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Abstract

This paper is concerned with regular approximations of isolated eigenvalues of
singular second-order symmetric linear difference equations. It is shown that the kth
eigenvalue of any given self-adjoint subspace extension is exactly the limit of the kth
eigenvalues of the induced regular self-adjoint subspace extensions in the case that
each endpoint is either regular or in the limit circle case. Furthermore, error estimates
for the approximations of eigenvalues are given in this case. In addition, it is shown
that isolated eigenvalues in every gap of the essential spectrum of any self-adjoint
subspace extension are exactly the limits of eigenvalues of suitably chosen induced
regular self-adjoint subspace extensions in the case that at least one endpoint is in
the limit point case.
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1 Introduction

Consider the following second-order symmetric linear difference equation:
=V (p(O)2x(®)) + q()x(t) = aw(t)x(t), tel, 1.1;)

where I is the integer set {}©__, a is a finite integer or —co and b is a finite integer or +0o0;
A and V are the forward and backward difference operators, respectively, i.e., Ax(t) =
x(t +1) —x(t), Va(t) = x(t) — x(t — 1); p(£) and ¢g(¢) are all real-valued with p(¢t) #0 for t € I,
pla—-1) #0 if a is finite and p(b + 1) # 0 if b is finite; w(¢) > 0 for ¢ € I; and A is a complex
spectral parameter.

Spectral problems can be divided into two classifications. Those defined over finite
closed intervals with well-behaved coefficients are called regular; otherwise they are called
singular. Regular approximations of spectra of singular differential equations have been in-
vestigated widely and deeply, and some good results have been obtained, including spec-
tral inclusion in general cases and spectral exactness in the case that each endpoint is
either regular or in the limit circle case (briefly, l.c.c.) [1-9]. In particular, Stolz, Weid-
mann, and Teschl [5-9] got spectral exactness for isolated eigenvalues in essential spectral
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gaps. In addition, Brown et al. [3] constructed a sequence of regular problems for a given
fourth-order singular symmetric differential operator and showed that the eigenvalues of
the singular problem are exactly the limits of eigenvalues of this sequence in the case that
each endpoint is either regular or in Lc.c.

In the present paper, we are wondering whether there are analogous results for singular
symmetric difference equations. We shall study a similar problem for singular second-
order symmetric linear difference equations. Note that for a symmetric linear difference
equation, its minimal operator may not be densely defined, and its minimal and maxi-
mal operators may be multi-valued (c¢f [10-12]). So it cannot be treated by the methods
described in [3, 5-9], which are based on self-adjoint extensions of densely defined Her-
mitian operators.

This major difficulty can be overcome by using the theory of self-adjoint subspace ex-
tensions of Hermitian subspaces. This theory was developed by Coddington, Dijksma,
de Snoo, and others (¢f [13-19]). The second author of the present paper extended the
classical Glazman-Krein-Naimark (briefly, GKN) theory to Hermitian subspaces [11], and
based on this, she with her coauthor Sun presented complete characterizations of self-
adjoint extensions for second-order symmetric linear difference equation in both regular
and singular cases [12]. Later, she studied some spectral properties of self-adjoint sub-
spaces together with her coauthors Shao and Ren [20]. Recently, based on the above re-
sults, we studied the resolvent convergence and spectral approximations of sequences of
self-adjoint subspaces [21].

Applying the results given in [12, 21], we studied regular approximations of spectra of
singular second-order symmetric linear difference equations [22]. We constructed suit-
able induced regular self-adjoint subspace extensions and proved that the sequence of in-
duced regular self-adjoint subspace extensions is both spectrally inclusive and exact for a
given self-adjoint subspace extension in the case that each endpoint is either regular or in
l.c.c., while, in general, it is only spectrally inclusive in the case that at least one endpoint
is in the limit point case (briefly, Lp.c.). Here, we shall further investigate how to approx-
imate the spectrum of singular second-order symmetric linear difference equations with
eigenvalues of regular problems in the case that each endpoint is either regular or in l.c.c.
Furthermore, we shall also give their error estimates. In addition, enlightened by Stolz,
Weidmann, and Teschl’s work [5-9], we shall show the spectral exactness in an open in-
terval laking essential spectral points in the case that at least one endpoint is in Lp.c.

In the study of regular approximation problems, the related induced regular self-adjoint
extensions should be extended to the whole interval referred for the singular problems.
This problem can easily be dealt with by ‘zero extension’ in the continuous case. But it
is somewhat difficult in the discrete case. This difficulty was overcome in Section 3.2 in
[22] and recalled in Section 2.3 in the present manuscript. So the method used in the
present manuscript is not a trivial and direct generalization of that used for ODEs [3, 5-
9]. Further, we shall remark that although the minimal operator is densely defined in the
case that a = —oco and b = +00, the minimal operators of the induce regular problems that
will be used to approximate the singular one are not densely defined, and so their self-
adjoint extensions have to be characterized by the theory of subspaces. These self-adjoint
extensions are multi-valued in general. Therefore, it is better for us to uniformly apply the

theory of subspaces to study regular approximations in all the cases in the present paper.
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The rest of this paper is organized as follows. In Section 2, some basic concepts and
fundamental results about subspaces in Hilbert spaces and second-order symmetric lin-
ear difference equations are introduced. In addition, the induced regular self-adjoint sub-
space extensions for any given self-adjoint subspace extension are introduced. In particu-
lar, a sufficient condition is given for spectral exactness of a sequence of self-adjoint sub-
spaces in an open interval laking essential spectral points. It will play an important role
in the study of regular approximations in the case that at least one endpoint is in Lp.c. In
Section 3, regular approximations of isolated eigenvalues of equation (1.1) are studied in
the case that each endpoints is either regular or in L.c.c. It is shown that the kth eigenvalue
of the given self-adjoint subspace extension is exactly the limit of the kth eigenvalues of
the induced regular self-adjoint subspace extensions. In addition, their error estimates are
given. Spectral exactness in every gap of the essential spectrum of any self-adjoint sub-
space extension is obtained in the other three cases in Sections 4-6, separately.

2 Preliminaries

This section is divided into three parts. In Section 2.1, some basic concepts and funda-
mental results about subspaces are listed. In Section 2.2, the maximal, pre-minimal, and
minimal subspaces corresponding to equation (1.1) are introduced. In Section 2.3, some
results about self-adjoint subspace extensions of the minimal subspace and their induced
self-adjoint restrictions given in [22] are recalled.

2.1 Some basic concepts and fundamental results about subspaces

By C, R, and N denote the sets of the complex numbers, real numbers, and positive integer
numbers, respectively. Let X be a complex Hilbert space with inner product (-,-), and T
a linear subspace (briefly, subspace) in the product space X? with the following induced
inner product, still denoted by (-, -) without any confusion:

(6.0, 0,0) = w9} + (f8), (&), (1,0) € X*.

Denote the domain, range, and null space of T' by D(T), R(T), and N(T), respectively. Its
adjoint subspace 7™ is defined by

T = {(y,g) e X?: (g,x) = (y,f) for all (x,f) € T}.

Further, denote

T(x) ::{feX:(x,f)eT}, T = {(f,x):(x,f)eT}.

It is evident that T(0) = {0} if and only if T can uniquely determine a (singled-valued)
linear operator from D(T) into X whose graph is T'. For convenience, a linear operator in
X will always be identified with a subspace in X? via its graph.

Let T and S be two subspaces in X2 and A € C. Define

AT = {(x,kf) ((x,f) € T},
T+S:= {(x,f+g):(x,f) eT,(xg) eS},
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ST := {(x,g) eX?:(xf)e T,(f,g)eSforsomefeX}.

Itis evident that if T'is closed, then T — ALy, is closed and (T — AL;z)* = T* — ALy, where I; :=
{(x,x) : x € X}, briefly denoted by I without any confusion between it and the interval I.

Throughout the whole paper, denote the resolvent set, spectrum, point spectrum, es-
sential spectrum, and discrete spectrum of T by p(T), o (T), 0,(T), 0.(T), and o4(T), re-
spectively.

Definition 2.1 ([21], Definition 5.1) Let {7,,}°%; and T be subspaces in X>.
(1) The sequence {T},}32, is said to be spectrally inclusive for T if for any A € o (T'), there
exists a sequence {A,}5°;, A, € o(T},), such that lim,,_, o A, = A.
(2) The sequence {T,}3°, is said to be spectrally exact for T if it is spectrally inclusive
and every limit point of any sequence {1,}52, with 1, € o(T,) belongs to o (T).
(3) The sequence {T,}32, is said to be spectrally exact for T in some set  C R if the
condition in (2) holds in €.

Lemma 2.1 ([21], Lemma 2.1) Let T be a closed subspace in X*. Then

p(T)\{0} = {A7" i x € p(T) with 1 #0},

o(T)\{0} = {r": 1 € o(T) with  #0}.
Consequently, if p(T) # ¥, then
o (ol =T)")\ {0} ={(ho =2 :hea(T)}, 4o €p(T).
Let T and S be two subspaces in X2. If TN S = {(0, 0)}, denote
T+S:={(x+y.f +g): (xf) € T,(,9) €S}.

Further, if T and S are orthogonal, denoted by T L S; that is, {(x,f),(y,€)) = 0 for any
(x,f) €T, (y,9) €S, we denote

T@®S:=T+S.
In addition, we introduce the following notation for convenience:
ToS:={f)eT:(xy) +(f.g =0forall(yg) €S}

In 1961, Arens [23] introduced the following important decomposition for a closed sub-

space T in X?:
T = Ts @D Tooy
where

To:={(0,f) € X*:(0,f) e T}, Ty:=TO Tw.
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It can easily be verified that T is an operator, and 7 is an operator if and only if T =
Ts. T; and Ty are called the operator and pure multi-valued parts of 7', respectively. In
addition,

R(T) =T(0), T = {0} x T(0), R(T,) C T(0), D(T;) = D(T), (2.1)
and D(T,) = D(T) is dense in T*(0)*.
Throughout the present paper, the resolvent set and spectrum of T and T, mean those

of Ty and T, restricted to (T(0)*)? and T(0)?, respectively.

Lemma 2.2 ([20], Proposition 2.1 and Theorems 2.1, 2.2, and 3.4) Let T be a closed Her-
mitian subspace in X*. Then

T =TNTOY  T,=TN(TO)"),
T, is a closed Hermitian operator in T(0)*, T, is a closed Hermitian subspace in T(0)?,

p(T)=p(Ty),  o(T)=0(Ty), o(Tx)=0,

Up(T) = Up(Ts)r 0e(T) = 0e(Ts), 04(T) = 04(Ts),
and N(T — Al) = N(T; — Al) for every ) € 0,,(T).

Lemma 2.3 ([17], p.26) If T is a self-adjoint subspace in X?, then Ty, and T are self-
adjoint subspaces in T(0)? and (T(0)*)?, respectively.

To end this subsection, we shall briefly recall the concept of the spectral family of a self-
adjoint subspace, which was introduced by Coddington and Dijksma in [15].

Let T be a self-adjoint subspace in X2. By Lemma 2.3, T; is a self-adjoint operator in
T(0)1. Then T, has the following spectral resolution:

T, = / tdE,(t),

where {E;(£)}scr is the spectral family of T in T(0)*. The spectral family of the subspace
T is defined by

E(t)=E(t)® O, teR,
where O is the zero operator defined on T'(0). It is obvious that forany t e Rand any f € X,
E@)f = E(O)fr, (2.2)
where f = f; + f with f; € T(0)* and f, € T(0).
The following result weakens the condition (5.7) of Theorem 5.3 in [21]. It will be useful

in studying spectral exactness in every gap of the essential spectrum of any self-adjoint
subspace extension in Sections 4-6.
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Lemma2.4 Let {T,}%°, and T be self-adjoint subspaces in X*, and let E(T,, \) and E(T, )
be spectral families of T, and T, respectively. Assume that Iy C R is an open interval and
satisfies

]() N UE(T) = @, ]() N Ud(T) 7{@ (23)

Let y € Iy. If for any given o, B € Iy N p(T) with o <y < B, there exists an integer ng > 1
such that for all n > ny,

dimR{E(T,, B) — E(Ty, )} = dimR{E(T, B) - E(T, )}, (2.4)
then {T,};°, is spectrally exact for T in Iy.

Proof By Theorem 5.3 in [21], it suffices to show that (2.4) holds for all «, 8 € Iy N p(T)
with & < 8. Fixany o, 8 € Iy N p(T') with & < B. The following discussions are divided into
three cases.

Case 1. y € (o, B]. Obviously, (2.4) holds in this case.

Case2.y < a.By(2.3), there exists € > 0 such that y —e € I N p(T). By (2.4), there exists
1y > 1 such that for all n > ng,

dimR{E(T,, B) — E(Ty,y — €)} = dimR{E(T, B) - E(T, y —¢)},

dimR{E(T,,a) = E(Ty, ¥ —€)} = dimR{E(T, ) - E(T,y —€)}. >
Note that

E(Ty, B) = E(Ty, @) = {E(Ty, B) = E(Tyy - €)} = {E(Ty0) = E(Ty v — €)},

E(T, ) - E(T, o) = {E(T, B) = E(T, y — €)} = {E(T, @) —E(T,y — €)};
that is,

E(Ty (@, B]) = (T, (y €, B]) = E(Ts (v ~ €,01)), 26)

E(T, (o, B]) =E(T, (v — €, 1) — E(T, (y —€,a]).

Since E(T,, (o, 8]) and E(T, («, B]) are orthogonal projections and

R{E(T,,(y —€,a])} C R{E(Tow, (v — €, 1)},
R{E(T,(y —€,a])} CR{E(T,(y —€,B])},

by (c) of Theorem 4.30 in [24] we have

R{E(T,, (e, B1)} = R{E(Tow, (v — €, 8])} © R{E(Ty, (¥ — €,2]) },
R{E(T,(a, B1)} =R{E(T, (v —€,B])} © R{E(T, (y - €,]) }.

It follows that

dimR{E(T,, (e, B1)} = dimR{E(T ., (¥ — €, B])} = dimR{E(T,,, (¥ — €,]) },
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dimR{E(T, (o, B])} = dimR{E(T, (y — ¢, B])} - dimR{E(T, (y — €,a]) }.

This, together with (2.5), shows that (2.4) holds in this case.
Case 3. y > . With a similar argument for Case 2, one can easily show that (2.4) holds
in Case 3. This completes the proof. 0

2.2 Maximal, pre-minimal and minimal subspaces
In this subsection, we first introduce the concepts of maximal, pre-minimal and minimal
subspaces corresponding to (1.1) and then briefly recall their properties.

Since a, b may be finite or infinite, we give the following convention for briefness in the

sequent expressions:  — 1 means —oo in the case of 2 = —00; b + 1 means +00 in the case

of b = +o0.
Denote
b
B()={x= {20} cC: > wo)|x)| < +ool.

t=a

Then /2(I) is a Hilbert space with the inner product

b
(x,9) 1= > w(O)y(e)x(2),

where x = y in [2(I) if and only if |x — y|| = 0, i.e., x(£) = y(¢), t € I, while | - || is the induced
norm.

The natural difference operator corresponding to (1.1) is denoted by

L(x)():= -V (p)Ax(0)) + q(t)x(t), tel

Now, we introduce the corresponding maximal, pre-minimal, and minimal subspaces

corresponding to (1.1) in the interval I. Let

H:= {(x,f) € (lﬁ,(l))2 s L(x)(t) = w(t)f (2),t € I},
Hy := {(x,f) € H : there exist two integers ty, ¢ € [ with £y < £

such that x(¢) = 0 for ¢ <ty and ¢ > tl},

where H and Hy are called the maximal and pre-minimal subspaces corresponding to £
or (1.1), respectively. The subspace Hy := Hyy is called the minimal subspace correspond-
ing to £ or (1.1). By Corollary 3.1 and Theorem 3.3 in [12], Hj is a closed densely defined
Hermitian operator in /2(I) in the case that a = —0co and b = +00, and a closed non-densely
defined Hermitian operator in /2 (/) in the other case that at least one of a and b is finite.
In addition, H C Hy* and H = Hy* in the sense of the norm || - ||.

In addition, we take the notation for convenience:

@ 2)(6) = p(O[ (A7) x(6) - O Ax(E)], = {8}y (2.7)
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2.3 Self-adjoint subspace extensions and their induced self-adjoint restrictions
In this subsection, we recall the results about self-adjoint subspace extensions of H, and
their induced regular self-adjoint subspace extensions, i.e., induced self-adjoint restric-
tions constructed in [22].

Letl, = {t}f;ar, where —co<a,+1<b,-1< +00,d,,1 <a, <b, <b,.;,r € N,and a, — a,
b, — basr — oco. Thatis, lim,_, I, = I. If a (resp. b) is finite, take a, = a (resp. b, = b). For
convenience, by H" and H{j denote the corresponding maximal and minimal subspaces
to equation (1.1) or £ on I,, respectively. Noting that all the coefficient functions p and g
and weight function w in (1.1) are real-valued, one has d, (Hy) = d_(Hy), where d (Hy) are
the positive and negative defect indices of Hy. Consequently, Hy has self-adjoint subspace
extensions by [14].

Let ¢1(-, 1) and @5(-, 1) be two linearly independent solutions of (1.1,) with A € R satis-
fying the following initial conditions:

o1(dp—1,1) =0, pldo —1)Agi(do —1,1) = -1, 2.8)
a(do —1,1) =1, pldo —1)Aga(do —1,1) =0,

where dj € I is any fixed.

In the case that I = [a, +00) (resp. I = (—00,b]), L is regular at a (resp. b) and either in
Lc.c.orlp.c.at t = +o0 (resp. t = —00). In the case that I = (-0, +00), L is either in Lc.c. or
l.p.c. at each endpoint. Consequently, the following discussions are divided into the five
cases due to different expressions of their self-adjoint subspace extensions.

Case 1. One endpoint is regular and the other in l.c.c.

Without loss of generality, we only consider the case that £ is regular at 2 and in l.c.c. at
t = +00. Take dy = a in (2.8) in this case.

Suppose that H; is any fixed self-adjoint subspace extension of Hy. Then, by (3.5) in [22],

we have
Hy ={(x.f) € H: (x,5,)(a—1) - (x,3)(+00) =0,/ = 1,2}, (2.9)
where
yila—1) = —my;, pla—-1)Ayia—-1) = my, 9i(t) = uj(t), t=co, (2.10)
TM* = <—mz1 —m22> , N = —(1)2%2, u; = 22: Mg, j=1,2,
myy mya ko1
while

matrices M,N € C>*? satisfying rank(M, N) = 2 and MJM* = NJN*, and ¢y > a + 1 is any
fixed integer.

Let a, = a and b, > ¢y. According to (3.7) in [22], an induced self-adjoint restriction of
Hj on I, can be given by

Hy, ={(x.f) e H : (x,3)(@-1) - (x,3)(b,) = 0,j =1,2}. (2.11)
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Case 2. One endpoint is regular and the other in Lp.c.

Without loss of generality, we only consider the case that £ is regular at ¢ and in Lp.c.
at t = +o0. Still take dy = a in (2.8) in this case.

Suppose that H; is any fixed self-adjoint subspace extension of Hy. Then, by (3.9) in [22],

we have

Hy ={(x.f) € H:(x,3)(a-1) =0}, (2.12)
where

Wa-1)=-my,  pla-DAja-1)=m,  §(t)=0, t=co, (2.13)

with M = (my, m;) € R™2 and M #0, and ¢, > a + 1 is any fixed integer.
Let a, = a and b, > ¢y. According to the discussion for (3.12) in [22], an induced self-
adjoint restriction of H; on I, can be given by

Hy, ={(x.f) € H : (x,5)(a-1) =0, (x,u)b,) =0}, (2.14)
where
u=mei(-A) + na@a (-, 4), (2.15)

with N = (11, 1,) € R”? and N #0.
Case 3. Both endpoints are in l.c.c.
Suppose that H; is any fixed self-adjoint subspace extension of Hy. Then, by (4.4) in [22],

we have
H = {(x.f) € H: (x,5)(-00) — (x,3;)(+00) = 0,/ = 1,2}, (2.16)
where

2 2
~ Llj, t S dO - 11 — - .
= uj:= m; SA), V= n; 5 A), =1,2, 2.17
Yi v, £> dO +1, j ; /k(Pk( ) j ; /kﬂok( ) ] ( )
with matrices M = (mjx)2x2 and N = (#jx)2 o satisfying rank(M, N) = 2 and MJM* = NJN*.
Leta, <dy -1, b, > dy. Based on the discussion for (4.6) in [22], an induced self-adjoint
restriction of H; on I, can be given by

Hl,r = {(x:f) €eH": (xij/j)(ar - 1) - (xij/])(br) = 0’] = 1’2} (218)

Case 4. One endpoint is in l.c.c. and the other in Lp.c.

Without loss of generality, we only consider the case that L isinl.c.c.at ¢ = —oo and L.p.c.
at ¢ = +o0.

Suppose that H; is any fixed self-adjoint subspace extension of Hy. According to the
discussion for (4.8) in [22], we have

Hi = {(x,f) € H: (x,5)(-00) = 0}, (2.19)
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where

_ Wll(pl(t,)\,) + legl)z(t,)\,), t<dy-1,

(¢t 2.20
(t) 0, t>dy+l, (2:20)
while M = (1, m,) € R™*? with M # 0.

Let a, < do — 1, by > dy. By the discussion for (4.11) in [22], an induced self-adjoint re-

striction of H; on I, can be given by

Hy, ={(x.f) € H : (x,3)(a, —1) = 0, (x,u)(b,) = 0}, (2.21)
where
u= 711(/71(':)\) + ”129‘72('»)»)» (222)

while N = (11, n3) € R™2 with N # 0.

Case 5. Both endpoints are in l.p.c.

In this case that £ is in Lp.c. at both endpoints ¢ = 00, H; = Hy is the unique self-adjoint
subspace extension of Hy.

Let a, <dy — 1, b, > dy. By the discussion for (4.12) in [22], an induced self-adjoint re-
striction of H; on I, can be given by

Hy, ={(x.f) € H : (x,u)(a, - 1) = 0, (x, u)(b,) = 0}, (2.23)
where

my@1(-5A) + my@y (5 A), t<dy—1,
"= (2.24)
m@1(5A) + maga(,A),  t>dy+1,

while M = (1, m,) € R™*? with M # 0 and N = (1, n5) € R™2 with N # 0.

Remark 2.1 By Theorem 6.1 in [12], each self-adjoint subspace extension H; of Hj is a
self-adjoint operator in the case that I = (—oo, +00); that is, H; can define a single-valued
self-adjoint operator in /2 (~o0, +00) whose graph is Hj.

To end this section, we consider extensions of the induced self-adjoint restrictions
from I, to I.

Note that H;, Hi, are self-adjoint subspaces in (/2(I))* and (/2(I,))?, respectively. It is
difficult to study the convergence of Hj, to H; in some sense since /2(I) and 2 (1,) are
different spaces. In order to overcome this problem, we extended /2 (1) and Hj, to Zi([,)
and 1:[1,,, separately, in [22]. Now, we recall them for convenience.

In the case that I = [a, +00),

B(L):={fell):ft)=0,t > b, +1},

Hy, = {.f) € (2(1,))? : there exists (x,f) € H,, such that (2.25)
() =x(6),f(t) =f(t),a -1 <t < b,}.
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In the case that I = (—00, +00),

B():={fell):ft)=0,t <a,~1land t > b, +1},
I:ILr = {(a"c,f) € (73/(1,))2 : there exists (x,f) € Hy,r such that (2.26)

x(t) = x(t),f(t) =f(t),a, <t < b,}.
Let P, be the orthogonal projection from 2 (I) onto ZVZV(I,). Define
Hj, = H;,G(P,). (2.27)

Lemma 2.5 ([22], Lemmas 3.1, 3.2, 3.3 and 4.1) H,, and Hj, are self-adjoint subspaces
in ((1,))* and (I2(1))%, respectively, D(H},) = D(Hy,) & (2(,))*, o(FL,) = o(Hy,), and
o(Hi,) =0 (Hy,) U{0} = o (Hy,) U {0}.

The following result can be directly derived from (2.25)-(2.27).

Lemma 2.6 H],(0) = 1:11,,(0) = {f € Zi(lr) : there exists f € Hy,(0) such thatf(t) = f(¢)
fortel}.

3 One endpoint is regular or in l.c.c. and the other in l.c.c
In this section, we study regular approximations of isolated eigenvalues of (1.1) in Cases 1
and 3. Without loss of generality, we only consider the case that £ is regular orinl.c.c. ata
and l.c.c. at t = +oo0.

We showed that the induced self-adjoint restrictions {H,}27; is spectrally exact for the
given self-adjoint subspace extension H; in Cases 1 and 3 in [22]. Now, we shall further
study how the spectrum o (H;) of H; is approximated by the eigenvalues of H; ,. In addition,

we also give their error estimates.

Lemma 3.1 Each self-adjoint subspace extension of Hy has a pure discrete spectrum in
Cases 1 and 3.

Proof According to Theorems 6.7 and 6.10 in [24] and Lemma 2.1, it suffices to prove that
(zI — Hy)™! is a Hilbert-Schmidt operator for any z € p(H,).

We only prove that (z/ — H;)™! is a Hilbert-Schmidt operator for any z € p(H,) in Case 1
with I = [a, +00). For the other cases, it can be proved similarly.

By Proposition 3.1 in [22], for any z € p(H;) and any f € 2 (]),

(el - H)()(8) = Y Gtj,2w()f (), tel,

j=a
where

b M O(), a<j<t<+oo,

G t; ’) =
(672 Zi,]:l nudk&)Pi(j), a<t<j<+oo,
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while myy, ni (1 < k,[ < 2) are constants, and ¢y, ¢, are two linearly independent solutions
of (1.1,) satisfying certain initial conditions. It is evident that ¢, ¢, € [2(I). Denote

my = ma§{|mkz|}, g = rkrizg{llmll}.

Define

F)®) =Y Fi(t,j,2)w() (),

j=a

FoN)@):= ) Eatj,2wG) (), tel,

j=a
where
F(t,),2) = Zi,lﬂ mudr&)i(j), a<j<t<+o0,
s 0, a<t<j<+o0o,
. 0, a<j<t<+00,
Fy(t,j,z) = /

S bk OBi(), a<t<j<+o0.

Obviously, (zI — Hy)™! = F; + F,. Thus, it is sufficient to prove that F; and JF, are both
Hilbert-Schmidt operators.

We first prove that 7 is a Hilbert-Schmidt operator. Let {e, : # € N} be an orthonormal
basis of 2(I). Then

oo oo t 2 2
S JAE)] = D10 mug©eiGwien()
n=1 n=11 j=a kil=1
2 o0
<8miad > Y |(dnen)|’
=1 n=1
2 4

in which Parseval’s identity have been used. Therefore, F; is a Hilbert-Schmidt operator.
Similarly, one can show that F, is a Hilbert-Schmidt operator and thus (zI — H;)™! is a
Hilbert-Schmidt operator. The proof is complete. d

Remark 3.1
(1) In Lemma 2.22 in [25], Teschl showed that each self-adjoint operator extension H;
with separated boundary conditions has a pure discrete spectrum, and its resolvent
is a Hilbert-Schmidt operator in Case 3.
(2

~

By applying the Green functions of resolvents of H; , given in Propositions 3.2
and 4.2 in [22], which still hold for z € p(Hj,,), it can easily be verified that the
resolvents of H,, are Hilbert-Schmidt operators in Cases 1 and 3. In addition, by
(2.25)-(2.26), it is evident that the resolvent of H, is also a Hilbert-Schmidt
operator in Cases 1 and 3. Moreover, we point out that the results given in
Propositions 3.1 and 4.1 in [22] still hold for z € p(Hy).
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The following useful lemma can be directly derived from (i)-(ii) of Theorem 3.6 in [21].

Lemma 3.2 Assume that X is a proper closed subspace in X, P : X — X the orthogonal
projection, and T a self-adjoint operator on Xy. Then

(i) T’ = TP is a self-adjoint operator on X with D(T") = D(T) & Xi-;

(i) o(T") =0 (T)U{0}.

By Lemma 3.1, H; has a discrete spectrum. Via translating it if necessary, we may suppose
that 0 is not an eigenvalue of H;. The eigenvalues of H; may be ordered as (multiplicity
included):

e SA3 <A <A<O0<A <A< <A, <--. (3.1)

For convenience, we briefly denote it by o (H;) = {A,,: n € A C Z\{0}}, where Z denotes
the set of all integer numbers. Recall that {H;,} is spectrally exact for H; if 0 ¢ o (H;) (see
Theorems 3.2 and 4.2 in [22]). Since 0 ¢ o (H;), there exists ry such that 0 ¢ o (H,,) for
all 7 > ry. Therefore, for r > ry, the eigenvalues of H;, may be ordered as (multiplicity
included):

)“(7)

O < <ah<a<0<al <2y < <Al (3.2)

where m(r) and n(r) are the numbers of negative and positive eigenvalues of Hj ,, respec-
tively. For convenience, we briefly denote it by o (H;,) = {qur) :ne A, C Z\{0}}. Let

S= (_Hl)_ly Sr = (—1:[1’,«)_1, r=ro.

Then, according to (2) of Remark 3.1 and Lemma 3.2, it follows that S,P, and S are both
self-adjoint and Hilbert-Schmidt operators. Note that the results of Theorems 3.2 and 4.2
in [22] still hold for every z € p(H;) N p(I:IL,). By Lemma 2.5, o (Hy,) = 0(1:[1,,), which
implies that 0 € p(I:ILr) asr > rg,and thus 0 € p(H;)N ,0(1:11,,) asr > ry. Therefore, S, P,—S
in norm as r — oo by Theorems 3.2 and 4.2 in [22].

Theorem 3.1 In Cases 1 and 3, for each n € A, there exists an r, > ry such that for r > r,
ne A, and A\ — 1, asr— oo.

Proof Based on the above discussion, S and S, P, are self-adjoint and Hilbert-Schmidt op-
erators for r > ry, and S,P,— S in norm as r — oo. Thus they are self-adjoint and compact
operators with eigenvalues u, = -1/, for n € A and ;LS,’) = —1/)\5,') for n € A,, separately,
by Lemma 2.1. (S, P, also has 0 as an eigenvalue of infinite multiplicity. But it is not related
to Hy, or Hj, and so can be ignored.) Furthermore, since S,P,—S in norm as r — 00, we
can get S,P,— S in the norm resolvent sense as r — 0o according to the proof of Theo-
rem 8.18 in [26] (for the concept of convergence of self-adjoint operators in the norm resol-
vent sense, please see [24, 26]). Let E(S,P,, A) and E(S, 1) be spectral families of S,P, and S,
respectively. Then, by (b) of Theorem 8.23 in [26], it follows that for any «, 8 € RN p(S)
with o < 8,

{E(SP,, B) — E(S,Py, )} = {E(S, B) - E(S,@)}|| > 0 asr— oo,
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which, together with Theorem 4.35 in [24], shows that
dim R{E(S,P,, B) — E(S,P,, )} = dim R{E(S, B) - E(S, )}

for all sufficiently large . Hence, for each n € A, there exists an r,, > ro such that for r > r,,
ME,’) exists. This implies that H, has an eigenvalue )\E,r) for all » > r,; namely, n € A, for all
7> 1.

Next, we show that kﬁ,r) — Ay as r — 00. To do so, it suffices to prove that M;’) — [, as
r — oo. The negative eigenvalues are described by a min-max principle, and the positive

eigenvalues by a max-min principle according to Section 12.1 in [27]; that is,

miny, maxyev,, (Sx,%), ne A withn>0,

_ [l =1 3 3
Mn = . . (3.3)
maxy, miney,, (Sx,x), ne€ A withn<o,
[l lI=1

where V,, runs through all the |n|-dimensional subspaces of [2(I). For r > r,, uff) is simi-
larly expressed in terms of (S,P,x, x); that is,

miny, maxev,, (S/Px,x), ne€ A withn>0,

MS:‘) — ) [lxfl=1 ‘ (3.4)
maxy, Mingey,, (S.Px,x), ne A withn<0.
%=1

We first consider the case that n € A with # > 0. Let r > r,,. It follows from (3.3)-(3.4)
that there exist two n-dimensional subspaces V,, and V, of lﬁ,(l ) such that

My = gelaVX(Sx,xL w = mgX(SrPrx,x>. (3.5)
lwll=1 Tl

In addition, there exist x; € V,, with ||x; ] =1 and x, € V,, with [|x,]| = 1 such that

max (Sx, x) = (Sx1,x1), max (S,P,x,x) = (S,Prx,%). (3.6)
x€Vy, XV,
llxl=1 ll+l1=1

From (3.3)-(3.6), we have

fn — 1 < max (Sx, x) — max (S,Px, x) < ((S — S,P,)x1,x1),
xeVy, x€Vy,
[lxl=1 [l =1

oy — 1) > max (S, x) — max (S,P,x,x) > ((S=8:P)xz, %2).
x€Vy, X€Vn,
[lxl=1 [lxll=1

Therefore, it follows that

|Mﬂ - qur)| = max{ |<(S - SrPr)x11x1>

((S - Srpr)xZ,x2>| }

<|S=SP. | — 0 asr— oc. (3.7)

’

Thus, 1 — p, as r — oo for n € A with n > 0.

Similarly, we can get 1 =, as r — oo for n € A with n < 0. This completes the

proof. d
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At the end of this section, we shall try to give an error estimate for the approximation

of A, by A for each n € A. Obviously, it is very important in numerical analysis and

applications. In order to give error estimates of Aﬁ,r) to Ay, in view of A, = —1/u,, and )\E,r) =

-1/ ugf), we shall first investigate the error estimates of MSI) to i, for n € A instead.

In view of the arbitrariness of A € R in (2.8), we might as well take A = 0 in (2.8) in the

following discussions.

Proposition 3.1 Assume that L is regular at t = a and in l.c.c. at t = +o0o. Then, for each

ne A andr > ry,, where r, is specified in Theorem 3.1,

1 1
L N ()

(3.8)

where oy, my, and ngy are constants and determined by (3.10)-(3.16), and ¢, is completely
determined by the coefficients of (1.1), more precisely, it is determined by (3.17)-(3.18), (3.21),

(3.23)-(3.24). In addition, ¢, — 0 as r — o0.

Proof Note that the results of Propositions 3.1 and 3.2 and Theorem 3.2 in [22] still
hold for every z € p(H;) N p(Hl,r). By Lemma 2.5, o (Hy,) = 0(1:11,,), which implies that
0e p(ﬁl,r) asr > rg,and thus 0 € p(H;) N ,o(I:ILr) as r > ry. Consequently, by (3.43)-(3.44)

in [22], one has

ST

[|S = S8,P| <4ag [305(2)(;413 + nf) + (2m§ + 5;1%)043] , I'>ro,
where
mo = Fl]ixz{]mgl }, ng = 11?31)(2“712[ }, m, = gg};{‘mgl —my
ny = lg?;alf(z{ln,?l—nil | rirzlgg{llqﬁill},
oo
o = max{ Z |¢i(t)|2W(t)}’
=12 t=by+1

(3.9)

(3.10)

while ¢ and ¢, are two linearly independent solutions of (1.1;) with A = 0 satisfying the

following initial conditions:

¢1(a-1)=0, Prla—1)=-1,

pla-)A¢i(a-1)=1,  pla-1)A¢(a-1)=0,

— 0 0 ~ _ A~
Np = ( "2 ”“) =-(V@-1+K)7'K, K= lim %50/,

0
—Hyy Ny
r r
-m m
M, = 2T <I4N,
—HMiyy My

N, = (_"12 ”11) -~ (Via-1+K)K, K =¥Eb)00,),

b
—Hyy Ny

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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o) = h(t) a(2) ’ Po(t) = 5’1({) 5’2({) , (316)
p) A1)  p(t)Ady(t) p&)Ay1(E)  p(t)Ays(2)

where 7, (¢) and J,(¢) are defined by (2.10). Noting that ¥, ¥, ¢1, and ¢, are both solutions
of (1.1,) with A = 0 in [¢o, +00), where ¢ is the same as in (2.10). Since b, > ¢y, by Lemma 2.3
in [12], we get K = K, which shows that M, = My, N, = Ny, and thus m, = n, = 0.

Now, it remains to estimate «,. Let

_[(w+1) 0 _[c® -d®)
W (¢) .-( 0 w(t))’ U() .-( ) 0 ), t>a, (3.17)
where
1,90 pE-1) _p-1
c(t):=1+ 20 + 0 d(t) := 0 > (3.18)

From (1.1,) with & = 0, we get
x(t+1) =c(t)x(t) —d@t)x(t-1), t>a.

It follows that

<"(“1)> _ U(t)( () ) t>a. (3.19)
x(t) x(t-1)

By (3.17) and (3.19), we get

w(t + 1)x>(t + 1) + w(t)x(t)
= (x(t +1), (B)) W(B)(x( + 1), x(2)) "

(x(®), x(t = D)UT ()W (U (), 2t -1))"

= (x(a), x(a - D)V (WO V(5)(x(@), xa—-1))", t>a, (3.20)
where
V()= URUE-1)--- Ula+1)U(a), t>a. (3.21)

Let x(a) and x(a — 1) be any real numbers. Since L is regular at t = a and in l.c.c. at £ = +00,
it follows from (3.20) that

> [wlby + 20+ 2)a® (b, + 2i + 2) + wlb, + 20 + D> (by + 2i +1)]
i=0

(%(a), x(a - 1))D,(x(a), x(a - 1))T — 0 asr— oo, (3.22)
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where
o0
D, := Z Vb, +2i+ )W (b, +2i + )V (b, + 2i +1). (3.23)
i=0
Denote
& := | DI, (3.24)

where the norm of the matrix D, = (di’j)zxz is defined as | D,| = Zij:l |dl.’j|. Since D, is
symmetric and (x(a), x(a — 1)) is arbitrary, it follows from (3.22) that ¢, — 0 as r — oc. In

addition, since ¢; and ¢, satisfy (3.22), it follows that

o, = max{(¢:(a), ¢u(a—1)D/(¢(@), ¢la-1)"}

< 8r1;2%§{¢i2(a) +¢7(a-1)}

o (24t (3.25)
o) .

in which (3.11) has been used. This, together with m, = 1, = 0, (3.9), and (3.7), shows that
(3.8) holds. This completes the proof. d

Theorem 3.2 Assume that L is regular at t = a and in l.c.c. at t = +oo. Then, for each
n € A, there exists an r,, > ry, such that for all r > r,,,

(n2
A |ce
|qur>_kn|5 |An_"er , (3.26)
()
11— ler
Aul’e
|)L£qr) _ )»n| < L, (3.27)
1—|Auler

where e, denotes the number on the right-hand side in (3.8).

Proof For each n € A, %, and A have the same sign for sufficiently large r. In view of
A =—1/ug and )LL') = —l/u;:), it follows from (3.8) that for each n € A,

1 1 - -
———|<e, r>ry,
N !
which shows that
A —n| < e A0 hul, 7> (3.28)
Thus,

honl = |2 + 20 =20] < (a0 =22+ D] < &[0 [IAn] + |20

’ r 2 rn,
which implies that

Al (1= [2]e,) < [A7]. (3.29)
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By Theorem 3.1 and Proposition 3.1, there exists an r;, > r,, such that 1 - |)»£,r) le, > 0. Hence,
it follows from (3.28) and (3.29) that (3.26) holds. With a similar argument, one can show
that (3.27) holds. This completes the proof. O

We now turn to error estimates of approximations of A(,,r) to A, in Case 3.

Proposition 3.2 Assume that L is in l.c.c. at t = £oo. Then, for each n € A and r > r,,
where 1y, is specified in Theorem 3.1,

1 1
O _ | < 8V2a0 (2 + 72)? (2 + ——— )&, 3.30
"U“n MV"— */—“O(moJf”o) ( +p2(0l0—1) Er ( )

where &, Mg, and ny are constants and given by (3.32), dy is the same as in (2.8), and
&y is completely determined by the coefficients of (1.1), more precisely, it is determined by
(3.17)-(3.18), (3.36), (3.39)-(3.41). In addition, €, — 0 as r — oo.

Proof The main idea of the proof is similar to that of Proposition 3.1, where the interval
I = [a,+00) is replaced by I = (—00, +00). For completeness, we now give its detailed proof.

Note that the results of Propositions 4.1 and 4.2 and Theorem 4.2 in [22] still hold for
every z € p(H;) N p(HL,). By Lemma 2.5, o (Hy,) = J(FIL,), which implies that 0 € p(HLr)
asr >rg,and thus 0 € p(H;) N ,O(I:Iu) as r > ry. Consequently, by Theorem 4.2 in [22] one
has

ST

IS =S, P|l < 8ao[ag(m? +i2) +2(sing + img)&?]?,  r=>ro, (3.31)

where

g = max {[myl}, o= max [},
iy = /?}ixzﬂm’?’ -myl}, A= 1311313(2”;121 - nyl} (3.32)

ar—1 00
@ = rjgf;{ll@ll}, & := max LZ: O W)+ > [ o)},

t=by+1

while m, n); and m},, nj, are given by (4.19) and (4.21) in [22], separately; ¢; and ¢ are two
linearly independent solutions of (1.1;) with A = 0 satisfying the initial conditions (3.11),
in which a is replaced by dj given in (2.8). With a similar discussion to that in the proof
of Proposition 3.1, we can prove that 71, = i1, = 0. Therefore, it remains to estimate ¢,.

Let W(t), U(2), c(¢), d(t) be defined as these in (3.17)-(3.18) for every ¢ € I. It is evident
that U(¢) is invertible for any ¢ € 1. From (1.1, ) with A = 0, we get

x(t+1) = c(t)x(t) —dt)x(t -1), tel,

which shows that

(x(”l)) - L[(t)( () ) tel (3.33)
x(t) x(t-1)
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By (3.17) and (3.33), we get

w(t + Da2(t + 1) + w(e)x?(2)
= (x(t +1), 2(B)) W (@) (x(t + 1), ()"
= (x(t), x(t =) U T (OW(E)U(E) (x(8), x(t ~ 1))T
= (x(do), x(do - D)V OW )V, ()(x(do), x(do-1))", ¢ = do, (3.34)
w(t)x?(£) + w(t — Dx? (¢ — 1)
= (x(8), x(t = 1)) W (£ - 1) (x(t), x(t-1))"
(& + 1), 2(8)) (U)W - DU (8) (x(2 + 1), ()
(%(do), x(do = 1))V ()W (£ = ) V_(£) (x(do), x(do — 1))T, t<dy-1, (3.35)

where

Vi) =U@)U(t 1) Uldo + 1)U(dy), t=d, (336)
3.36
Vi@ =UTt U e+1) - U Ndo -2)U ™ do - 1), t<dp-1.

Let x(do) and x(dy — 1) be any real numbers. Recall that a, < dy — 1, b, > d,. Since L is in
l.c.c. at t = £00, it follows from (3.34)-(3.35) that

oo

> wieya(e)

t=by+1

o]

:Z (by + 2i + 2)x%(by + 2i + 2) + w(b, + 2i + 1)x* (b, +21+1)]

= (%(do), x(do — 1)) Dy, (#(do), x(do — 1)) —0 asr— oo, (3.37)

ar—1

> wo)R ()

t=—00

o0
=Z (@, — 2i — D)a*(a, — 2i = 1) + w(a, — 2i — 2)x*(a, — 2i - 2)]

= (x(do), x(do —1))D,._(x(do), x(do—1))" — 0 asr— oo, (3.38)
where
o0
Dy, =Y V] (by+2i+ )W (b, + 2i + 1)V, (b, +2i + 1),
o: (3.39)
D, =Y Va,-2i-1)W(a, - 2i-2)V_(a, - 2i - 1).
i=0
Denote

&r, := | Dr, I, &r_:=Dr_l; (3.40)



Liu and Shi Advances in Difference Equations (2016) 2016:128 Page 20 of 29

where the norm of the matrix D = (dj)2 2 is defined as || D|| = szzl |dy. Since D,, and D,,
are both symmetric and (x(dy), x(do — 1)) is arbitrary, it follows from (3.37)-(3.38) that

&=¢, +&_ —0 asr— oo. (3.41)
In addition, since ¢; and ¢, satisfy (3.37)-(3.38), one gets

o, = max{(¢u(do), ¢i(do ~ 1)) (Dy, + D,.)(¢i(do), ¢i(do ~1) '}

12
< & max{¢3(do) + $7(do - 1)}
<3 <2 1 ) (3.42)
G2+ ——m ), .
- pHdo-1)
in which (3.11) with a = dj has been used. This, together with 71, = i1, = 0, (3.31), and (3.7),
shows that (3.30) holds. This completes the proof. d

The proof of the following result is similar to that of Theorem 3.2 and so its details are

omitted.

Theorem 3.3 Assume that L is in l.c.c. at t = £00. Then, for each n € A, there exists an

1, > ry such that for all r > r),

(25 23

’)»(r)—)» ’< |20 1%€ | " _ 5 ‘ [Anl"er
n n| — (}") o7 n n| — 1_ )\’ ~ )
1-1|A e [Anler

where e, denotes the number on the right-hand side in (3.30).

Remark 3.2 The authors in [1, 4] and [3] gave similar results to Theorem 3.1 for singular
second-order and fourth-order differential Sturm-Liouville problems, respectively, where
the results in [1, 4] hold under the assumption that each endpoint is regular or in l.c.c. and
non-oscillatory. However, they did not give any error estimate for the approximations of
isolated eigenvalues. To the best of our knowledge, there have been no results about error
estimates for approximations of isolated eigenvalues of singular differential and difference

equations in the existing literature.

4 One endpointis regular and the other in l.p.c

In this section, we shall study spectral exactness in an open interval laking essential spec-
tral points in Case 2. Without loss of generality, we only consider the case that £ is regular
ata and in Lp.c. at £ = +o0.

In [22], we proved that the sequence of induced self-adjoint restrictions {H, ,}2°; is spec-
trally inclusive for a given self-adjoint subspace extension H; in Case 2 and pointed out
that it is not spectrally exact in general. In this section, we will choose a sequence of spe-
cial induced self-adjoint restrictions, still denoted by {H] ,}>°; without any confusion, such
that it is spectrally exact for H; in an interval laking essential spectral points.

The following are some useful lemmas.
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Lemma 4.1 ([24], Exercise 7.37) Let T be a self-adjoint operator with spectral family E,
and S a subspace in D(T) such that |(, — T)f|| < cl||f|l for all f € S. Then dimR{E(\ + c) —
E(A—c-)} > dimS.

Lemma 4.2 ([28], Lemma 8.1.23) If P and P, are orthogonal projections on X with
dimR(P,) < dimR(P) < oo for n > 1 and P, is strongly convergent to P as n— 0o, denoted
by P, > P, then dim R(P,) = dim R(P) for sufficiently large n.

Lemma 4.3 Let L be regular or in l.c.c. at one endpoint and in l.p.c. at the other endpoint,
i.e., in Case 2 or Case 4. If for some A € R the equation (1.1,) has no nontrivial square
summable solutions, then ). belongs to the essential spectrum of every self-adjoint subspace
extension Hy of Hy.

Proof By the assumption, X is not an eigenvalue of H;. Denote
M; = {(x,Ax) € H}.

Then M; = M; = {(0,0)}. Hence, by Lemma 2.2 in [11] we have R(H, — AI)* = D(M;3) = {0}.
In addition, since the deficiency indices of Hy are (1,1), A is not in the regularity domain
of Hy by Theorem 2.3 in [11], and therefore it is not in the resolvent set of H;. Hence, X is
in the essential spectrum of Hj, i.e., A € o.(H;). This completes the proof. g

Remark 4.1 Teschlin Lemma 2.2 in [25] showed the same statement as Lemma 4.3 when
one endpoint is finite and the other endpoint is in Lp.c. and H; is an operator. The authors
in Corollary 6.4 in [29] showed a similar result to Lemma 4.3 when it is regular at one
endpoint and in L.p.c. at the other endpoint. Since our proof of Lemma 4.3 is more simple,
we list it here.

Let Es(H;, 1), E(Hy,, A), ES(I:IL,, A),and ES(HL,, A) be spectral families of Hy 5, Hy .5, 1:11,,,3,
and Hj, ,, respectively, which denote the operator parts of Hy, H,,, H,,, and H,, respec-
tively.

Theorem 4.1 Assume that L is regular at t = a and in l.p.c. at t = +oo. Let Hy be any
fixed self-adjoint subspace extension of Hy given by (2.12). Assume that 0 ¢ Iy C R is an
open interval with Iy N o.(Hy) = @ and Iy N oy(Hy) # . Let v be a nontrivial real square
summable solution of (1.1,)) with any fixed y € Iy, H, the induced self-adjoint restriction
of Hy on I, defined by

Hy, ={(x.f) € H : (x,3)(a-1) =0, (x,v)(b,) =0}, (4.1)

where ¥ is defined by (2.13) and {b,}%2, specified in Section 2.3 satisfies v(b,) # 0 for r € N.
Then {Hy,}22, is spectrally exact for Hy in I,.

By Lemma 4.3, there exists at least one nontrivial square summable solution v of (1.1,)
for any y € Iy, where I is specified in Theorem 4.1. Consequently, there are infinite ¢ €
I = {t};°° such that v(£) # 0, and so we can choose {,}2; specified in Section 2.3 such that
v(b,) #0 for r € N in (4.1). Hence, H, , given by (4.1) is well defined.
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Proof of Theorem 4.1 By (2.2) and Lemmas 2.4 and 2.5, it suffices to show that
H; ,(0) = H1(0), (4.2)

and for any given «, 8 € Iy N p(H;) with & < y < B, there exists an integer 7 > 1 such that

forallr>7,
dimR{E(H, ,, B) — Es(H; ., &) } = dim R{E(Hy, B) — E(Hy, ) }. (4.3)
We first prove (4.2). By (2.7) and (2.12), it can be deduced that
H(0) = {f e (1) : 9(a)f (@) = 0,f(t) = 0,t = a + 1}, (4.4)
By (4.1) and v(b,) # 0 we get
Hy,(0) = {f € [, (L) : 3(a)f (a) = 0,f (1) = 0,a + 1 < t < b, },
which, together with Lemma 2.6, shows that

Hi,(0

r

= Hi,(0) = {f € () : 5(a)f (@) = 0,f(t) = 0,t > a + 1}.

Therefore, (4.2) holds.

Next, we show that (4.3) holds. Fix any «, 8 € Iy N p(H;) with « < y < B. For any fixed r,
let Ay,..., k be all &, (counting multiplicity) eigenvalues of Hi, in («, 8], and m1,..., 1k,
the corresponding orthonormal eigenfunctions. By Lemma 2.5 and the assumption that
0 ¢ Ip we get

o (H;,) N (e, Bl = o (Fr,) N (@, B] = o (Hyy) N (e, B = {hrs s i ).

By (i) of Theorem 3.9 in [20] we have

dim R{E,(H,, B) - Es(H},, )}
=dimR{E S(Hyr» B) —Es(Hl,n(X)}
= dimR{E (H,,, B) — Es(Hy )} = ki (4.5)

In addition, it follows from Lemma 2.2 that A4,..., At are all k, (counting multiplicity)

7

eigenvalues of Hi,; in (o, 8], and m,...,nx, are the corresponding orthonormal eigen-

functions. Since n; € D(Hy,), by (4.1) we have n;(b, + 1) = V(b’” n,(b ), 1 <j < k,. Hence,

there exist constants ¢;, 1 <j < k;, such that

<mw»>:q<vw»>' @6
nj(b, +1) v(b, +1)

For everyje{l,...,k}, let

nj(t): a_lftfbr’
(1) =
Vit {ij(t), t>b,+1.
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Then v; € D(H). This, together with (4.1) and n; € D(Hy,), shows that y; € D(H,) =
D(H,;), where (2.1) has been used. Let

S:=L{yn,..., Vi }.
Then S obviously is k,-dimensional, and every v € S is of the form

Z/fr d]”}(t)¢ a-1<t=< br1

t) = j=1 4.7
v cv(t), t>b, +1, *7)
where dj, j=1,..., k;, are constants, and ¢ = lezl djc;. It follows from (4.7) that
+00 ) ky +00 )
> =Y we)|w @ =>_1di1* +1e* Y wo)|vo)].
t=a j=1 t=by+1
Therefore,
2
o+
H (H“ S 2 ﬂ)‘”
+00 2
o+
-y w(t)‘ (Hl,s - Tﬂ)wm
t=a
kr by o+ ,B 2 +00 a+ ﬁ 2
-3 14 Zw(t)‘ (3= 52 o] +1e 3 w(t)‘ (v-552 )0
j=1 t=a t=b,y+1
ky 2 2 +00
a+p a+p 2
=Dk = | el ly = =] 2 wi]vio)
j=1 t=by+1
B-a > 2
<|\— .
< ( : ) vl
This shows that
o+ —a
” (Hl,s -z ﬁ)w S
Consequently, by Lemma 4.1 one has
k; = dim S < dim R{E;(H,, B) — E;(Hy,a—)} < o0. (4.8)

Further, note that o € p(H;) = p(H,s) by Lemma 2.2. Hence, by Theorem 7.22 in [24] we
have

dim R{E,(Hy, B) - Es(Hy,a—)} = dim R{E,(H,, B) - Es(H1, )},
which, together with (4.5) and (4.8), shows that

dimR{E(H, ,, B) — Es(H; ., &) } < dim R{E;(H,, B) — Es(Hy, ) }. (4.9)

Page 23 of 29
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On the other hand, one can show that {H],} converges to H, in the strong resolvent sense
with a completely similar argument to that in the proof of Theorem 3.3 in [22] (for the
concept of convergence of self-adjoint subspaces in the strong resolvent sense, please see
Definition 4.1 in [21]). From (4.2), it follows that {H],} converges to Hi in the strong
resolvent sense by Theorem 4.2 in [21]. Therefore, by Theorem 9.19 in [24] we get

E((Hj,,») = E(Hy, %) for A € R\ o,(Hy), (4.10)

where 0,(H,) = 0,(H ) has been used. By (4.9)-(4.10), (4.3) follows from Lemma 4.2. This
completes the proof. d

The following result is a direct consequence of Theorem 4.1.

Corollary 4.1 Assume that L isregularatt =aandinlp.c.att = +0o. Let Hy be any fixed
self-adjoint subspace extension of Hy given by (2.12). If Hy has a pure discrete spectrum,
then the sequence {H, ,}22, defined by (4.1) is spectrally exact for Hy if O ¢ o (Hy).

5 One endpointisin l.c.c. and the other in l.p.c

In this section, we shall study spectral exactness in an open interval laking essential spec-
tral points in Case 4. Without loss of generality, we only consider the case that L isin l.c.c.
att=-oo0and in lp.c. at £ = +o0.

In this case, it was shown that the sequence of induced self-adjoint restrictions {H;,}
is spectrally inclusive for any given self-adjoint subspace extension H; but not spectrally
exact for it in general in [22]. By Remark 2.1, every H; given by (2.19) is a self-adjoint
operator extension of Hy. Now, we shall try to choose a sequence of induced regular self-
adjoint operator extensions, still denoted by {H;,} without any confusion, such that it is
spectrally exact for H; in an open interval laking essential spectral points.

Let H; be any fixed self-adjoint operator extension of Hy given by (2.19). Denote I; :=
{t}ff__;o, where dj is the same as in (2.8). Let H, and H, o be the left maximal and minimal

subspaces corresponding to (1.1) or £ on I, respectively. Let
Hao = {(x,f) € Hy:x(do — 1) = x(do) = 0 and (x,y)(~00) = 0 for all y € D(H ) }.

Assume that 0 ¢ Iy C R is an open interval and Iy N o,(H;) = @, Iy N o4(H;) # @. Then for y
defined by (2.20) and any fixed § € Iy, by virtue of Theorem 3.8 in [12], there exist uniquely
Yo € D(I:[ﬂ,o) and one solution / in /2 (1) of (1.15) such that

50 =yo&) + h(e), t<dy-2. (5.1)

We assert that / is nontrivial. In fact, if the assertion would not hold, then ¥(£) = yo(¢)
for t < dp — 2. Hence, for any (x,f) € H, one has (x,)(-00) = (x,y0)(—00) = 0, where the
definition of ]:Ia,O and H, C H}, have been used. So, it follows from (2.19) that H; = H.
This leads to a contradiction. Thus, this assertion holds. For any (x,f) € H, it follows from
(5.1) that

(%, y)(=00) = (&, h)(=00). (5.2)
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Therefore, H; determined by (2.19) can be expressed as
Hy = {(x.f) € H : (%, h)(-00) = 0}

In addition, by Lemma 4.3, there exists at least one nontrivial square summable solution
v of (1.1,) for any y € Iy. Consequently, we can choose {a,}°; and {b,};°, specified in
Section 2.3 such that /(a,) # 0 and v(b,) # 0 for r € N.

Theorem 5.1 Assume that L is in l.c.c. at t = —00 and in l.p.c. at t = +00. Let H, be any
fixed self-adjoint operator extension of Hy given by (2.19). Assume that 0 ¢ Iy C R is an
open interval with Iy N o.(Hy) = @ and Iy N oy(Hy) # 0. Let v be a nontrivial real square
summable solution of (1.1,) with any fixed y € Iy, H, the induced self-adjoint restriction
of Hy on I, defined by

H, = {(x,f) eH :(x,h)(a,—1) =0, (x,v)(b,) = 0}, (5.3)

where h is determined by (5.1) with § = y and {a,}2, and {b,}2, specified in Section 2.3
satisfy h(a,) # 0 and v(b,) # 0 for r € N, respectively. Then {H.,}2, is spectrally exact for
Hl in [().

Proof The main idea of the proof is similar to that of the proof of Theorem 4.1. For com-
pleteness, we shall give its details.

Since v(b,) # 0 and k(a,) # 0, we have H;,(0) = {0}. Therefore, H;, given by (5.3) is a
self-adjoint operator extension of Hjj. This, together with Lemma 2.6, shows that 1:11,, and
Hj, are self-adjoint operators in 2(1,) and B (I), respectively.

By Lemmas 2.4 and 2.5, in order to prove {H;,}>°; is spectrally exact for H; in I, it
suffices to show that for any given «, 8 € Iy N p(H;) with o < y < B and sufficiently large r,

dimR{E(H,,, B) - E(H; ,,a)} = dim R{E(Hy, B) — E(Hy, ) }. (5.4)

Fixany o, B € Iy N p(H;) with o <y < B. For any fixed r, let Ay, ..., A, be all k, (counting
multiplicity) eigenvalues of H;, in («, 8], and n,..., nx, the corresponding orthonormal
eigenfunctions. Then, by Lemma 2.5, the assumption that 0 ¢ I;, and the first proposition
in [24], p.204, we get

dimR{E(Hj,, B) — E(H;,, )}
= dimR{E(F],,, B) - E(Hy,, )}
= dimR{E(Hl,r; ﬁ) _E(Hl,r,a)} = kr~ (55)

On the other hand, it is obvious that 1; € D(H;,,) and thus by (5.3) we have

ha, — b, ,
nila, —1) = %m(a», by +1) = %m(m), 1<j<k.

Hence, there exist constants ¢; and dj, 1 <j < k,, such that

njla, -1\ _ G h(a, -1) ’ ni(br) \ _ p) v(b,) . (5.6)
nj(ﬂr) h(a,) nj(br +1) v(b, +1)
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Foreveryje{l,...,k}, let
ch(t), t<a,-1,
vi() =y mt), a,<t=<b, (5.7)

dyv(t), t>b,+1

Then y; € D(H). Since y € D(H,), it follows from (5.2) that (/, y)(—0c0) = (3,9)(-00) = 0 and
thus y; € D(H,;) by (2.19). Let

Si=L{Y,..., ¥ ).

Then S obviously is k,-dimensional, and every v € S is of the form

ch(t), t<a, -1,
VO =\ S0 ), a <t<b, (5.8)
av(z), t>b,+1,

where [;, 1 < j < k;, are constants, ¢ = Z,I-Zl licj,and d = le;’l l;id;. 1t follows from (5.8) that

lwi? =" woly©]
ar-1 ky +00
=1l Y wO @)+ 31+ 1d? Y we)|ve)].
t=—00 j=1 t=by+1
Therefore,
2
(=55 v
+00 2
-3 w(t)‘ (Hl - #)W)

2 by
+ ) w(t)

By, [
(A/ - %) > o
j=1

ar—1
= w(t)‘ (y - ﬁ)eh(t)

t=ay
Bl a+p 2
+ Z w(®)| |y - 3 dav(t)
t=by+1
2 ar—1 ky 2
o+ o+
<12y - EL S wolhof + b - 2/3‘
t=—00 j=1
o+ p 2= 2
HldPly === Y wo@)]
t=by+1

B-a 2 2
S(T) I =
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Thus,

H(Hl—“ﬁ)wH < ﬁ%"‘nwn.

2

Consequently, by Lemma 4.1 one has

ky = dim S < dim R{E(Hy, B) — E(Hy,a—)} < 00. (5.9)
Since « € p(H;), by Theorem 7.22 in [24] we have

dim R{E(H,, B) - E(Hy,a—)} = dim R{E(H}, B) - E(Hy, @)},
which, together with (5.5) and (5.9), shows that

dimR{E(H;,, B) - E(H,,,a)} < dimR{E(Hi, B) — E(Hy, )} (5.10)

On the other hand, one can show that {H],} converges to H, in the strong resolvent sense
with a completely similar argument to that in the proof of Theorem 4.3 in [22] and so we
omit the details. Therefore, by Theorem 9.19 in [24], it follows that

E(Hi,, ) = E(H;,1) for A € R\ 0,(H)).
Together with (5.10), (5.4) follows from Lemma 4.2. This completes the proof. O
The following result is a direct consequence of Theorem 5.1.

Corollary 5.1 Assume that L is in l.c.c. at t = —00 and in lp.c. at t = +00. Let H; be any
fixed self-adjoint subspace extension of Hy given by (2.19). If Hy has a pure discrete spec-
trum, then the sequence {H, ), defined by (5.3) is spectrally exact for Hy if 0 ¢ o (H,).

6 Both endpoints areinl.p.c

In this section, we shall study spectral exactness in an open interval laking essential spec-
tral points in Case 5. In this case, H; = Hy = H is a self-adjoint operator. In [22], it was
shown that the sequence of induced self-adjoint restrictions {H;,} is spectrally inclusive
for Hy but not spectrally exact for Hy in general. Now, we shall try to choose a sequence
of induced regular self-adjoint operator extensions, denoted by {H, ,}, which is spectrally
exact for Hy in an open interval laking essential spectral points.

Denote I, := {t}:f;o ,where dj is the same asin (2.8). Let H;, and Hj o be the right maximal
and minimal subspaces corresponding to (1.1) or £ on I, respectively. I;, H,, and H, are
specified in Section 5. Let H,; and Hj; be any self-adjoint subspace extensions of H, and
Hy,, separately. Then, by Theorem 3.3 in [29] and Corollary 2.1 in [30], one has

Ge(Hl) = Ge(HO) = Ge(Hu,l) U Ge(Hb,l) (61)

in Case 5. Assume that 0 ¢ Iy C Ris an open interval with Iy No.(Hy) = @ and Iy No,(Hy) #
f. Then, by Lemma 4.3 and (6.1), there exist two nontrivial real solutions v; in /2 (I;) and v,
in 12 (L) of (1.1,) with any y € Iy. Consequently, we can choose {a,}2°; and {b,}72; specified
in Section 2.3 such that v;(a,) # 0 and v,(b,) # 0 for r € N.
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Theorem 6.1 Assume that L is in l.p.c. at t = 00, 0 ¢ Iy C R is an open interval with
Iy Noe(Hy) =0 and Iy N o4(Hy) # V. Let vi and v, be two nontrivial real solutions of (1.1,)
with any fixed y € Iy, which are square summable near F00, respectively, Hy , the induced
self-adjoint restriction of Hy on I, defined by

HO,r = {(x»f) eH": (JC, Vl)(“r - 1) =0, (x: VZ)(br) = 0}1 (62)

where {a,}>%, and {b,}22, specified in Section 2.3 satisfy vi(a,) # 0 and v5(b,) # 0 for r € N,
respectively. Then {Hy ,}22, is spectrally exact for Hy in I.

Proof The main idea of the proofis similar to that of the proof of Theorem 5.1. So we omit
its details. This completes the proof. d

Corollary 6.1 Assume that L is in l.p.c. at t = £00, and Hy has a pure discrete spectrum.
Then the sequence {H ,}°°, defined by (6.2) is spectrally exact for Hy if 0 ¢ o (Hp).

Remark 6.1 H;, defined by (4.1), (5.3), and (6.2) can be viewed as special cases of those
defined by (2.14), (2.18), and (2.21), respectively. For example, consider H;, defined by
(4.1). It can be obtained by taking A = y in (2.8) and u = v in (2.14) and choosing {b,}?%,
specified in Section 2.3 such that v(,) # 0 for r € N.
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