking into account (H2) we conclude
that

)

o1 < M _
“1-Allell =yl

which implies that 6 € S. Finally, we have
4o ||ES|| +6 < 4llelA+ ¥l <1

So, the assumption (C4) of Theorem 1 has been proved. Therefore, all the conditions of
Theorem 1 are satisfied, hence the operator T(0, %) = EOF9 + G has a coupled fixed point
onS. As a result, the FHDEs system (1) has a solution defined on J. O

5 Example
Example 3 We consider the following system of fractional hybrid differential equations:

Lro@-wto®)y _ £]9(8)]
D3 Zgam 1 = Geowpay L€
D% [17(t)—w(t,z?(t))] _ t16(2)| tej, (4)

wed @) T G0N’
6(0)=0,  9(0)=0,

where
6* 0
u(£,0(2)) = %t(%cos@(t) + %) + %’
w(t,0(0)) = %e“(% sin6(£) + %),

for arbitrary 6,9 € I and ¢ € J, we can obtain

’

u(600) - u(6,90)| = [0 - 90
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1-¢
lw(t,0(0)) - w(t,0@®))| < % |0(t) - v(2)

)

t
[v(6.60) - v(6.20)| =z

We conclude that ¢(¢) = £, ¥ (£) = e, |l¢|| ~ 0.063, |[¥|| ~ 0.34, Fy ~ 0.19, W, = 0,
A ~0.079, N =~ 0.023. So

4)@llA + ||| ~0.36 < 1.

As aresult it follows by Theorem 2 that the problem (4) has a solution.
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