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Abstract

In this paper, we investigate the existence and uniqueness of solutions for a nonlocal
boundary value problem of impulsive fractional g-difference equations involving a
new gx-shifting operator @, (m) = gxm + (1 - gx)a. Our main results rely on Banach’s
contraction mapping principle, Leray-Schauder nonlinear alternative, and Rothe fixed
point theorem. Examples illustrating the obtained results are also presented.
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1 Introduction
The main purpose of this manuscript is to study the existence and uniqueness of solutions
for impulsive boundary value problems of fractional gx-difference equations of the form

tkDg/,:x(t) :f(trx(t)); te ]k c [0; T]: t #tk;
sl () — x(te) = pr(te)), k=1,2,...,m, (L1)
a1y1g,"°%(0) = bx(T) + Yo cue Lot x(t121),

where 0=ty <tij <<t <tbp1=1 D‘;’,j denotes the Riemann-Liouville gj-fractional

)t
derivative of order o on Ji, 0 < ax <1, 0 < g <1, Jx = (txs trs1l, Jo = [0, 11), k= 0,1,...,m,
J=10,T],f e CUxR,R),pr € CR,R), k=1,2,...,m, zkfgkk denotes the Riemann-Liouville
qk-fractional integral of order a4 >0 on Jx, a,b,c; €R, ,>0,1=0,1,2,...,m.

The quantum calculus is known as the calculus without limits and provides a descent
approach to deal with sets of nondifferentiable functions by considering difference opera-
tors. Quantum difference operators play an important role in several mathematical areas
such as orthogonal polynomials, basic hyper-geometric functions, combinatorics, the cal-
culus of variations, mechanics, and the theory of relativity. The book by Kac and Cheung
[1] covers many fundamental aspects of the quantum calculus.

In recent years, the topic of g-calculus has attracted the attention of several researchers,
and a variety of new results can be found in the papers [2—11] and the references therein.

In [12], the notions of gi-derivative and gi-integral for a function f : Ji := [tk, tkr1] —
R, were introduced, and several their properties were obtained. Also, the existence
and uniqueness results for initial value problems of first- and second-order impulsive
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qk-difference equations were studied. gi-calculus analogues of some classical inte-
gral inequalities such as Holder, Hermite-Hadamard, trapezoid, Ostrowski, Cauchy-
Bunyakovsky-Schwarz, Griiss and Griiss-Cebysev were proved in [13].

In [14], new concepts of fractional quantum calculus were defined by introducing a new
g-shifting operator ,®,(m) = gm + (1 — q)a. After giving the basic properties of the new
q-shifting operator, the g-derivative and g-integral were defined. New definitions of the
Riemann-Liouville fractional g-integral and g-difference on an interval [a, b] were given,
and their basic properties were discussed. As applications of the new concepts, exis-
tence and uniqueness results for first- and second-order initial value problems for impul-
sive fractional g-difference equations were presented. Recently, the existence of solutions
for impulsive fractional g-difference equations with antiperiodic boundary conditions
was discussed in [15], whereas the existence results for a nonlinear impulsive gx-integral
boundary value problem were obtained in [16].

In this paper, we consider a boundary value problem of impulsive fractional gx-dif-
ference equations (1.1) by introducing a new g -shifting operator ,®,, (m) = qim +(1-qi)a
and establish some existence results for the new problem. The rest of this paper is orga-
nized as follows: In Section 2, we recall some known facts about fractional gx-calculus,
present an auxiliary lemma, which is used to convert problem (1.1) into a fixed point prob-
lem, and a lemma dealing with useful bounds. Section 3 contains the main results, whereas

some illustrative examples are presented in Section 4.

2 Preliminaries
For any positive integer k, the gx-shifting operator: ,®, (m) = gxm + (1 - gx)a [14] satisfies
the relation

a@’;k(m) = aQDI;]:l (a®g (m))  with ﬂd>2k(m) = m.

We define the power of gj-shifting operator as
k-1
an=-m© =1, Jn-m® =[](n- . (m), keNU{oo}.
i=0

If y € R, then

00 _ a q)t
an—m)? =n 1‘[ i) L o,

0 CI>V“(m/ n)
The gj-derivative of a function f on interval [a, b] is defined by

S(8) —f(aPg, (2))

(aDqkf)(t) = (1 — qk)(t — ﬂ)

, t#a and (;Dgf)(a)= l1m Dy, )(¢t),
and the gi-derivative of higher order is given by

(DES)D =D DD, (DY) D =fB), ke,
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The gy-integral of a function f defined on the interval [, b] is given by

G0 = [ FOads=1-a0-0) Y df (24 0), t€lab]
a i=0
and

GO =l D@, (Lf) O =f@), keN.
The fundamental theorem of gx-calculus applies to the operator ,D,, and ,I;, as follows:
Dyaly f)(E) = £ (2).
If f is continuous at ¢ = g, then

algraDaf)(8) = f(2) - f(a).

The formula of gx-integration by parts on the interval [a, D] is

b b
/ FaDgg(6)adys = (D) - / 2(e®,(9)aDyf (5)a g

Now we recall the definitions of the Riemann-Liouville fractional g, -integral and gx-dif-

ference on interval [a, b].

Definition 2.1 Let v > 0, and let f be a function defined on [a,b]. The fractional
qk-integral of Riemann-Liouville type is given by (,/ ]f (t) = h(t) and

(WL f)(0) = / a(t—,lCIDqk(s));‘:l)f(s)aqus, v>0,t€[a,bl.

Tg(v)

Definition 2.2 The fractional gx-derivative of Riemann-Liouville type of order v > 0 on
the interval [a, b] is defined by (, ]f )(2) =f(¢) and

(uD(‘;Af)(t) = (a qkﬂlé;”f)(t), V>0,
where [ is the smallest integer greater than or equal to v.

Lemma2.1 Letw, B € R, andletf bea continuous function on [a,b],a > 0. The Riemann-

Liouville fractional qy-integral has the following semigroup property:
AP QIS F(0) = oIS W10 f(8) = JI5TPF (2).
Lemma 2.2 Let f be a qy-integrable function on [a, b]. Then

qkﬂqk.ft) =f(t) fora>0,t€](a,b].
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Lemma 2.3 Let « > 0, and let p be a positive integer. Then, for t € [a, D],

p-1 (t a)a —p+k

TP 0= Pl f O = ey P @

From [14] we have the following formulas

Ly (B +1) -
o N Gk T e\
aDqk(t a)’ = Fo(f—at]) (t-a)™, (2.1)
o _ qk(lB + 1) ﬁ+o¢
o = (2.2)

In the sequel, we define PC(J,R) = {x:] — R, x(¢) is continuous everywhere except for
some #; at which x(£f) and x(¢;) exist and x(¢;) = x(t), k = 1,2,3,...,m}. For g € R,
we introduce the space Cg(/i, R) = {x: iy = R: (£ - t)Px(t) € C(Ji, R)} with the norm
%l s = SUPey, 12— 26)P(2)] and PCy = {x: ] — R : for each ¢ € Ji, (t - )P x(t) € C(i, R),
k=0,1,2,...,m} with the norm

Ixllpc, = max{glf|(t — )P x(t)| k= 0,1,2,...,m}.
Clearly, PCy is a Banach space.
Lemma 2.4 Lety € AC(J,R). Then x € PC(J,R) is a solution of
uDgcx(t) =y(t), te],t#u,

olar *x(t]) — a(te) = gr(x(te)),  k=1,2,...,m, (2.3)
Aty ;anx(()) bx(T) + Zl o ey lx(tln)»

if and only if
ap— k ai—
x(t) = (t — tr) ot = ( (t1 - ﬁ (ti+1 — 1) 1)
Ly (ax) j:O Ty, (oc] Q 1<l<m Iy, (o)
X {t,Iq, (t/+1) + ¢]+1 x(t +1) j| Iam (T)

+ i Cl(tlﬂ - tl)al+yl ! l—[ (tz+1 - tz i 1)
= QT y, (o + y1) y

j<i<l-1 q’ Ol,)

X{tflgzy(t1+1)+‘ﬂ/+1 x(tjs1)) i| Z oy "'y t1+1)}

-t o s Liv1— L o=l o
' (Fqk#k) |:Z< 1_[ %) {fjlqj]y(tju) + Qi1 (x(tl‘+1)) }]

j=0 Viei<k-1
+y L k(D) (2.4)
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where ZZ(~) =0, ]_[2(-) =1fora>b,[],.,(-) =1, and the nonzero constant Q2 is defined by

_ ) A
Q—a—b(l_[ Fq/.(otj) >

j=0
= o
—i%m—t,)“””‘l ]‘1[(1;-+1—t;)"f1 (2.5)
= Talw+ry) \i§ Ty

Proof Applying the Riemann-Liouville fractional go-integral of order o to both sides of
the first equation of (2.3) for ¢ € Jy, we obtain

tolgg toDng(t) =t ;t(? tquo tQI;(;aox(t) = tolg(?y(t)' (2'6)

From Lemmas 2.1, 2.2, and 2.3 for ¢ € Jy, we have

og—1

x(t) = 1590x(0) + 1, 120 y(0).

Ty () 7%

For t € J;, applying the Riemann-Liouville fractional g;-integral of order «; again to the

first equation in (2.3) and using the previous process, we get

(t — tl)a]_l 1-ay + o]
x(t) = mtllql x(tl ) + tqul y(t) (27)

The impulsive condition implies that

x(t) =

(t-a)a i 50, .
[glon) [T (ao)folqo %(0) + 1, I20y(t1) + 1 (x(11))
q1 q0

+t112tlly(t)'

Similarly, for ¢ € J,, we have

-n) 2 (L -n)! no! 1-ag wo
0= e [ T (o) (qu(ao)mlqo "(O)+‘°Iq°y(t1)+¢1(x(t1))>

+ o I9y(6) + 92 (x(tz))} 11 ¥(8).

Repeating this process for t € Jy €], k=0,1,2,...,m, we obtain

G (“ (1 — 1)

Ly (ok) =0 qu (‘Xj)

>(f°1;;“°x<o>)

-t o s Liv1— L o=l o
' % |:Z< 1_[ %) {fjlq,']y(tju) + Qi1 (x(tl‘+1)) }]

j=0 Ni<i<k-1

+y Lk y(0). (2.8)
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In particular, for t = T, we get

m )l
- (H %) (o =0x(0)

j=0
- (ti+l - t[)a"71 o o

| (T = kit + rastso)} |+ Tz,
j=0 Nj<i<m qi\"t

Taking the Riemann-Liouville fractional g;-integral of order y; on (2.8) from ¢; to t;,; and

using (2.2), we have

t —t oj+y—1 -1 fq —t Ot/‘—l
JTalty) = B8 [T =200 (o)
Fql (Ol[ + Vl) =0 Fq/' (aj)

' |:;): 1_[ Fq,- (ai)

Ly s+ 1) ieisl1

X {t/-IZ;y(thrl) + §0j+1(x(tj+1))}j| + t,Ig‘,’*Vly(tz+1).

By the boundary condition of (2.3) we find that

m-1

a0 b (tin =)
W I5%0x(0) = 5{2( [1 7&‘ @ )

j=0 Y<i<m

v b
x {1y y(Ga) + <ﬂ/+1(x(t/+1))}} + g omlgn (D)

"yt — ) [ (ti1 — L)
+ZW[Z< %)

1=0 j=0 N<il-1

X {glgy(t/+l) + (/71+1 }+1 :| + Z llgll v tl 1)'
Substituting the value of tOI;(; “%(0) into (2.8) yields (2.4). The converse follows by direct
computation. This completes the proof. d

Lemma 2.5 Assume that all conditions of Lemma 2.4 hold. In addition, assume that
sup,; |y(t)| = N1 and there exists a constant Ny such that |pi(x)| < N, for k =1,2,...,m
and x € R. Then the following inequality holds:

|x(t)| <UIN; + ¥oN, (2.9)

forallte], where
“ (ti+1 - ti)aj_l |b| “ ( (tz+1 - tz)al ) (tf+1 B tj)aj
Y = —_—
! (}:0[ qu(a/) ): [€2] |:]Z=O: H Ty, () F‘Ii(a/ +1)

j<i<m
N i lci|(tre1 — )20+ 717t
[2|Ty, (0 + v1)

- < l—[ l+1 - ti)ai_l> (t/+1 - tj)aj
=0 g () 1—‘q,- (o +1)

j=0 Y<i<i-1
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lal (tn =)
— |Q| Tyl +yr+1)
-0

“ (tin — )" (G — )Y
’ Z( H Ty, (ay) ) Ty (e +1)

j=0 Y<i<m

7 Ga -9 1Bl - (tin =)
o ([

j=0 j=0 Ni<ism :(¢4i)

2 11Ty, (s + 1) Z [1 T, () }

1=0 j<i<l-1

1+1 - ti)aﬁl
’ Z( 1" Ty (@) )

j<i<m

Proof For any t € Ji, we have

(-t (1 Ga =)\ [ 18] w( (ti+1—t,~)wl>
|x(t)|§ Ty (ax) (l_[ Fqi(a/) Q| ; l_[ Ty (o)

j=0 j<i<m

o ||
A sttt )| ¢ o)

lerl (s — &)t [i( 1—[ (tiv1 — ti)ai_l)
=0 |Q|Fql(al +Y1) 20 Nei<lo1 Fq,- (ot;)

|ci

X {t} qj |y(t/+1)| |‘/)/+1 x(t]+1) :| Z |Q|tl[2‘ll+7’l (tl+1)|}

(¢ — 1) [ & (ti =)\ oy
VS T S bl s st

j=0 Nj<i<k-1
+ 5 L5k [y (0)|
- m-1 N m-1 a—
S(T_tm) ! l—[(tm—t;)’l 16l Z(H (tis1 — 1) 1>
qu (0t) =0 rq/(a}') [€2] 20 Nj<i<m Fq,' (o)

|b] 2 el (b — )@t
x {Niglg1+ No} | + == Nu, I +Z—*1
[€2] = 19y +v)

-1 .
(tis1 — ;)% 7! . et
E | | — — |{Nj.I/1+N. E —N; Iu””l
X |: ( Fq;(%’) { 14i4g; + 2} + £ |§2| 1ydy

j=0 Nj<i<i-1

(T_tm)am_l i (Ifl*+ —t o
+W|:Z< l_[ W){qu 1+N2}:|+N1tm1qm1

Jj=0 Y<i<m-1

= <l__[ qu(Ol/’) ){|Q||:1§0: 1_[ Fq,'(ai)

j=0 j<i<m

Page 7 of 16
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tig — )% b T —t,)" by — )t
X{Nl(ll j) +N2} , 1ol 1( ) +Z|01|(11 1)
Fq/(aj +1) €2 qu (o +1) -0 |Q|Fql(0l1 + yl)
-1 ai—1 o
tis1 — ;)" tigg — L)
o Z(H (tin — i) ){Nl(m ) +N2}
20 Nei<iol qu‘ (Oti) Fq/ (Olj + 1)

N ~ el N, (b1 — )" N f( 1—[ (tiv1 — ti)ai_1>
LAl VAL S i1 =)
= 1@l " Tglar+y+1) [y (i)

j=0 Y<i<m

tig — )% T — ty)™
X {Nli( Ak 1) +N2} +N17( )
Iy, (0 +1) [y, (0t +1)

< Y1N; + U,Ns.
This completes the proof. g

3 Main results
In view of Lemma 2.4, we define the operator £ : PC(J,R) — PC(J,R) by

_—n T (m Ga ) [ b ( (rnl-ti)”—“'l)
Lx(t) = Ty, (o) (H Fq].(a/) Q Z 1_[ T, ()

j=0 j=0 Ni<i<m

P b
X {tjlq;f(l}‘+1:x(tj+l)) + ¢j+l (x(t1+1))}i| + §[m1qoz:: (T,X(T))

Tl _
. i ity — )t Z( l—[ (ti1 — £)™ 1)
Iy Qg (e + ) j=0 Vjei<i-1 Al

X {t,lgf(tm,x(t,-u)) + @j (x(t‘,+1))}:| + Z %qlzﬁwf(tlurx(tlﬂ))}
1=0

(£ = ) "‘1( (ti+1_ti)ai_l)
" T ) {Z I e

j=0 Nj<i<k-1
X {tjlg;f(tj+1,x(tj+1)) + @i (x(l‘,+1))}:| + gk (£, %(0)), (3.1)
where
1 =)
oLBf (,%(w) = ) / ﬂ(u_acbq(s))q f(5,%(5))a dys,
q a

a € {to,ti,.. o tm), €{G0sq1s- - Gm}, P € {00,155 0y, Qo + V0,00 + Y1y oo o3 Oy + Vi), U €
{t,t,t0,..., 6, T}.

Now we present our first result, which deals with the existence and uniqueness of solu-
tions for problem (1.1) and is based on the Banach contraction mapping principle.

Theorem 3.1 Assume that there exist a function M € C(J,R*) and a positive constant M,
such that

(Hy) [f(t,%) = f& )| < M@)|x -yl and |ox(x) — ox ()| < Malx —y| fort € ], x,y € R and
k=1,2,...,m.
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Then problem (1.1) has a unique solution on J if
(MU + My W,) TP <1, (3.2)
where My = sup,.; |M(t)|, the constants Wy, ¥ are defined in Lemma 2.5, and 8 > 0.

Proof Consider the operator L : PC(J,R) — PC(J,R) defined by (3.1) and show that L €
PCg. For this, let 71, 75 € J. Then we have

(11— 8) Lx(n1) = (v2 — t4) Lx(22) |

(t1 — t)Prort — (1 — ) Pront
Fqk(ak)

+ |(T1 - tk)ﬂtk qkf(l'hx(ﬁ)) - (- fk)ﬁrk qkf(r2,x(12))

K,

where
k-1 ai—1 m-1 ;-1
(1 — 1) D] ( (Eip1 — )™ )
K, := - { = _
(}_O[ Fq]' (aj) | Q | 1:20 ;<1;[m Fqi (ai)

161

x {tl’[:;j V(tj+bx(t}+1 )’ |(/)/+1( 1+1))‘}:| |Q| Iam V(T’x(T))|

lerl (41 — g)0 7 lil:( 1—[ (tiv1 — ti)“i_1>
=0 |Q|Fq[(al ) 20 Nei<io1 Fql- (o)

s o) [f (801, %(8:0) | + @1 (x(520) | }}
+ Z ||§;|| t qlﬂ’l V(tl+l:x(tl+l)) | ]

k-1 .
(tisn — ;)% 7!
' {Z( ) S )

j=0 Nj<i<k-1
x Ay ly) [f (G,%G:0)) | + |1 (x(81:)) | }}. (33)

As 1) — 1y, we get (1 — t)P Lx(11) — (12 — )P Lx(12)| — O for each k = 0,1,...,m. Thus,
Lx(t) € PCyg.

Now we define the ball B, = {x € PC4(J,R) : ||x]lpc, < r}. We will show that LB, C B,.
Let sup,; |f(£,0)| = A, max{|@(0)| : k =1,...,m} = A; and choose a constant r such that

- (A1 + AWy TP
r )
—1- (Mlllfl + MZ\IJZ)T'B

Then, for any x € B, and t € J, we have

B+ay
(t - 1) | Ca(0)| < %Kut 0P 124 (8, (0) |,
qk

(3.4)



Ahmad et al. Advances in Difference Equations (2016) 2016:124 Page 10 of 16

where K, is given by (3.3). Using the inequalities

[f (s,)| < |f(s,%) = f(5,0)| + [f(5,0)| < Myr + Ay,

()| < o) — 9(0)] + |¢(0)| < Myr+ Ay

in (3.4) for x € B, and s € ] and the computational details of Lemma 2.5, together with

k-1 ai—1 m—1 ;-1
(o1 — )% |B] (b1 — 1)
s ([0 | 2L )

j=0 =0 Nj<ism Tg (@)

x {(Myr +Ap) M + (Myr + Ay)
VA T + 1) 2+ A
|b| (T - tm)am
s g (T )
el (tr — )7 3 < (tiv1 — ti)ai_l)

gy i —4)"

; 12T, (s + 1) ; /'<zl;[—1 T, (o)

tin = 4)% - t — )V
X {(M17+A1)<M) + (M2r+A2)} + MM
[(oj+1) || Ty o + 1 +1)

k-1 . .
(i1 — 1) (ti = )Y
+ [Z( I1 —ll“q,-(ai) ){(er +A1)<_1_"(1aj +11) > + (Myr +A2)”,

j=0 Nj<i<k-1

we obtain

(t — )| Lx(t)] < (¢ = )P (Wi (M7 + Ay) + Wa(Myr + Ap))
< V(\I/l +M1)Tﬂ + (\IflAl + ‘IjzAz)Tﬂ

<r.

This implies that || Lx|| pcy < rand, consequently, LB, C B,.
Forall x,y € PCs(J,R) and t € ], as in Lemma 2.5, we get

| Lx(£) = Ly(t)| < (MW + MaWo)|lx - yll e
Multiplying both sides of this inequality by (£ — #)? for each ¢ € J;, we have

-t |/3x(t) - Ey(t)l < (t-t)P (MW + Mo Wy) % = yllrcy
< TP (MW + MyW)) 1% -yl s
which leads to || £x — Lyllpc, < TA (MW + Mo Wy) || =¥llpc, - In view of condition (3.2), it
follows by the Banach contraction mapping principle that the operator L is a contraction.

Hence, £ has a fixed point, which is a unique solution of problem (1.1) on J. d

The next existence result is based on Leray-Schauder’s nonlinear alternative.
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Lemma 3.1 (Nonlinear alternative for single valued maps [17]) Let E be a Banach space,
C a closed, convex subset of E, U an open subset of C, and 0 € U. Suppose that F : U — C
is continuous and compact (that is, F(U) is a relatively compact subset of C) map. Then
either

(i) F has a fixed point in U, or

(ii) there are u € AU (the boundary of U in C) and 6 € (0,1) with u = 6 F(u).

Theorem 3.2 Assume that

(Hz) there exist continuous nondecreasing functions Q, V : [0, 00) — (0, 00) and a continu-

ous function p: ] — R* such that

[f(t.%)] <p©Q(Ixl) and |pi(x)| < V(Ix) (35)

forall (t,x) e ] x R)and k=1,2,...,m;
(H3) there exists a constant M* > 0 such that such that

M*
0" QO + VI ) TP

(3.6)

where p* = sup,; |p(t)|, B > 0, and the constants ¥y, ¥ are defined in Lemma 2.5.

Then problem (1.1) has at least one solution on J.

Proof First, we show that the operator L defined by (3.1) maps bounded sets (balls) into
bounded sets in PCg. To accomplish this, for a positive number p, let B, = {x € PCy :
l*llpcy < p} be aballin PCg. Then, for x € B, and ¢ € /, using the method of proof used

in Lemma 2.5, we obtain

(t— b))t

0] = T

K + o I5|f (£,2(0))],

where K, is defined by (3.3). From (H;) we have

k-1 ai—1 m-1 1
(o1 — )% |b] (b1 — £;)%
= (H I,(@) ):ﬁ [Z< ) S )

j=0 j=0 Nici<m
<Jorao (B ) v >”+p o0 g (T
| 2 )

e () v H )
R e e () cvin ]

j=0 Y<i<k-1
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and thus

|Lx(2)| < p* Qo)W + V(p)W,.

Therefore, (t — ;)P | Lx(t)] < (¢t — t&)? (p* Q(p) ¥ + V(p)W,), which means that ||£1x||pqj <
T#(p*Q(p) W1 + V(p)Wy).

Next we show that £ maps bounded sets into equicontinuous sets of PCpg.

Letting 71, 75 € J for some k € {0,1,2,...,m} with 7; < 7, and x € B, where B, is a ball
in PCg, we have

|£x(7-'2) - L’x(rl)| < (T — o)L = (1) — ) %! X
gy (k)
+ ’tklgff(fz,x(fz)) — ulgg (r,%(n1)) |
=< (12 = )" = (1 — 1) K,
gy (k)
* (72 — t)** — (11 — )™
+p"Qlp) o@D . 37)

As 11 — 19, the right-hand side of inequality (3.7) tends to zero independently of x, that

is,
|(12 — )P Lx(ry) - (11 - tk)ﬁﬁx(tl)| —0 as|p—-7|—0.

Therefore, by the Arzela-Ascoli theorem, £ : PCg — PCg is completely continuous.

Our result will follow from the Leray-Schauder nonlinear alternative once we show the
boundedness of the set of all solutions to the equation x(¢) = ALx(£) for 0 < A <1. Let x be
a solution. For any ¢ € / and x € PCy, following the method of proof used in the first step
together with condition (H,), we get

Ixllpcs < (2*QUIxllpc, ) %1 + V (%l pcy ) W2) TP
In consequence, we have

llll pc, -1
*QUIxllpcy) W1 + V(IIxllpcy )W) TP~

By condition (H3) there exists M* such that |x|pc, # M*. We define U = {x € PCy :
*llpcy < M*}. Note that the operator £ : U — PCg is continuous and completely con-
tinuous. By the choice of U there is no x € U such that x = ALx for some X € (0,1). Con-
sequently, by the nonlinear alternative of Leray-Schauder type (Lemma 3.1) we deduce
that £ has a fixed point x € U, which is a solution of problem (1.1) on /. This completes
the proof. O

A key to prove the final result is based on the following fixed point theorem.

Lemma 3.2 [18] Suppose that A : Q — E is a completely continuous operator. Suppose that
one of the following condition is satisfied:
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(i) (Altman) |Ax —x|* > | Ax||* — |l|* for all x € 32,
(ii) (Rothe) ||Ax|| < ||lx|| for all x € 32,
(ili) (Petryshyn) |Ax| < ||Ax —x|| for all x € 9.
Then deg(I — A, 2,0) =1, and hence A has at least one fixed point in Q.

Theorem 3.3 Assume that

(Ha) the continuous functionsf:] x R—> R and g : R — R, k=1,2,...,m, satisfy

limf(t'x) =0 and lim )

x—0 X x—0 X

=0, k=12,...,m. (3.8)

Then problem (1.1) has at least one solution on J.

Proof Letx € PCg. Taking ¢ sufficiently small, we can choose two positive constants §; and
8, such that |f(#,x)| < |x| whenever ||| pc, < 81 and ¢k (x) < €|x| whenever ||x||pc, < for
k=1,2,...,m. Setting § = min{dy, 8>}, we define the open ball B; = {x € PCp : ||lx|lpc, < 3}.
As in Theorem 3.2, it is clear that the operator £ : PC — PC is completely continuous.

For any x € 0B;, we have

(£ 007 (17 G =)\ [ 161 W( (ml-ti)“"l)
L = yl o
| x(t)| Ty, () (1_[ T, (o) |Q| 1_[ T, (@)

j=0 j=0 Y<i<m

P b
<Al )] + |¢j+1<x<t/+1>>|}} gl (D)

+Z 1Ty, (et + 1) [Z l_[ T, ()

=0 j=0 Nj<i<i-1

X{z,-IZjV(tju,x(tju))} @1 (2(t21)) | :| Z:é"tﬁ;,”” t1+1,x(t,+1))|}

(t —tr)xt L (tis1 — 1)
* Fqk(ak) [Z( l_[ Fq,-(ai) )

j=0 Nj<i<k-1

Ayl I (G1,5G:0)] + [ (5(5:)] }} +o gt |f (62(0)|

< (W1 + Wr)elx].
Setting & < (¥} + W,)7!, we deduce that
[Lx| < |x|.

Multiplying both sides of this inequality by (t — t)?, we have || Lx|| pcy < IIxllpcy- It follows
from Lemma 3.2(ii) that problem (1.1) has at least one solution on J. a

4 Examples
In this section, we present three examples to illustrate our results.
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Example 4.1 Consider the following nonlocal boundary value problem for impulsive frac-

tional g-difference equations:

k+1

(k+2 x(t) = (cos t+e” t)(xz(t)Jrlx(t)I) +3 t €[0,4/3]\ ts,

tk (k2+2 l(t)|+1 4’
k2+3
(&) .
tkl ,]%fz)x(t]j) _x(tk) = ﬁ Sll’l(|7Tx(tk)|), Ik = Ig(’k =1,2,3, (4.1)
1 k%+3 (Lt y Erd)
+1+ +
501% ( ) + Zl 0\N242/4+2 t[I(12+2) (tl+l)~

243

Here oy = (k+1)/(k +2), gx = (K2 + 2)/(k*> + 3), yr = 2k +1)/(k +3), cx = (K> + k+ 1)/ (K> +
2k+2),k=0,1,2,3,a=1/2,b=2/3, T =4/3, tx = k/3, k = 1,2,3. With the given values, we
find that Q = —-2.102954268, ¥; = 4.421252518, and ¥, = 6.317984153. Also, we have

cos2t et
|x — y|<—Ix ¥l

V(t,x) —f(tr)’)| =< T =15

and

1
o) — o ()| < i lx—y|, k=1,2,3,
which suggests that (H;) is satisfied with M; = 1/15 and M, = 1/16. Further, there exists g =
1 such that (MW, + My W,) T# = 0.9194989033 < 1. Thus, all the conditions of Theorem 3.1
hold. Therefore, by the conclusion of Theorem 3.1, problem (4.1) has a unique solution on
[0,4/3].

Example 4.2 Consider the problem of impulsive fractional g-difference equations given

by
k§+2k+2
D(ﬁzjif;i x(t) = 10+t21 g2(Bll 1 9),  £e[0,5]\ &,
ki+/1(+3
(2;) 2
k2+3k+3 + _ o x (&) 1 _ _
yl e e ) x(tg) = x(t) = somaonn s k=kk=1,2,3,4, (4.2)
k= +k+
i e
§01§ x(0) = + 21 243144 111<12+z+2) x(t1)-
12+1+3

Here ay = (k2 + 2k +2)/(k® + 3k +3), qx = (K + k+ 2)/(k* + k +3), yx = (k% + 2k +1)/(k + 2),
ce = (k+3)/(k* +3k+4),k=0,1,2,3,4,a=2/3,b=3/4,T =5, = k, k = 1,2, 3,4. With this
data, we find that Q = —0.8144.800590, ¥; = 6.521521011, and ¥, = 4.376841316. Further,

we have
e—3t2 |X| e—3t2 |x|
t,x)| = log?( —= +2})| < 42
(e, ‘10 7 ge(lO >‘_10+t2(10 )
and
2
X 1 x| 1
|¢k(x)|=7+—<u+—, k=1,2,3,4.

50(l¢|+1) 5k~ 50 5
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Setting Q(x) = (x/10) + 2, V(x) = (x/50) + (1/5), p* =1/10, and B = 1, there exists a constant
* > 46.13262248 satisfying (3.6). Thus, the hypothesis of Theorem 3.2 is satisfied. In
consequence, the conclusion of Theorem 3.2 applies, and problem (4.2) has at least one

solution on [0, 5].

Example 4.3 Consider the problem of impulsive fractional g-difference equations given
by

( 21(22+k+3
WD 1@:;;;; x(t) = 52 (sinx(e) — x(2))e” O"0, ¢ e [0,5/4]\ 4,
21;2+2k+3
I 3]1:215124)96“ 5 x(ty) = Kot () + 2k (1) t=kk=1234 (4.3)
tk k22+2k+2 k k log(B () +2) kT BT L&
2k=+2k+3

1
3 73 22+31+1 ( 1)
Zolgx(O) 5 )+ Z:l oGroan)al 122+21+2 )x(t;+1).
2[ +2[+3

Here ay = (2k? + k + 3)/(3k + 2k + 4), qi = (k* + 2k + 2)/(2k* + 2k + 3), yx = 2k +1)/2,
ek = (2k* + 3k + 1)/(3k* + 2k + 2), k = 0,1,2,3,4, a = 3/4, b = 4/5, T = 5/4, t; = k/4,
k =1,2,3,4. With this data, we find that |Q2| = 2.037343386 # 0. The functions f(¢,x) =
((28)/(3¢ + 1)) (sinx — x)e” <" * and @i (x) = (kx* + 2kx2)/(log(|x3] + 2)), k = 1,2, 3,4, satisfy

f(t,x) 1 2t <smx ~ 1) eosts _ ()

lim im
=0 X x—~03t+1 x
and
kx® + 2k
fim Z®) g K2k o 1034

=0 X x—0 log(|a3| +2)

Thus, condition (Hy) of Theorem 3.3 holds. Therefore, by applying Theorem 3.3 we con-
clude that problem (4.3) has at least one solution on [0, 5/4].
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