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1 Introduction
The linear control systems and the complex or uncertain feedback systems can be bridged
by the framework of switched linear systems [1]. The switched system is an important
class of hybrid systems, which consists of some subsystems and a switching signal. The
switching signal will handle the switching among subsystems. Many complicate nonlin-
ear system behaviors can be produced under switching, such as multiple limit cycles and
chaos [1, 2]. Switched systems are often encountered in many practical systems including
automated highway systems, automotive engine control systems, chemical process, con-
strained robotics, mutlirate control, power systems and power electronics, robot manu-
facture, stepper motors, and water quality control [1-4]. It is also well known that insta-
bility or bad performance may be introduced by the existence of delay in a system [5-7].
Time-delay phenomena are often confronted in many practical engineering systems, such
as chemical engineering systems, hydraulic systems, inferred grinding models, neural net-
work circuits, nuclear reactor, and rolling mill systems. Hence, the problems of stability
and stabilization for discrete switched systems with time delay have been investigated in
recent years [1, 2, 8—17].

In the recent years, there are two interesting and well-known issues investigated for
switched systems. (1) The stability property for each subsystem cannot guarantee that
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the overall system is stable under arbitrary switching [1, 2, 10, 14—16]. (2) The stability
of a switched system may be achieved by selecting the switching signal even when each
subsystem is unstable [1, 2, 11, 13, 18-23]. In [13], a design of switching signal is pro-
posed to ensure the stability and stabilization of discrete switched systems with interval
time-varying delay. In [16], the switching is identified to guarantee the stability of discrete
switched time-delay system. In recent years, the passivity property was provided in di-
verse aspects, such as complexity analysis [24], fuzzy control [25], time-delay systems [1,
26-29], neural networks systems [29, 30], and signal processing [31]. The passivity theory
was first introduced in circuit analysis, which is a promising approach to keep the inter-
nal stability of systems. Furthermore, linear fractional perturbations in [11, 18, 19, 32, 33]
are more generalized than parameter ones in [10, 14, 15, 29, 30]. In this paper, a simple
design scheme for switching signal in passivity analysis and passive control is proposed
for discrete switched systems with interval time-varying delay and linear fractional per-
turbations. In [34], a delay-partitioning approach was proposed to improve the conser-
vativeness of the developed results. In this paper, a new delay-partitioning approach is
investigated to make more accurate evaluation for the allowable upper bound of interval
time-varying delay. In [35], Jensen and Park inequalities are used to improve the main
proposed results. To the best knowledge of the authors, results that combine the delay-
partitioning approach and Jensen and Park inequalities are not reported in the past. Some
numerical examples are made to demonstrate the obtained results. The practical applica-
tion of a water quality model is also provided to illustrate the proposed results. From the
simulation result, our proposed approach in this paper provides less conservative results.
The main contribution of this paper can be highlighted as follows:

(1) The less conservative passivity analysis and passive switching control for discrete
switched systems with linear fractional perturbations and interval time-varying
delay via a switching signal design are considered.

(2) The proposed approach provides less LMI variables and a shorter program running
time than some previous ones in the past.

(3) Jensen and Park inequalities combined with the delay-partitioning approach are
used to improve the conservativeness of the developed results.

(4) The proposed design scheme for switching signal is more flexible than those in
[12-14]. The proposed approach for switching signal design scheme can be easily
applied to continuous switched time-delay systems.

In the past, some new relevant results and approaches had been proposed to achieve the
performance of switched systems [36-39]. In [36], the Borne-Gentina practical stability
of continuous switched systems is considered by the aggregation techniques. In [37], the
stability and Hy, control of switched systems with interval time-varying delay are guar-
anteed by input-output scaled small gain theorem approach. In [38], the stability for dis-
crete switched nonlinear systems with unstable subsystems is considered by the T-S fuzzy
model approach. In [39], the passivity of discrete switched nonlinear systems is studied
by multiple storage functions and multiple supply rates approach. The proposed results
in this paper can be considered and improved by the above developed approaches.

The notation used throughout this paper is as follows. For a matrix A, we denote
the transpose by A7, symmetric positive (negative) definite by A > 0 (A < 0); A < B

(A < B) means that B — A is a symmetric positive semidefinite (definite) matrix; I de-
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notes the identity matrix. Define N = {1,2,...,N}, A\B = {x|x € A and x ¢ B}, L,(0,00) =
{(w(k)| Y2 wh (kyw(k) < o0}

2 Problem statement and preliminaries
In this paper, we consider the following uncertain discrete switched system with time de-
lay:

x(k +1) = [Ay + AA, (K)]x(Kk) + [Bos + AB, (k) |x(k - r(k))
+[Do + ADy (k) |w(k), (1a)

2(k) = [Aze + AA (K)]x(k) + [Boo + ABo (k) ]x(k — r(k))
+[Das + AD (k) w(k), (1b)

x(0) =), 60=-ry,-ry+1,...,0, (1c)

where x(k) € 0", x; is the state defined by x4(0) := x(k + 0), VO € {-ryr,—rpr +1,...,0},
w(k) € R? is a disturbance input, z(k) € R? is a regulated output, o is a switching sig-
nal in the finite set {1,2,...,N} and will be selected to preserve the performance of the
system, ¢(k) € iR" denotes the initial function, the time-varying delay r(k) is a function
from {0,1,2,3,...} to {1,2,3,...} such that 0 < r,, < r(k) < ry, where r,, and ry; are two
given positive integers. The matrices A;, B;, D;, Az, By, Dy, i =1,2,...,N, are given con-
stant matrices of appropriate dimensions; AA;(k), AB;(k), AD;(k), AA(k), AB,;(k), and

AD,;(k) are some perturbed matrices satisfying the following conditions:

[AAi(k) ABi(k) AD(k)]=M;- Ajk)-[Na; Nz Npil, (1d)
[AAu(K) ABL(k) ADu(K)] = M- Au(k) - [Nzai Nzsi Nopil, (le)
AK) = [I-Ti0E] ' Tuk),  EET <1, (1f)
Ailk) = [[ - T 8] 'Tulh), BBl <, (1g)

where M; € W4, M, € W9, Ny;, Np;, Npi, Nzai» Nzgi, and Nzp;, i =1,2,...,N, E; and
E,; are some given constant matrices of appropriate dimensions; and I';(k) and I';(k) are

some unknown matrices satisfying
rf(rk) <1,  TLRTL(k) <I. (1h)
Now we propose the following switching domains:
QiU =f{xeRN :x"Ux>0}, i=12,...,N, (2a)
where the matrices U; >0,i=1,2,...,N, will be selected from our developed results, and

Q1 =, Q) = 2\, Q3 = Q3\Q1\Q,,

Qn = Qu\Q21\ - \Qn1

(2b)
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From the above definition of the domains, the switching signal can be selected by
o(x(k)) =i, Vx(k)eQ, (2¢)

where Q; is defined in (2b).
The following lemmas will be used to obtain the main proposed result.

Lemmal Ifthere exist some constants 0 <a; <1,i € N, Zf\il a; =1, some matrices U; > 0,
i € N, such that

N
Z(xi . Ui > O,
i=1

we have

N
Uﬁizﬁ)’t” and QNQ=®, Vi),

i=1
where ® is the empty set, and Q; is defined in (2b).

Proof By the definition of 2; in (2b), ;N = @ is trivial. For any x € %" with Y% a;- U; >
0, we have

N N
x7 |:Zai . Ui:|x = Zai cxlUx>0, VxeR"
i=1 i=1

This condition implies
xTUx>0 forsomeieN.
From (2a) and (2b) we have

x€Q,(U;) forsomeieN,

x€ QU forsomei,jeN,i>j.
The proof is completed. O

Remark 1 In the recent years, some proposed switching domains are shown as follows:
(a) In [13], the switching domains are selected as

QP U,A) = {x €N 2" [(rmy —1rm) - U - A]P-PA]x <0}, i=12,...,N,

where the matrices P> 0, U >0, ) = Q1,2 = 2\Qy,..., Qv = Q0 \(UY' Q).
(b) In [18], the switching domains are selected as

Qi(P,U,A) = {xeN :x"(A]PA))x <x"Ux}, i=12,...,N,

where the matrices P> 0, U > 0, Q1 = Q1,22 = 2\Q1,..., 2 = A\ - - \Qn1.
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(c) In [19], the switching domains are selected as
QP U,A) = {x e N 2T (AT PA;)x <x"Ux}, i=12,...,N,
where the matrices P> 0, U;>0,i=1,2,...,N, and Q; is defined in (b).
In this paper, the switching domains are defined in (2a)-(2b) with
Qi) = {x e W2 Uz > 0},
where the matrices U; = U/, i =1,2,...,N. The proposed approach in this paper does
not depend on the system parameters A;, which shows that the proposed scheme is more

simple and flexible than the above results. It can be easily extended to continuous switched

systems to design the switching signal under consideration.

Lemma 2 [40] For a given symmetric matrix S = [Sil 521;], the following conditions are
equivalent:
1) S<o,

(2) 8232 <0, 811 — 51255%5{2 <0.
Lemma 3 [32] Suppose that A;(k) is defined in (1f) and satisfies (1h). Then for real matrices

u;, W, and X; with X; = XiT, the following conditions are equivalent:
() The following inequality is satisfied:

X; + Ui A (W, + WEAL (U <o.
(II) There exists a scalar &; > 0 such that
Xi Ui Ei- VViT
x —&-1 &-B|<0,
* * —gi -1

where the matrix B; is defined in (1f).

Lemma 4 (Discrete Jensen inequality [35]) For any matrix R > 0, integers r1 < ry, and a
vector function w(i) € N", the following inequality is satisfied:

k-r1-1 k—r1-1 T k-r1-1
~(ry-n)- Y 0" ()Ro() < -[ > a)(i):| R|: > a)(i):|,
i=k-ro i=k-ry i=k-ro

Lemma 5 (Park inequality in [35]) For any matrices V€ R"*" > 0, My, My € R"*™, a pos-

itive real number 0 < o < 1, and a vector w € W™, there exists a matrix X € RN"*" such that

|:V X:|>0.
* V



Yu et al. Advances in Difference Equations (2016) 2016:104 Page 6 of 24

Then the following inequality is satisfied:

T
1 1 M V X||M

- —a)TMlTVMla) + —wTMZ,TVMga) < ol ! o
o l-« M, x V|| M,

Definition 1 The discrete switched system of (1a)-(1h) with the switching signal in (2c) is
called passive if there exists a constant y > 0 such that

L

4
—y -y wilwk) <2 2" (kwlk)

k=0 k=0

for all £ > 0 and zero initial condition x(0) = 0, 0 = —ra;,—7a + 1,...,0. If the parameter £
is selected as 0o, then the disturbance input w belongs to L,(0, 00).

In this paper, the following partitions are selected:
O0<ryp=rg<rn<ry< - <11 <1, =ru,
where p is the partition number, and r;, i = 1,2,..., p, are some positive integers.

Theorem 1 For some selected integers 0 < 1y, = 1o <11 <1y < -+ < I'p_1 < T}, = I'ng, CONstants
0<o;<1,j=12,...,N,and Zfil a; =1, system (1a)-(1h) is passive by the designed switch-
ing signal in (2c) if there exist some n x n symmetric matrices P> 0, Q; >0, Q, >0, R; > 0,
Ry>0,R3>0,5>0,T>0,V1>0, Vy,>0, U;, Wi, Wy, an n x n matrix X, and constants
§>0,j=1,2,...,N such that the following LMI conditions are satisfied:

R2+Wl>0, R2+W2>0, (33)
% W Vi X

@ W >0, RLE >0, ! >0, (3b)

* * * W

D LA Yo

= |7V “¥|<0, i=1,2,...,pj=12,...,N, (3¢)

/ * 23]

N

> ey Ui>0, (3d)

i=1

where E{j, Xj, Xsjy Tyj, L13j, 24 are defined by

[Ty 0 Ty T Ty
' k0 Xpy Xy Xay  Xog)
E{/: k k EéSj 234}' 0 )
* * * iy O
| * * * * 2s5)
g 2177 0 0 Zpo Xy
Yoeg 277 0 0 Xy Xy
Sy=| 0 0 0 0o 0 0 |,
0 0 0 0 0 0
| Xsej X5z 0 Xsop Xsigp sy
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[Sej 0 ey O 0 0 |

* X7 Xpg; O 0 0

* *  Xggg 0 Xgioj 0
3= ,

* * * 2991‘ 0 2911]'

* % * k 21010]‘ 0

|k * * * * 211111‘_
i=1,2,...,p,j=12,...,N, (3e)
Suj==P+ T+ (rsr—rm)” - Q=R —Rs + Uj,
i3 =Ry, Y145 = Rs, Y55 = —AZTj,
® :r,zw 'Rl +(rM—rm)2(Q2 +R2 + Vl + V2) +7‘,2n 'R3,
T = (4 -7\, Y= A]-TP; X0 = & 'NATj,
i (rsg = Tm) i (rar = 1)
Sy =& - NJg Vas= 7 Vaa =
Ay 3 (ra —1ic1) 2 (ri=7m)

Eﬁz, Vs Ry + Wh) = iy - (Ry + Wh) = (rag — 1) - (W3 — Wa) —2V3 + X + X7,
223] J/23 Ry + W)+ V1 - T
Zéz; = J/zi4 (R + Wp) =X + V1, Y5 = —B;y
Ynej = B;T®: Yy7j = B,'TP; 2o10j = & 'NBT/, Yonj = &y - NZTBj,
Eég, —S—Ri—y33- Ry + W) = (rag — 1) - Wa = Vi = V3, Y34=Va+ X,
224,- =—(T=98) = vy Ry + W) = Rs + (rag — 1) - Wi = Vi = V3,
255/' = _DZ/ —Dz; -y 1, ESGj = D]T®, 257/ = D}.TP’ E59f = _sz,
510 = & -NE,», 515 = &5 'NZTD}-, Y6 = -0, Yegi = O M
Y77 = =P, Y7gj = PM;, Yggj = —& - I, g10j = & - E,T
299] ==& 1, 29111' =&y EZ 210101' ==¢j -, Ellllj ==¢j - (Sf)

Proof Define the Lyapunov-Krasovskii functional by

—rm

Ve) = & (ROPx(k) + (rag =) - Y Z (£)Qz(i)

J=—rp+li=k—1+j

i Z)’ DRy(i)

J==rm+1i=k-1+j

—I'm

v =rm) - Y Zy D[Rz + V1 + Valy(i)

j=—rp+li=k-1+j

k=1-riy k-1

0 k-1
DD Y ORy@+ Y AT@Sx@D + Y T

j=—rm+li=k—1+j i=k—rp i=k=rm

() Tx(0), (4)

whereP>0,Q:diag[Q1 Q]>0,R>0,R>0,R3>0,V1;>0,5>0,T>0,y() =x(i+1) -
x(i), and z(i) = [x(i)T y(i)T]%. The difference of functional (4) along the solutions of system
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(1a)-(1h) has the form

AV (%) = V(%ke1) — V(o)

= [x7(k + DPx(k + 1) = " (K)Px(K)] + (ras — 1) - 27 (K)Qz(K)

k=rp-1
—(rm=rm) - D 2T DQz() + 1y -y  ()Riy(k)
i=k—rp1
k-1
—rae Y Y ORYE) + (rag =) -y R)[Ry + Vi + Valy(k)
i=k-rpg
k—rpy,—1
—(rm=rm) - Y YTORy + Vi Valy(i) + 72, -y (K)Rsy(k)
i=k—rpp
k-1
—rme Y ¥ (DRsy(i) + & (k = 1) Sk = 1,)
i=k—ry,
—xT (k = ran)Sx(k — rpp) + [xT(k) Ta(k) — xT (k = 1) Toe(k — r,,,)]. (5)

By the definitions (i) = x(i + 1) — (i) and z(i) = [x(i)T y())T]* we have

k=ry—1 k—rGo-11 77 )
_ T(AOA(7) — x(i) Q. O x(i)
i:kX—r:MZ (9)Qz(d) isz_;M |:y(l'):| [0 Q2:| |:y(i):|
) k=rm-1 x(l) T Ql 0 x(l) (63)
i=k—r(k) y(l) 0 Q2 J’(l) '
A= [xT(k — 1) Wix(k = 1) — 2T (k - r(k)) Wlx(k - r(k))]

k—ry—-1

- > DTOWiG) + 22T O Way()] = 0, (6b)
i=k—r(k)
Ay = [x7 (k = r(k)) Wax(k — r(k)) — " (k — rar) Wa(k — rar) ]
k—r(k)-1
= Y [TOWay6) + 25" () Way(i)] = 0. (6¢)
i=k—rpr

From the previous derivations we obtain the following result:

AV @) + (rag = 1) - O + ) + [-22" (kR)w(k) — y - wT (k)w(k)]
=xT(k + )Px(k +1) —xT (k) [P — T)x(k) + (rar — r)? - 27 (k) Que(k)
—(rpr = 1m) - xT(k - r(k)) [(W: - Wz]x(k - r(k))

+ [+ 1) = x(0] [y Ry + (rar = 1) (Qa + Ro + Vit V) 4 72, Ry

k-1

[rtk+ 1) =] = rar- D ¥ ORYG)

i=k—rpg
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k=rp—1

k—r(k)-1
= (rar = 1) [ YT @Ry + Waly@) + Yy

=k—rp1 i=k—r(k)

DRy + Wﬂy(l)}

k=rm—-1 k=rm—-1
—(rM—rm)-{Zy DViy@)+ Y ¥ @)Vl }
i=k-rpg i=k—rp1

k-1
— Ty |: Z yT(i)ng(i):| —xT(k - rm)[T —(rp—1) - Wi — S]x(k — ')

i=k—rm

—xT(k—rM)[S+ M= Tm) - Wg]x(k M)

ki)l x(i Wo | | x(i)
et o A N

gl x(i) Q Wi ||x()
e 5 0 ][]

+[-22" (kKyw(k) - y - w! (K)w(k)].

Page 9 of 24

(6d)

Without loss of generality, assuming that 0 < r,, < r(k) <ry and 7,y < r(k) <r;, i =

1,2,...,p, for some k, by Lemma 4 we have the following results:

k-1 k-1 T k-1
—r- Y ¥ ORy(G) 5—[ > yT(i)] Rl[ > yT(i)}

i=k—rpr i=k—rpr i=k—rpr

= (k) = x(k = ran)] Ry [(k) — 2k — rag) ],

k—r(k) k=rm,—-1
—(rM—rm){ D VDR + Waly@) + Y yT(i)[Rz+W1]y(i)}

imk—rg i=k—r(k)
(rm = Tm) (rvt = 1) i i
=~ =1 0) &1 - 0 —r) 62 = Vo3 E1—Vou 62
k-1
e Y Y ORsY(0) < ~[x(K) — 2k — )] Rs[x(K) = x(k ~ 7,)],
i=k—ry
k—rm—1
- Y OV
i=k-rpg
k—r(k)-1 k—rm-1
=—(rm = Tm) - [ D yTovd+ Y ¥ Vly(l)}
i=k-ryg i=k—r(k)
<- ((724_‘:(2))) [k = r(0) =0k = ran)) " Va (e (k = 1K) =20k = ran) ]
- ((r’(A;)‘_’;”)) [tk = 1) = 2k = () Vi (k= 1) - 2(k = 1(K)))],
k—ry—1
—(rm=rm) - Y, Y (D)Vay()
i=k—rpr

< [k = ) = 2k = rar) | Va [k = ) =k = rar)]s

(7a)

(7b)

(7¢)

(7d)

(7e)
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where
& = [x(k - (k) - 2k = rag)] " Ry + W) [x(k = (k) = sk = ran)]s
& =[xk = 1) — (k= 7(K))]" R + W3) [k = 1) — 2 (k - r(K))].
Define

ZT(k) = [xT(k) T (k-rk) xT(k—ra) «T(k=rm) wl(K)].

By Park inequality in Lemma 5 with (3b) and (7d) we have

k—rm—1

~rm=rm) - Y ¥ (DY)
i=k—rpf
T
ol [ s
M, x Vi || M,
0 0 0 0 0
x* 2Vi+X+XT vi-XT —-X+V; 0
=ZT (k) | * * -V X 0| zk),
* * * - 0
* * * * 0

Page 10 of 24

(7f)

(8a)

where M; = [0 1 -1 0 0] and M, = [0 —I 0 I 0]. Assuming that o (x(k)) = j € N, from (3a)-

(3¢), (6d), and (8a)-(8b) we derive the following result:

AV (xi) + [—2zT(k)w(k) -y - wT(k)w(k)] < —xT(k)LI}-x(k) +ZT(k) - fll‘ - Z(k),

where
— — a7 — — T
X16f X16f X17j Zj
potys potys patys patys
Si=si-| 0 [T 0 | - 0 |z 0 |,
0 0 0 0
f%j §S6j 557;‘ 557;'
Ty 0 Ty T i
* Eézj 253;' Eézg f251’
=] o« ok By 0 o |,
* * kX O
* * * * Y55

flS}' = _(Azj + AAZ}')T, fléj = (A] + AA/ —[)T®,

§25]' = _(sz + Asz)T, §26j = (B] + AB])TG), §27j = (B] + AB]')TP,
Y55 = —(Dyj + ADy) — (Dy + AD)" -y -1,

556/ = (Dl + AD]’)T®, §57j = (D] + ADj)TP,

i and E,idi, k,1=1,2,...,7,and © are defined in (3f).

fﬁj = (A] + AA])TP,

(92)
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Define
=i |ZL Dy |[Z By — —
A I A S B el S s SIS R el (3) s £ (9¢)
% 231' * 23/'
where
_fm/ 17 Y 217
Yo oy Yo X7
Sy=| 0 0|, Ey=[o0 o0 |,
0 0 0 0
_fssj sy Ysej  Xsyj
- T
= Seej O q_|0 000 0 ey Trg
Lo Z "“loooo =L o o]’
-1
oy Ay o ] [1-TwE 0 rik) o
! 0 Azj(k) 0 I- rzj(k) Ezj 0 in(k)
-1
7 oo [mw o g 0 k) 0 o)
0 I 0o Ty;k||0 =y 0 k)
T
W - Ny N 0 O Np 0 O
" |Nzaj Nzgg 0 0 Nz 0 0
By (3d) with Lemma 1 and switching signal in (2c) we have
xT(k)LIjx(k) >0, Vax(k)eQ. (10)

By Lemmas 2 and 3 with (9d), the condition Z} < 0 in (3c) implies f; < 0 in (9¢), which
also implies fl} < 01in (9b). From (10) by summing (9a) from 0 to £ we derive the following
condition:

Vi(xe) = V(go) + i[—2 2L kyw(k) -y - wT(k)w(k)] <0.
k=0
With zero initial condition (¢(k) = 0,-ry; < k < 0) we have
V(go) = 0.
By the definition of the functional V'(xy) in (4) we have
V(xe) > 0.

From the previous derivations the following condition is guaranteed:

€

-y -y Wkwk)] <2-

4
[2" (k)w(k)].
k=0 k=0
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By Definition 1 the system (1a)-(1h) is passive by the switching signal designed in (2c). This
completes this proof. O

Remark 2 In view of (9a) in the proof of Theorem 1, we have AV (x;) < 0 when w(k) = 0.
The internal stability of system (1a)-(1h) can be achieved by the proposed results.

Remark 3 The matrix perturbations in (1d)-(1h) are usually called linear fractional per-
turbations [11, 18, 19, 32, 33]. The parametric perturbations in [10, 14, 15, 29, 30] are the
special conditions of system under consideration with E; =0, E,;=0,i € N.

Remark 4 The Lyapunov functional proposed in (4) is different from our previous ones
in [18, 19]. In this paper, upper and lower bounds of delay are used instead of interval
time-varying r(k) in [18, 19]. Hence, some complicated derivations can be ignored in this
paper. On the other hand, the discrete Jensen inequality approach is used instead of the
nonnegative inequality approach in [18, 19]. Since the number and dimension of variables
have been reduced, the LMI program can be formulated easily. In this paper, we also use
a delay-partitioning approach to improve the conservativeness of the developed results.
Uniform or nonuniform partitions can be performed by our proposed results.

3 Passive switching control for uncertain discrete switched system
Next, we consider the passive switching control of the following system:
x(k+1) = [Ag + AAg(k)]x(k) + [Bg + ABg(k)]x(k - r(k))
+ [Duwo + ADyo (k) |W(k) + [Duo + ADyo (k) |u(k), k=0,1,2,..., (11a)
z(k) = [AZU +AA,, (k)]x(k) + [Bm + ABy (k)]x(k - r(k))
+ [Dzwo + ADue (K)Jw(k),  k=0,1,2,..., (11b)
x(e)z(p(e)’ GZ—VM,—VM+1,...,O, (11C)
where u(k) € RV is the control input, D, i =1,2,...,N, are some given constant matri-
ces of appropriate dimensions. Other definitions are shown in system (1a)-(1h). AA;(k),

AB;(k), ADy;(k), AD,;(k), AA,i(k), AB,;(k), and AD,,,;(k) are some perturbed matrices
satisfying the following conditions:

[AAi(k) ABi(k) AD,i(k) ADy(k)]

=M;-Ayk)-[Na; Np: Npwi Npuils 11d)
[AAL(K)  AB(k) AD.i(k)] = Mzi- Azik) - [Nzai Nzni  Nzwi, (11e)
AK) = [I-TWE]'Tik),  EET <1, (11f)
Azilk) = [I-Tu(k) 8] 'Tulk),  E4EL<I, (11g)

where M; € W™, My € 2W*9, Nu;, Npi» Npwi> Npui» Nzai» Nzgi» Nzwi, Bi, and By, i =
1,2,...,N, are some given constant matrices with appropriate dimensions, I';(k) and I';(k)

are some unknown matrices satisfying

IJ Tk <1, TLRTLk) <I. (11h)
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The switching domains are also defined by
Qi) ={xeR:x"Ux>0}, i=12,..,N, (12a)
where the matrices U; >0,i=1,2,...,N, will be selected from our developed results, and

Q1 =9, Q= Q\Q, Q3= Q3\Q1\Q, e

_ _ _ (12b)
Qn = Qn\1\ - \Qn-1

By the definition of domains the switching signal can be designed by
o(x(k)) =i, Vx(k)eQ, (12¢)

where & is defined in (12b). Now we define the state feedback switching control to achieve
the stabilization and passivity for the switched system in (11a)-(11h):

u(k) = -Kx(k), wheno (x(k)) =1, 13)
where the state feedback gain K; € 5tV*” will be selected from our developed result.

Lemma 6 [41] For matrices X,Y,and Z with X = XT and Z = Z7 , the following statements

are equivalent:

()
X Y
S= <0.

(b) There exists a scalar n > 0 such that

X nY O
x* =2n-1 Z |<0.
* * -Z

Lemma 7 [42] Suppose that A;(k) is defined in (11f) and satisfies (11h). Then for real ma-
trices V;, Wi, and X; with X; = XLT, the following statements are equivalent:

(a)
X; + Vini(k)W; + WIAT (kv <o.
(b) There exists a scalar €; > 0 such that

X &Vi W
x —g-1 & -BI|<0,

* * —g;i-1

where the matrix B, is defined in (11f).
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Definition 2 [43] The discrete switched system (11a)-(11h) with switching signal in (12c)
and switching control in (13) is called passive if there exists a constant y > 0 such that

4 4
—y -y wiRwk) <2 2" (kyw(k)
k=0 k=0

for all £ > 0 and zero initial condition x(0) = 0, 6 = —ryg, —ra; + 1,...,0. If the parameter £
is selected as oo, then the disturbance input w belongs to L,(0, 00).

Theorem 2 For some selected integers 0 <1y, =7ro <1 <Ty < -+ <Ip_1 <Tp = Ip1, CONStants
y>0,0<a;<1,ieN,and Zfil a; = 1, system (11a)-(11h) is passive by the designed switch-
ing signal in (12c) and switching control in (13) with control gains K; = K;/n; if there exist
n x n symmetric matrices P >0, Q;>0,Q2>0,R; >0,R,>0,R3>0,5>0,T>0, V1 >0,
Va > 0, U;, Wy, Wy, matrices X € "™, f(, e M, j=1,2,...,N, and constants g; > 0,
nj>0,j=1,2,...,N, such that the following LMI conditions are satisfied:

Ry + W; >0, Ry + W5 >0, (14a)
W, W- Vi X
@ "I>o, @ 21so0, ! >0, (14b)
*  Q *  Q * W
U D SUA 55
S| TP, i=1,2,...,pj=12,...,N, (14c)
j
* 21'3
N
> ey Ui>0, (14d)
i=1
where
_Ellj 0 X3 X X5
o ko Ty Xy Tay Do
Ti=| o+ ok Biy ¥y 0|,
* * * Efw 0
* * * * X555
[ Y1 2177 0 0 0 0 Xy g
Y 2277 0 0 0 0 Xy Toug;
S,=l 0 0o o000 0 0 o0 |
0 0 0 0 O 0 0 0
| Ys6j 2577 0 0 0 sy Xsigj  Xsizg
[Z6sj 0 Tesg O  Tew; O 0 0 ]
* 277]' 0 2791‘ 2710}' 0 0 0
~ * * * 299]' 0 0 0 0
Y3 = )
* * * * ElOle 0 21012]' 0
* * * * * Xy 00 X
* * * * * * X121 0
| * * * * * * * 21313 |
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ij=~P+ T+ (rar—rm) - Q1 — Ry — Ry + Uj,
Y3 =Ry, Y145 = Rs, Y55 = —AZTj,

2161' =n;- (A] —I)T —f<jTDT 2:171' =1nj AlT _&TDLJ‘;’

uj’
T T arT T
21121' =1 'NAj _I<1 NDLIj’ 21131' =NZAj’
i (rar = 1m) i (rag = Fm)
23 7 24
(VM—Vi—l)’ (ri = 1m) ,

T = —Vaz Ry + Wa) = 34 - (Ry + W) = (rag = 1) - (Wi = W) =2V + X + X7,
Eégj = Vzig (Ry+ Wh)+ W4 —XT; Zé4 = 7/2i4 Ry + W) -X + W,

Tys; = —BL

o Taej =15+ B/, Saz;=n;- B},

o125 = 1j 'NBT,-, Y13 = NZTB,',

Zégj =-S—Ri—yj3- Ry + W) = (rg — 1) - Wa = V1 = V3, Y345= Va2 + X,

224/ =—(T=S)=y3y- Ry + W1) = R3 + (rag = 1) - Wi = Vi =V,

557 = =Dy —DZTW; -y Y56 = 1) ~D£,», 57 = 1) 'Dg,«,

Y51 = —¢j - Mgz, 5125 = 1)) 'Ng‘w, Y513 = NZTWj, Yeej = 2775 = =215 - 1,
O =ry - Ri+ (rar = rm)*(Qa + Ry + Vi + Vo) + 12, - Rs,

Yegj = O, Ye10j = & - M; Y9 = P,

X710 = & - M Ygg = -0, ogj = =P,

X1010j = Z111j = X212 = 21313j = —&j - I,

T

T
j’ ’

Yz =&+ By

Y012 =8- & Z

Proof For the functional given in (4), the derivations in (4)-(7f) with (11a)-(13) can be for-

mulated as

AV(xg) + (rag = 1) - (A + X2) + [—2zT(k)w(k) -y wT(k)w(k)]

<" (Ux(k) + Z" (k) - fl; - Z(k), (15a)

where Z(k) is defined in (8a), and

. A AT Fa PR
Y16 Y16 Y17 Y17
PR Y6 X7 Yo7

i=2i- 0 |Ze| 0| -] 0 |Z5| 0|, (15b)
0 0 0 0
pATS pATS, 257 257

Yy 0 iz Xy i

. ¥ By Zoy iy Mg

= # * 2§3j 0 (U (15¢)
* * * 24141' 0
* * * * X555
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Sisj = —(Ay + AT, Sig= (Aj+ AA; — (Dyy + ADK; - 1),

S = (A + AA;— (D + ADYK)",  Sas = (B + ABy)T,

Shei = (Bj+ AB)T,  Sy7=(B;+ AB),

f355;' = —(Dawj + ADyy)) — (Do + ADL) T —y -1, f356;' = (Dy; + ADy)",
f357;‘ = (Dyj + AD,))", Tesj = -0, Yo7 =-P7,

i, k,1=1,2,...,4 and © are defined in (14c).
Define

i_ 1j J
j = |: « -3 1:| ) (16)

4
where f){j is defined in (15¢), and

Y X1y

Yoej  2a7j
R ~ — Y66 0 ® 0
Sy=l 0 0 |, 24,:[ 00 ]:[ }

0 0
Ysej sy

Consider the following matrices with constants ;> 0,j=1,2,...,N:

[ sy 0 Ty Zy o 0
; = * 23]' 2141* = * Zgj 24}- + H/‘Aj(k)\I’jT + \IJinT(k)H/»T;
* * =2y * * =2y

where Xy, k,1=1,2,...,7, are defined in (14c),

_Ellj 0 X3 Xy X Yj X1
' k0 Xpy Xy Xay  Xog) o6 2ozj
Sh=| x o+ By 0 0|, Ey=| o0 o0 |
* * * iy O 0 0
* * * % Dss Ysej sy
(2.1 0 ® 0
Ty = Y v Xgy= ,
0 2.1 0 P

I, = ,
0000 -M; 0 0 00

-1
Aj(k) = [A’ w0 ] - [1 - (& 0 } |:Fi(k) 0 }
0 Ak 0 [-T,(k)E, 0 Tk

[z o] [rw o Jfg o] [rk o
I 0 Tyk||lo &y 0 Iuk|

T
[oooo 0 M]TM]T00:|
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A T
. Nai — Ny ik Nzi 0 O Npwi 0O O O O ~
W, = nj - Naj puilky  Mj - Npj Nj - NDwj , Ki=n;-K;.
Nza Nzgg 0 0 Ngwy 0 0 0 0

By Lemmas 6 and 7 the condition in (14c) should be imposed to achieve the passivity of
system under consideration. O

4 lllustrative examples
Example 1 We consider system (1a)-(1h) with the following parameters:

101 0.01 |0 oo
0.01 >“loo1 101
0.1 ~0.1
.| 01 0
~0.1 01 01
0.1 1
b, |01 0]
0 01 01
0.1 01 0
AZZ = )
0 0 0.05
0.02 001 0
BZZ = )
[ } [ 0 0'02} (17)

Moo |01 0 Mo M| 005 0
1= 2= 0 01: zl = z2 = 0 0.1 ’

002 0 001 0
Nar = Nz = . Np=Np- ,
Al A [ 0 0.01} L= = [ 0 0.02}

001 O

N :N =
e [0 0.01

i| , Nza1 = Nza2 = Npy,
Nzp1 = Nzpy = Nyy, Nzp1 = Nzpy = Npy, B1=8y=E1=E,=0.01-1

Withp=2,r,=ro=1,1n=3,ry=ry=4,y =0.5,and a; = oy = 0.5, the LMI conditions
in Theorem 1 have a feasible solution with (some matrix solutions for LMI variables are

not listed here)
| -0.5249  -0.0165 05225 0.0166
"7 —0.0165 0.7641 >710.0166 -0.7635 |

System (1a)-(1h) with (17) is passive with r,, = 1, rpy = 4, y = 0.5 by the switching signal
designed by

1, x€Q,
o= rey (18)
2, xeN\Q,
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The delay upper bound and switching domains to guarantee the passivity property of systems

Results Number for
elements of
LMl variables
[10] rm =1, ny = 3 fail to guarantee stability even when E; =0, Fail
H,=0,i=1,2
[13] 'm =1, ny = 3 cannot design a switching signal to Fail
guarantee the stability even when 8; =0, E,=0,i=1,2
[14] rm =1, ry = 3 fail to guarantee the stability even when Fail
8i=0,8,=0,i=1,2
[18] m=1m=3 338 (program
Q1 =1l %) :1.0102¢] +0.0016x1x, —0.9057x3 < 0}, running time
Q) =0\Q; about 2 minutes)
m=2,=4
Q1 ={b %) :0.3961x¢ —0.0012x1x, — 04515x3 < 0},
Q,=Rw\Q,
Results of m=1,m=4p=2,rn=3a =a,=0.5) 45 (program
this paper Q1 ={b %) -0.5249x7 ~0.033x1x + 0.7641x3 > 0}, running time

Q, =R\Q,

about 5 seconds)

where Q; = {[x; %3]7 : —0.524996% —0.033x1x + O.7641x% > 0}. Some delay upper bounds
and switching domains in (18) that guarantee the passivity property (y = 0.5) for system
(1a)-(1h) with (17) are provided in Table 1 for oy = a5 = 0.5.
Two issues about passivity analysis of switched systems:
1. Under arbitrary switching signal, passivity analysis and passive control can be
investigated to guarantee the performance for uncertain discrete switched systems.
2. Design of a switching signal (and a switching control) guarantees the passivity
property for uncertain discrete switched systems. This paper is focused on this issue.
Note that the matrices A; and A, in this example are not Hurwitz (have at least one eigen-
value greater than 1) and the results in [10, 13, 14] cannot be applied to find any feasible
solution to guarantee the stability for discrete switching systems for any arbitrary switch-

ing.

Example 2 We consider system (11a)-(11h) with the following parameters:

1.01  0.02 0.01 0.01
A1: y A2= )
0.01 0.01 0.02 1.01
02 01 02 01
Blz ) BZZ )
0 -02 01 0.1
5 01 0.1 b _[o1 o
o o1l "7 lo1 o1
5 1 02 Lo |1 o1
““lo1 1| ““lo2 1|
01 0 01 0
A ) A = ’
@ [0 0.2} 2 [0.1 0.1}

0 01 O
’ BZZ = )
0.03:| |: 0 0.1:|

(19)
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02 01 02 0 01 0
Doy = . Dyp= . My =M, = ,
il [ 0 0.2} w2 [ 0 0.2] e [ 0 0.1}

0.05 0 0.02 0
M21:M22=|: :|, NA1=NA2=|: :|,

0 0.05 0 0.01
0.01 0 0.01 0
Npg; = Npp = s N, =N, = ,
B1 = Np2 |: 0 0'02:| pw1 = Npwo |: 0 0'02:|
0.02 0
Npu1 =Npu2 = o ool Nza1 = Nza = Nyy, Nzp1 = Nzpy = Np,

Nzw1 = Nzws = Npwi, E1=8y=8=8E,=001-1

Withp=2,r,=1,1n=4,ry=8,y =15, and @; = oy = 0.5, the LMI conditions in Theo-
rem 2 have a feasible solution with (some matrix solutions for LMI variables are not listed
here)

| 0.0056 0.0021 1, _ | 700036 ~0.0048
"7 10.0021 -0.0055 | | -0.0048 0.0102 |’

& _[ 08955 02065 . [-07817 -0.0618
"7 1200729 08734’ 7101892 0929 |’

m =1.7259, 7y = 1.6971.

System (1a)-(1h) with (19) is passive with r,, = 1, ryy = 10, y = 1.5 by the switching signal
given in (12¢) with

11 Q ’
A (20)
2, x€ Qg,

Qi ={[m x] €R*:0.0056x7 +0.0042xx, — 0.0055x3 > 0} and

Q, = R\ Q1.

The proposed switching control gains in (13) are given by

- 0.5188 0.1196 A -0.4606 -0.0364
1(1 = 1(1/7]1 = , ](2 = 1(2/7]2 = . (21)
-0.0422 -0.5061 0.1115 0.5474

Under the disturbance inputs w(k) = [10 x (0.9) —10 x (0.4)*]” shown in Figure 1 and
zero initial conditions, the regulated outputs z(k) € %2 of switched system (1a)-(1h) with
(19)-(21) and no perturbations are shown in Figure 2. Under zero disturbance, the initial
state function ¢(9) = [10 -5]7, § = -8,-7,...,-1,0, and no perturbations, the state tra-
jectories x(k) € %2 of switched system (1a)-(1h) with (19)-(21) are shown in Figure 3. By
Theorem 2 system (1a)-(1h) with (20) and 1 < r(k) < 8 is passive by the proposed switching
signal in (20) and switching control in (13) with control gains in (21). With 1 < r(k) <8,
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Figure 1 The disturbance inputs of switched
system (solid line: w; (k), dashed line: w;(k)).

3 a
0
]
-5 ‘
\
1o
0 10 20 3‘0 40 50 60
k
Figure 2 Regulated outputs of switched system 5
(solid line: z; (k), dashed line: z; (k)). 4
3
2
14
.
2o L=
-1
-2
3
-4
5 ‘
0 10 20 30 40 50 60

Figure 3 State trajectories for switched system
(solid line: x; (k), dashed line: x5 (k)).

our previous results in [10, 11] cannot provide or guarantee any performance of uncer-
tain discrete switched time-delay system. By using Theorem 2, the maximal delay upper
bounds with respect to y = 1.5 and y = 0.1 that guarantee the passivity property for sys-
tem (la)-(1h) with (19) are provided in Table 2 for oy = a; = 0.5, p = 2, r; = 4, respectively.
The obtained result for passive switching control in this paper is more efficient than our
previous results in [11].
There are some major contributions:
(a) Less LMI variable elements are used in this proposed approach. Implementation of
LMI program can be achieved easily.
(b) Under the same passivity requirement, a more spacious range of interval
time-varying delay can be guaranteed by the proposed approach.
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Table 2 The obtained results for our proposed results

The delay upper bound to guarantee the stability and passivity property of systems

[10] [11] (switching signal + switching control) rp, = 1
Conditions [19] Results of
this paper
Fail (stability m=1,m=2 y=15 m=7 =38
for arbitrary (stability for switching y =01 =6 m=7
switching) signal design) Number for 348 55
elements of
LMl variables

(c) The proposed new Lyapunov functional does not depend on time-varying delay
r(k), and some conservativeness can be reduced.

(d) A simple design scheme for the proposed switching signal can be easily generalized
to continuous switched time-delay systems.

(e) Better passivity of switching systems can be achieved by switching signal design and
switching state feedback control.

(f) The delay-partition approach and Jensen-Park inequalities are used to reduce the
conservativeness of the proposed results.

Example 3 The following water quality model is presented in Chapter 11 of [1]:

x(k +1) = Agx(k) + Box(k — r(k)) + Dy w(k), (22a)

z(k) = Azox(k) + Boox(k — r(k)) + Do w(k), (22b)

where the time delay r(k) > 0 is shown to reflect the mixing effect of biochemical con-
stituents in time instance k, the state vector x(k) € it” is the water-quality constituents
(like algae, ammonia nitrogen, dissolved oxygen, biochemical oxygen demand), the out-
putz(k) € N1 is the performance, the disturbance input w(k) € 01 is the irregular discharge
of effluents and belongs to L;(0, 00), and the switching signal o is located in the finite set
{1,2,...,N}. Typically, the switching rule ¢ is not known a priori, but we assume that its
instantaneous value is available in real time for practical implementations by water pol-
lution management. In this paper, the passivity problem defined in Definition 1 will be
investigated. The time-varying delay is defined by 0 < r,, < r(k) < ry;, where r,, and ry
present the extreme cases of light and heavy waste dump loadings, respectively. Consider
the following parameters of the model (N = 3):

(02 01 01 02
Al = ) AZ = )
0 02 02 01
01 o1 02 0
A3 = ) Bl = )
01 01
[—02 01 02 0
BZ = ) BS = )
0 -02 0 03

01 071

[0.05 0.1 0.1
D = . Dy= . Ds= ) 23
' 0.1} g [0.05} ¥ [0.1} (23)
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01 03], Axp=[02 02]
Az=[01 03]

3, Ba=[02 02],

Bn=[01 02], Bs=[01 02]

Dy=01, D,=01, Dy=01.

Withr,, =rg=1,r=2,ry =r3 =3,and a1 = ay = 0.4, a3 = 0.2, there is a feasible solution
in Theorem 1 with (some matrix solutions for LMI variables are not listed here)
[ 14679  —-0.6667
U = ,
-0.6667 2.7987

L _ | -047a9 12218
7| 12218 1.0524 |

Us =

[ 02111  -1.3439
-1.3439 -7.0066 |

Hence, we can conclude that the water quality model (22a)-(22b) with (23) is passive with
y =1 by the switching signal designed by

1, «x(k) ey,
=12 xk) e, (24)
3, x(k) € R\ \Qy,

where
Q= {[xm x] eN:1467947 —1.3334x.x, + 2.7987% > 0},
= {[x %] €R?:-0.4749x2 + 2.4436xx, + 1.052442 > O]\ Q.

5 Conclusions

In this paper, a simple switching signal design scheme has been investigated to guarantee
the passivity property and passive switching control for uncertain discrete switched sys-
tems with interval time-varying delay and linear fractional perturbations. A new Lyapunov
functional is applied to guaranteed the obtained results. Jensen and Park inequalities com-
bined with delay-partitioning approach are used to improve the conservativeness of the
proposed results. The results proposed in this paper are shown to be less conservative than
some recent reports from numerical examples. The passivity of a water quality model is

guaranteed by selecting a suitable switching signal.
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