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1 Introduction

In general, time delays and system uncertainty are commonly encountered problems in
deterministic or stochastic dynamical systems, which usually result in instability (see [2]).
Hence the study of the stability is an interesting topic. Systems in many application fields
do not only depend on the present state but also the past states. Stochastic functional
differential equations (SFDEs), including stochastic delay differential equations (SDDEs),
have been used to describe such systems. The stability theory of SFDEs has received lots of
attention over the past years (see [3—8]). However, these systems may experience abrupt
changes in their structure and parameters. So continuous-time Markovian chains have
been introduced to cope with such situations. These systems can be described as stochas-
tic functional differential equations with Markovian switching (SFDEwMSs) including
stochastic delay differential equations with Markovian switching (SDDEwMSs or hybrid
SDDEs), and many researchers have studied the stability theory of SFDEwMSs (see [9—
17]).
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Generally speaking, an n-dimensional SFDEwMS has the form
dx(t) = f(xtr t; r(t)) dt + g(xti t; V(t)) dB(t): (1)

on t > 0, where 7 > 0, r(t) is a right-continuous Markovian chain with a finite state space
§=1{1,2,...,N} and B(t) is an m-dimensional Brownian motion (the other notations used
here will be explained in detail in Section 2). System (1) can be regarded as a stochasti-

cally perturbed system of the determined functional differential equation with Markovian

switching (FDEwMS),
dx(t)
T =f(xt,t,r(t)). (2)

Then there is a natural problem: if the system (2) is asymptotically stable, how much
stochastic perturbation can this system tolerate without losing the property of asymptotic
stability? Such a kind of problem is known as the problem of robust stability, which has
received a great deal of attention. For example, Mao [18] provided a sufficient condition
such that the exponentially stable nonlinear system with a stochastic delay perturbation
remains exponentially stable. Mao et al. [19] discussed the robust stability of uncertain
linear/semilinear stochastic differential delay equations. Hu et al. [20] studied the robust-
ness of exponential stability of stochastic functional differential system with infinite delay.
Then Wu and Hu [21] investigated the robustness of exponential stability of the nonlinear
functional differential system. There is also some other extensive literature about the ro-
bust stability of continuous differential systems and here we only mention [22, 23]. On the
other hand, some results about the robust stability of differential systems with Markovian
switching have been obtained over recent years. For example, Mao [24] discussed the ro-
bust stability of the stochastic delay interval system with Markovian switching. Yuan and
Mao [10] investigated the controllability and robust stability for linear stochastic differen-
tial delay equations with Markovian switching. As to the further development, please see
[1, 11, 25, 26], and the references therein.

In particular, we would like to mention the work of Hu et al. [1]. They studied the robust
stability and robust boundedness for a stochastically perturbed system of the determined

nonlinear delay differential equation having the form
dx(2) = f1(x(0), x(t — 7), ¢, 7(2)) dt + g (x(8), X(t — T), 2, 7(¢)) dB(2), (3)

ont>0,wheret >0,f; :R" XR" xR, xS — R", g : R" X R" X R, x§ — R"™™,r(t) and B(t)
have the same definitions as with system (1). More precisely, their results were obtained
under the condition that there exist nonnegative numbers g > p > 2, B, Bi3, Bis> Bis and a

real number B, such that

p

-1 ’
S syt

< Bu + BlxI* + Balyl* — Bulx|"7* + Bis|ly|77P*2, (4)

xTfi(x,y,t,0) +

forall (x,y,£,i)) e R" x R" X R, x §.
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It is natural to consider the robust stability of nonlinear SFDEwMSs. However, there are
many SFDEwMSs which do not satisfy the conditions similar to (4). For example, let us

investigate a generalized logistic differential system with Markovian switching,

0
% - x(2) [c(r(t)) —a(r() [x@)[" + b(r(2)) [ T Ix(z +6)° dn(e)], 5)
where r(¢) is a right-continuous Markovian chain with a finite state space S, 7 is a proba-
bility measure on [-7,0] satisfying f_or dn(6) = 1. When x(¢) is given, by the well-known
central limit theorem, we can estimate the parameter c(r(t)) as c(r(2)) + ~/VarB(¢) similar
to [1], where B(¢) is a white noise, c(r(2)) is the average of the estimator of c(r(¢)) and inde-
pendent of x(¢), Var is the variance. Noting that Var may depend on the present state x(¢)
(e.g. Var = (p(r(£))x(£))?) or the past state x(t — ) (e.g. Var = (o(r(£))x(t — 7))?, due to time
lag) for determined differential systems from [1], since x(¢) of system (5) depends on any
historical state on the interval [f — 7, ¢], it is often that we have to estimate the Var of the
estimator of parameter c(r(¢)) based on any historical state on the interval [£ — 7, ¢] instead
of the present state x(¢) or the past state x(¢ — 7). Similar to [1], the variance may have the
form Var = [p(r(t)) f_or IX(¢ +0)| dn(6)]?, then system (5) becomes a SFDEwMS

_ 0
dx(®) = x(2) [c(r(t)) —a(r() [x@[" + b(r(2)) / Ix(z +6)° dn(e)] dt
0
+x(0)|p(r(®)) | / IX(t +6)| dn(0) dB(2). 6)
By simple computation, we have
T B 1 |2
xTf(x,,t,i) + 5 |g(x.,1,1)]
2[—= 2 0 2
_ x| [c(i)_a(i)\x(t)y w0 [ et +0) dn(e)]
0 2
¢ 500 (x(t) [ xtevo) dn(9)>
—= 2 . 4 1. g 1, f° 4
5c(z)|x(t)‘ —zz(t)’x(t)| +Eb(z)|x(t)‘ +§b(l)f fx(t+9)| dn(0)

0 2
+ %pz(i)[%|x(t)’2 + %/ Ix(z + 9)|2dn(9)]

_ b o 2 »
< x| - [a(i) - % _f 4(‘)] x|
bli 2/ 0
+ [% + ”4(‘)} /_ Ix(t +6)|"*dn(o), )

which can be seen as a trivial extension of (4) with p =2 and g = 4.
Similar to [1], we can get some new conclusions about robust stability to deal with the
above case. However, those new conclusions are trivial, which are not our main aim. In

this paper, we mainly aim to consider the case of the variance with a lower order than
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[p(r(®) J°, Ix(& +0) | dn(O)1%, e.g Var = [p(r(£)) [°, Ix(t + 0)|¢ dn(8)]?, < € (0,1). For exam-
ple, when taking ¢ = %, system (5) becomes another SEFDEwMS,

_ 0
dx(®) = x(2) [c(r(t)) —a(r() [x@)[" + b(r(2)) / Ix(z +6)° dn(e)] dt
0 1
x(0)]p(r(0)| / Xt +6)|* dn(6) dB(). ®)
Similar to (7), by simple computation, we have
T R 1 |2
xTf(x;, t,i) + 5 |g(x.,t,1)]
2| == 2 0 2
= |x(?)] |:c(i) —a(i)|x(t)] +b(i)/ x(t+0)| dn(@)]
1 0 1 2
+ 50 (x(t) [ Ixtesorf dn(9)>
—= 2 . 4 1 . s 1 4
< c(l)|x(t)| —a(l)|x(t)| + Eb(l)|X(t)| + Eb(l)/ !x(t+9)| dn(6)

2 . 2 40 .
+ ,0%1')[(2) |x(t)|§ + <%) / |x(t+9)|§ dn(@)]

2 8 2 p0 8 .
< (Zma) x|} *(ip(i’) / ete )| dn®) + cpeco)

0
T

0
_ |:a(i) - %b(i)] x(@)|* + %b(i) / Ix(z +0)|" dn(6). 9)

Because of the existence of the terms |x(£)| 3 and f_oz |x(£+0)] 3 dn(0) in (9), the technique
used by Hu et al. [1] and other already existing results cannot be applied to system (8)
directly. Hence, it is natural to ask the following questions:

(1) Is there a unique global solution, if a SFDEwMS satisfies some new conditions

similar to (9)?
(2) If the answer to question (1) is yes, how much stochastic perturbation can a stable
FDEwMS tolerate without losing the property of asymptotic stability?

Due to these questions, it is necessary to develop some new theory of the robust stability
for SFDEwMSs with some new conditions similar to (9). So far as we know there is no such
akind of discussions for SEDEwMSs. Hence, our main aim in this paper is to establish some
new results of the existence and uniqueness and the robust stability of the global solution
for SEDEwMSs.

The organization of this paper is as follows. Some preliminaries are described in Sec-
tion 2. The pth moment asymptotic stability and exponential stability of SFDEwMSs are
proved in Section 3. Some sufficient conditions for the robust stability are established in

Section 4. Some examples are given to illustrate our theorems in Section 5.

2 Preliminaries
Throughout this paper, let (2,.%,{%;};>0,P) be a complete probability space with a fil-
tration {#;},>¢ satisfying the usual conditions. If A is a matrix or vector, its transpose is
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denoted by A”. If A is a matrix, its trace norm is denoted by |A| = \/m. Let B(z)
be an m-dimensional Brownian motion defined on the probability space. Let T > 0 and let
C([-7,0]; R") denote the family of all continuous R”-valued functions ¢ on [-7,0] with
the norm |||l = sup_,y¢ l¢(6)|. Let Cgo([—t,O];R”) be the family of all bounded, .%-
measurable, C([-7,0]; R")-valued, .%;-adapted stochastic processes. Let 1; be probability
measures on [—7, 0], which satisfy f_OT dnj(0) =1 (j = 1,2,3,4). Let L'(R,;R,) be the fam-
ily of all functions & : R, — R, such that fowo &(t)dt < co. x(t) is a continuous R-valued
stochastic process on t € [-7,00). We assume X; = {x(t + 0) : —t <0 < 0} for all £ > 0,
which is regarded as a C([-7, 0]; R”)-valued stochastic process.

Let r(¢),t > 0, be a right-continuous Markovian chain on the probability space taking
values in a finite state space S = {1,2,...,N}, with generator I" = (y;)nxn given by

Plrie+ &) =jir) =i} = |14 TR i
1+yuA+o0(A) ifi=j,
where A > 0. Here y;; is the transition rate from i to j, if i #j while yi; = =}, vy
Assume that Markovian chain r(¢) is independent of Brownian motion B(z). It is well
known that almost every sample path of r(¢) is right-continuous step function.
Consider an n-dimensional SEDE with Markovian switching of the form

dx(¢) = F(x¢, £, 7(2)) dt + g(x,, 2, 7(£)) dB(2), (10)
on t > 0 with initial data {x(0): -1 <0 <0}=¢ € Chgo([—r,O];R”), ip € S, where
f:C([-7,0;R") x R, x S—> R", g:C([-7,0;R") x R, x S — R™".

For the stability purpose, we furthermore assume that £(0,¢,7) = 0 and g(0,¢,i) = 0 for
allt € R,, i € S, so that system (10) admits a trivial solution x(£) = 0. We also put forward
the following standard local Lipschitz condition on the drift coefficient f and the diffusion
coefficient g.

Assumption 2.1 For each k=1,2,..., there is a ¢x > 0 such that

|f(¢rt;l) _f(wrt’l)| Vv |g(¢’trl) —g(¢;5,1)| = Ck”(P - 1/’”1
forallt e R,,i€ Sand ¢,¥ € C([-7,0]; R") with | @] Vv ||[¥]| <k.

Motivated by system (8) in Section 1, we propose the following nonlinear growth con-
dition on the drift coefficient f and the diffusion coefficient g naturally.

Assumption 2.2 There exist nonnegative numbers «;, K;, K ;, Ai *ir hiy A, real numbers k;,
positive numbers n; > 1,1, > 1 satisfying n; + 1 > 2u,, probability measures 7; on [-7,0],
j=1,2,3,4, and bounded functions &; (£), & (¢) € L'(R,;R,) such that
ny+1 0 n+l 2
009,10 < —aloO)"" + 7 [ o) dni(©) - Jo(0)

-T

0
e, / 100)[* dnal6) + £a(0), (1)
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n b 0 n I 0
180, 6,)| < 2] @(O)]" + / 190" dns(8) + 2|0 (0)] + &, / 10(6)] dna(©)
+ & (8), (12)
forallie Sand ¢ € C([-7,0];R"), t € R,.

Remark 1 Condition (11) imposed in this assumption is purely motivated by system (8)
discussed in Section 1. It is natural that the last three terms in the right-hand side of (11)
appear, because they are standard linear growth condition. We only need to explain how
the terms f_or l@(9)|"*1 dn,(9) and |@(0)|*! may appear. For example, taking #; = 3, con-
dition (11) for system (8) becomes

2
’

0
XTF(x,,t,i) < —[a(i) - %b(i)] x(@)|* + %b(i) / Ix(z +6)|* dn(6) + c(@)|x(2)

and we see how the terms |x(¢)|* and ff)r |x(¢ + 6)|* dn(9) may appear naturally.

Remark 2 Similar to Remark 1, condition (12) imposed in this assumption is also purely
motivated by system (8) discussed in Section 1. Similarly, we only need to explain how
the terms |@(0)]"2 and fi |@(0)]"2 dns(0) may appear. If setting n, = %, condition (12) for
system (8) becomes

3 4 1 0 4
lg(x;,t,i)| < ZI;O(i)||X(t)|3 + Z|p(i)| /_T |x(t +6)|? dn(6),

4
3

we see how the terms |x(#)|3 and f_OT [x(t + 9)|% dn(6) may appear naturally.

Remark 3 Most of the existing results on the robust stability require that the drift coef-
ficient f and diffusion coefficient g of the stochastic system are either linear or nonlinear
with linear growth condition. Recently Hu, Mao and Zhang [1] obtained some new results
for the robust stability of nonlinear hybrid SDDEs, requiring x” f and |g|? to be bounded
by polynomials with the same orders. However, there are many SFDEwMSs which do not
satisfy this requirement, such as system (8) discussed in Section 1. Our aim in this pa-
per is to establish some new criteria for the robust stability of a class of SFDEwMSs with
Assumption 2.2, where x”f and |g|? are controlled by polynomials with different orders.

Let C21(R" x [-1, +00) x S; R,) denote the family of all continuous nonnegative functions
V(x,¢,i) on R" x [-7,+00) x S which are continuously twice differentiable in x and once
differentiable in ¢. For each V € C*'(R" x [-7, +00) x S; R.), denote an operator .Z'V from
C([-7,0];R") x R, x Sto Rby

N
LV(e,t1) = Yy V(9(0),£,)) + Vi(@(0),£,i) + Vi((0),2,i)f(p, ,1)

j-1

1 ) . ,
+5 trace[g” (@, 1,1) Ve (0(0), £,1)8(0, 2, 1)], (13)
. B i . 2 i . 0 i 0 i
where Vt(X,t,l) = W, Vxx(X;t,l) = (%ﬁ;}m)nxm Vx(x1t7l) = (%XI’M)M“: %}(5,1)) For

the convenience of the reader we cite the generalized Ité formula (see [11]):if V € C>}(R" x
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[-7,+00) x S;R,), then for any £ > 0,

V(x(t), t, r(t)) = V(X(O),O, r(O)) + /tf\/(xs,s, r(s)) ds + /Ot Vx(x(s),s, r(s))

(xs,s,r(s) dB(s)+/ / s) S, lg +h(r(s ), l))

~ V(x()57()) u(ds, ), (14)

where p(ds, d!) = v(ds, d/) — m(dl) is a martingale measure.
To obtain our main theorems, we present a number of lemmas which are essential to
the proofs.

Lemma 2.1 (¢f. [27] Barbalat lemma) Let f(t) be uniformly continuous on [0, 00), andf(t) €
LY(R,;R,), then lim;_, oo f(£) = 0

Lemma 2.2 (cf [27]) Let f(t) be a bounded function on [0,00), and f(t) € L"(R,; R, ), then
f0+°of"‘(t) dt < 00 holds for any o > 1.

Lemma 2.3 (cf. [14]) Leta,b,q>0,b> q,a > > 0 and the following condition holds:

-

B
—>(@-p)BaFash,
then there exists a € (0, a) such that a + bt* — qtﬂ >a,forallt > 0.

Lemma 2.4 (¢f. [28]) Assume «, B > 0. If h € C(R";R) satisfies limsup,,_, ., (h(¢)/|¢]*) = 0
then there exists a constant H satisfying sup,cp{—Bt1* + h(t)} < H.

3 Asymptotic stability of SFDEwMSs
In this section, we aim to discuss the asymptotic stability of SFEDEwMSs using M-matrices.
First we adopt the traditional notation by letting ZV>*N ={(by)nxnN : bij < 0,i #j}. For more

detailed information please see [11].

Lemma 3.1 If B € ZNN, then the following statements are equivalent:
(1) B is a nonsingular M-matrix;
(2) B is semipositive, that is, there exists x > 0 in RN such that Bx > 0;
(3) all the leading principal minors of B are positive.

Because of the existence of nonlinear growth condition (Assumption 2.2), the classical
theory cannot be used directly to system (10). So it is necessary to establish the following
result of the existence and uniqueness and the asymptotic boundedness.

Lemma 3.2 If Assumptions 2.1, 2.2 hold and «; > k; for all i € S, then for any num-
ber p > 0, any initial data ¢ € C@O([—r,O];R’“) and iy € S, there is a unique global so-
lution x(t, ¢, i) of system (10) on t > —7, and there exists a constant M, > 0 such that
SUP_; <yero0 EIX(£,8,00) 1P < Mp.
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Proof For any given initial data ¢ € C;O([—t,O];R”) and ip € S, by Theorem 3.16 in [11],
p-91, Assumption 2.1 and conditions f(0,¢,i) = 0 and g(0,¢,i) =0 (¢ € R,, i € S) guarantee
a unique maximal local solution x(t, ¢, ip) to system (10) on t € [-7,04), where 0 is the
explosion time. Let ky > 0 be sufficiently large satisfying ||¢ || < ko. For each integer k > ko,
define the stopping time i = inf{t € [0,0) : |x(¢, £, ip)| > k}. Obviously, 7 is increasing
about k. Let Ty = limy_, o, Tk, SO Too < O a.8. If we obtain 7., = 00 a.s., then g, = 00 a.s.
For the sake of simplicity, write x(£) = x(¢, £, ip). Applying the generalized It6 formula to
V(x,t,i) = |x|, we find
LV (x(t), 1)

= T (O)F (x;, 1,0) + |, 1, )|

0
< 2(-,<,~|x(t)|”1+1 + & / |x(t + )| dm (8) - &i|x ()|

-T

0 2 2 0 2
tr, / Ix(t +9)| dn2(9>+sﬂ(t>)+5<yf|x(t>| "5 / Ix(¢ +8)"™ diys(6)

0
A+ [ e o) ano)+ s,%(:r))

< =2(k; = &) x|+ 5(y2 + 72X + (5P + 1) - 20k - ) [x(2)|
+ 2060 + 2&,-72 +572)5 + 51?74 + 20 (8) + 5635(8),
where Ji = [° Ix(t + )11 dm(0) — X)L o =[O Ix(t + O)P dna(6) — X025 =
SO X +0) P2 dng(6) — XD, Ty = [, (e + )1 dna(6) — IX (D).

Noting «; > k;,m + 1> 21y > 2 and [x(¢)| > 0 for any ¢ > 0, by Lemma 2.4, Ry;(|x(¢)|) =
=2k — i) X ()" + 5(y2 + 2 x (@) 22 + (5(PF + Ziz) - 2(k; — k;))|x(£)|?, as a function of
Ix(t)|, has a positive upper-boundedness, i.e., there is a positive constant Ry; such that

- n+1 - 2nm;
Ry (|x(0)]) = =20k — &) |x ()| + 5(7 + 77) [x(0)| ™
52 2 N 2
+ (577 + ) -2k~ &) [x@)|
<Ry (15)

(This technique has been used by many researchers, for example [28].)

From Lemma 2.2, we have fowo(SSé (s) + 2&;1(s)) ds < 0o. In view of the fact

/Omkiids - /Omk ([_j\x(s+9)}’“? dni(6) - |x(s)yw?) ds< f_j\x(s)|’”? ds,

for wi = m + 1, wy = 2my, wy = w, = 2, we find that, for £ > 0,
2
E|X(t A ‘L’]()|
9 ENTK 9
= E|x(0)| +E/ [2x7 (s)F(x,,5,0) + | g(xs5,0)]| " ds
0

EAT) " " " » "
<Ex(0)] +E / [Rui + 21 + 26,5 + 577 )3 + 5y Fa + 25a(s) + 5675(s)] ds
0
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0 0
< E|x(0)‘2 + RUE(EAT) + 2/2;] |x(s)|”l+1 ds + 2&'/ |x(s)|2 ds

0 0 oo
e57? [ o ase sy [ xPase [ e s3] ds
-7 —+J 0
<Ry + Ryt

=< I-el + I‘élt;

where Ry; = E|x(0)]® + ZEif_Of [x(s)|*tds + 2£if_or Ix(s)>ds + 577 f_or Ix(s)[?2ds +

5y? T2 1x(s) 1> ds + [ [28a(s) + 562(s)] ds, Ry = maxies Ry, Ry = maxes Ry;. Noting that
2 2
Elx(t Ati)|” = E(|X(tE A )| Tige=gy) = kPl < t},

we get

1_31+I~€1t
P

Plteo <t} = lim Pl <} < lim

Since t is arbitrary, we must have 7, = 0o a.s. Hence, 05, = 00 a.s., namely, the unique
maximal local solution x(¢) on ¢t € [-7,04) becomes the unique global solution on ¢ €
[-1,00).

Next, we prove the asymptotic boundedness of the global solution x().

It is easy to see that there exists at least a sufficiently small positive constant ¢ satisfying
Kk; > kie’®, i € S. So by the continuity, define ¢” = sup{e > 0 : k; > k;e’*}. For any p > 2,
applying the generalized It6 formula to V(x, ,i) = e¥/|x|?, ¢ € (0, "], we find

LV (x(t), 1)
= (Z|x®)]" +e|x®)]")

A

<et [g x(@) [P~ (2xT (£)f (X2, £,0) + (p — 1) | g%, £,0)| ) + €| x(2) |”]

p 0
< eSfE Ix() [P~ [2 <—Ki|x(t)|n1+1 +R; / Ix(t +6)|™ " dmi(6) - &i|x(0) |

Ol

0
v [ e dn(0) +6a)) + 501 5210

o7 [ an@ 2 [ o dn@)+ 30)) + Zefecof|
Vi . 3 Zi . Na i2 P

< ge”[—2(/q — ki) | x(2) |1W'1_1 +o(|x(2) |p+n1_])] + 2K,

2 +1
+5(p— 1)y e s + §5(p CNPE et it —

est
p+2n -2 p+n—1 g

b
+2€E7 () + 5(p — D)€L (¢2),

where i = [© |x(t + 0)P*" 7 dmy (0) - T Ix (P, o = [©) x(¢ + O)F dipa(6) — €7 Ix (1)1,

J5 = [0 Ix( + O) 27272 dgs(9) — 7 IX(D)P* 222, Jy = [ 1x(E + 0)P da(6) — €T IX(D)P.
Noting that «; > i;e’™ and |x(£)| > 0 for any ¢ > 0, by Lemma 2.4 and the same technique

as (15), (:i-(|x(t)|) = =2(k; — ;™) [ x ()P + o(|x(2)|P*™~1), as a function of |x(¢)], has a
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positive upper-boundedness, i.e., there is a positive constant Q such that

Gi(|x®)]) = =2(k — &) [x@)]"™ ™ +o(x(®)]"™ ) < Q.. (16)

1

And in view of the fact that

t t 0 0
f e“Jids = / e”( / |x(s +0)[" dn;(0) — & Wi)dsge‘” f |x(s)[" ds,
0 0 -T -7

forw; =p+n; —1,ws =p+2ny — 2,w, = wy = p, we find that, for £ > 0,

Ee|x(®)|”

<E|x(0)|p+ Q/ “ds+p/<l / |x |p+"1 ds
+2k,€° / |x(s)|pds+ S(p 1y 219 2n / |x( s)|‘m2n2 2d
+5(p - 1))/2 ”/ ’x(s) ’p ds+/0 e“[2§§ (s) + 5(p—1)§f;(s)] ds. 17)

By virtue of the boundedness of &;(t),£x(t), there is a constant W > 0 such that &;(¢) v
&n(t) < W, which implies that

t
Ee£t|x(t)|p <c+ |:2\IJ[77 +5(p -1V + %79]/ & ds,
0

where c = maxieg{pkipflnl'll et |x(s) [Prm-lds+ 26, f IX(s)IP ds+55(p—1)y7 p+§:lt§—2 X

T _OT Ix(s)|P*>2"2 ds + 5(p — DL et f_r x(s)I” ds + E|x(0) [P}, Q = maxes Q.. This implies

25 4+ 5(p—1)WP 4+ 2
B <ce o 2P SOTIVIR a8

From the boundedness of the initial data ¢, we claim that for any p > 2, there exists a

Elx(¢)|? < M,. When p € (0,2), using Holder’s in-
V4

Elx(t)]»)% <M;. O

constant M, > 0 such that sup_

T<t<+00

equality, we claim sup_, ;. E[x(£)[” < (sup_

T<t<oo

To study the asymptotic stability, we need to provide the following lemma.

Lemma 3.3 If Assumptions 2.1, 2.2 hold and «; > k; for all i € S, then E|x(t,¢,io)|P is uni-
formly continuous on [0, 00), which holds for any p > 2.

Proof From Lemma 3.2, there is a unique global solution x(z, ¢, ip). For simplicity, write

x(2) =x(t, ¢, ip). Using the generalized It6 formula, we compute that

Elx(®)[" - E|x(s)’ = E / t 159 )| 2xT () (X, 18, 7(0))

+(p = 1)|g (X u, (1)) ‘2 du. (19)
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From Lemma 3.2, we also know that for number p > 2, sup_, , ., EIx(£)[" < M,. Then
we see that, for any 0 < s <t < o0,

Ele(o] - Ee(o

< gEf Ux(u)‘piz(’ZxT(u)f(xu, u, r(u))| +(p- l)yg(xu, u, r(u)) ’2)] du

=2 [ B(alxtf 7 e r)

S

+ (p = 1)|x@) || g (% 1, r(w)) [*)) . (20)

From Assumption 2.2, letting x = max;eg &, K = MaX;es K, K = MaX;es |K;], K = MaX;es &,
A = MaX;es Aj A = MAXjes Ajy A = MAXjes Aj, A = MaX;es A;, and max;es[£i () V i (f)] < W, we
see that

() [P~ | () (o 1, (10)) |

p — 2 p-1 1 T p-1
< o1 Ix@)[" + o1 |xT () (X, 1, 7(0)) |
— -2 0 -
P22 2 [,zpl ( [ o) dm(9)> # )|
p- 1 ) 2 1 -

0 p-1
i) P g et ( ] I+ 6)[° dle(Q)) + wl}
-T

|x(u) |1”_2 |8 (Xu, , (1)) |2

P2
P

»

x|

2
+ p |g(%u, 1, 7(0)) |
0
< P22+ 25 |:)J’|x(u) Y ( [ ol dn3(9)>p 32 ()
p p -

+y’(/‘0}x(u+9)|dn4(9)>p+\I/”:|. (21)

Substituting (21) into (20), we find

[Ex (@) - E[x(s)["|

plp-2 5 . .
< —|: —— M, + 219—_1 (kP Mny 1y 1) + K27 My a1y o) + K27 Mooy

2 p-1
-1 1 P2 2 1 By
+ kP Mooy + W) + =——(p — DM, + =5 (p = 1) (A M, + M M,
p p

+ i”Mp + MM, + \pr)](t —3),

which means E|x(£)|? is uniformly continuous, for p > 2. O

Next, we propose one of our main theorems. The following theorem establishes a new
sufficient condition for the pth moment asymptotic stability.
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Theorem 3.1 Let Assumptions 2.1, 2.2 hold and K’_K‘ >1forallieS. Set

2
g(p) = diag(Al, Az,.,.,AN) — —F,
p

Uk — 1
o = {p > 2: B(p) is a nonsingular M-matrix, p < mln{ L_Kl) + 1} },
ies | (A +10)?

2(1e;—%)) (Ai+2,) (p-1)

2np -2
Nerw-Garpoy b= (= 2+ )2 =2 (m

where A; = 2(k; —k;) —2L(k; —k;) —

1-
1)”1*2”2*1 Af o # 0 and po = suplp: p € &} > 2, then for any p € (0,po), any initial data
IS Cf)% ([-7,0];R") and iy € S, there is a unique global solution x(t, ¢, iy) of system (10) on
t > —t, and the solution is pth moment asymptotically stable, i.e.,

lim E|x(t,¢,i0)|” = 0. (22)
t—>00

Proof The existence and uniqueness of the global solution follow from Lemma 3.2. For
simplicity, write x(t) = x(¢, ¢, o). Since d 7! @, there exists p > 2 such that A(p) is a

(i }» )2
(cp1,Cp2s---»Cpn) > 0 such that HB(p)c, > 0. Applying the generalized Ité6 formula to

V(x,t,i) = cpi|x|?, we find

nonsingular M-matrix and p < mm,eg{

+ 1}. From Lemma 3.1, there exists c, =

V(x(2),t,0)
—cp,|x )72 (2xT () (X2, 7(8)) + (0 = 1)|g(%0 £, 7)) |° Zy,,cp,|x(t){
p 0

< S ulx(®) 7 [-2,<l.|x(t)|’“*1 + 2k / Ix(z +6)™ " diy (6) - 20:|x(2)|*

'2 0
+2K/ Ix(¢ +6)|* dna (6) + ( x() " + —51/ |x(t+9)|2"2dn3(9)>

+L(—| o +

Pi2 (1 le)

> +2&,(t)

1
(lﬁfl)ﬁ 2 ] ZVHCP/|X t)’

- -1 (i x
< e[t - (e, AL (2
2 pi2(1 = pa) 1-6p

-2 -1 1 -2 —1 /A2 22
o2 2 2 gg> |x(t)|p+p—<—’ P )
p 1-pal=pn p pa \8a 1-6;

N
_ _ o om+1
x@) P . Coil X + peyiki———J1 + 2¢pik,
x(@®)| ;VUCM 0] pclelp+n1—1]1 Cpitc ;)2
p-1 2 - 1 a2 21,
;012(1 pa) 1-3i 2 pn 1- 8,119 +21y -2
p—l 1 _prp=2)

p(p-2)
+Cp—— &, 2 t) +2c,e, > EX(t 23
P1-pal-pn ? 20+ 268y 5’1() (23)

J3
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where Pil» pi2)8i1;8i2 € (01 1)1 ]1 = f,ot |X(t + 9)|p+n1—l d']l(9) - |x(t)|p+n1_1)]2 = f,o.[ |X(t +

)P dia(0) - X )5 = J°, |x(t+e)|P+2"2-2 dis(0) ~ X272, Iy = [ |x(+6)1P dija(6) -

|x(¢)|P. Substituting §;; = %,8,2 1nt0 (23) yields
V(x(2),t,0)

_ -1 —1)(hi + A)? +219—2
< § [—2%% I P it L R WP

€1

~ DA+ A)? -2 -1 1 p-2
_ c,,,«(zle,«-zg—(’” JOitr)* p=2, P p p>
Pia(1 = pi1) p l-pnl-ppn p

N - z
2 » p (=10 +A)A; 21,
-= E iCoi | XD | + 2¢ic Jo + =y
» < Vl}cp/) | ( )| :| szEJZ D) Cpi o1 P+ 2m— 2]3

m+1 (p-1(X; + A, _plp2)
e e T el
) L

+ CpipKi S+ cpi
p+

1’11—1

p-1 1 _re2
+Cpi—— ey 2 EL(D). (24)
1-pa1-ppn

Let Gi(x(0)) = (6 @i — ) — S22 (p — 1) = 250, yiyey) + 26lk; — RO -
2o i(hi + 1) x(8)[*22. Note Z(p)c, > 0 can be rewritten in a component-wise

form: ¢,;/(2(&; — k;) — 2L(k; — K1) — %) -2 21 L Yii¢y > 0. From the def-

inition of .27, we have 2(k; — ;) > (A\; + A;)>(p — 1),i € S. Then for any p € [2,po),

(p-D)(+1y)* epip-1)(hi+h;) , 4

)t PRSI P IE  e" <1, and further there exists a w;y > 1 such that
pip-)0i+A; )2 p-DO+A): _ 1 Oiti)? ‘

cpi(2(Ri—ke;)=2L(k;—k;))— ZJ L YiiCpj 2(kj—ic;) wio = 1. Set p;(w) = 2(ki—i7) wi, w; € (1, wy), and

. = Rith
,Ol(W) satisfies 2(Ki - Ki) = Wul,)()‘«z + }\i)zy chi(KZ K; ) pz(l ;(14)/ (10 - ) ) Z] 1 VijCpj >
2¢i(k; — i;)L. By using Lemma 2.3, we see that there exists a constant a; > 0 such that
inf;>0 Gi(|x(¢)|) > a;. Then choose pj, sufﬁc1ently close to 1, and choose £y € suﬁiciently

. (p-1)(i+2) 2 1
small such that (c,;:(2&; — 2k; — mz(l—:m) 2" eh - 1pp,1 T p eh) - 2 i1 yl,cp,) +
2¢,i(kc; — i) |x(£) |1 - M [x(£)|?"272 > @;, for all t > 0. Then (24) can be rewritten
as
. p_ » _ o m+1 pp- DA + A)A
LV (x(t),t,i) < -=a;|x@)| + cpipiki—————J1 + 2cpik Jo + Cpi= ————— "
( () )_ 2 l| ()| pil lp+n1 ]1 pilk ]2 pzz o
2m) (P =10, + A, e p
a2t 1, e O
L
-1 1 _rp-2)
+ cpip— g, > EN(2).
1-pal-pp

In view of the fact f7 Jids = [1(f Ix(s + 0)]"i dn,(0) — |x(s)[*) ds < [°. x(s)|"i ds, for w; =
p+m—1ws=p+2ny—2,wy =wy = p, respectively. Setting a = min;cg 1%, we have

V(x(2),t,r(2))

_ [ m—
< V(x(0),0,r(0)) - / |x(s)[" ds + Z[cp,p/c,p T}: 1 /4 |x(s)[” "ds
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DO+ Ak 2 0 g
Iz(p )( it l) i ny 2/ |x(s)|19+2n2 2dS+Cpi(2£i
-7

v pit p+2ny—
-1y +M) f" v /[ p-1 1 e
y—_— x(s)|” ds + Cpi &y ° S (s)
1-p1 _r| | "1 pinl—pn
_rp=2) p
+2cp8 0 E(s )] ds] + M(2), (25)

where M(t) = [ Vi(x(s),5,7(5))g(Xs,5,7(5) dB(s) + [y [ V(X(5),5,i0 + A(r(s-),1)) = V(x(s),s,
r(s))e(ds, dl) is a continuous local martingale with M(0) = 0 a.s. Taking the expectations
on both sides of (25), we have

V(x(2),t,r(t))

_ 1[0 .
< EV(x(0),0,7(0)) - /E’X ‘pd”Z[CmPKzI%/TEIX(S)!" -1 g

+m
D+ 2)A 2 0 _
Cpi}_?(p YA DA ny / E’X(S)|p+2n2 2dS+Cpi 2&,’
2 Pi p+2m-2 J_;
D+ A)A\ [° t 1 1 _re2
+—(p )G, ’)—‘>/ E}x(s)]pds+/ [cplp ey 2 EL(s)
1-pa _ 1-pal-pn

_pp=2)
+2cpi il o g:tl (S):| ]

+00

It follows from Lemma 2.2 that fomo 5;1% (s)ds < o0, |, i’;(s) ds < oo. This implies
foooE |x(s)|” ds < co. Combining with Lemma 3.3, we claim that E|x(¢)|? is uniformly con-
tinuous on [0, 00). From Lemma 2.1 we claim that lim,_, . E|x(£)|? = 0
From the definition of py, we claim that %(po — ¢) is a nonsingular M-matrix for any
sufficiently small ¢ > 0. If this is not true, we can find a sequence {&;}1<; such that Z(po —&;)
are not nonsingular M-matrix for every / > 1. According to the equivalent condition (3)
in Lemma 3.1, there exists 1 < k(/) < N such that the k(/)th leading principal minor of
HB(po — €1) is equal to zero. Since all the leading principal minors of #(p) are rational
functions of p, there must have finite singular points and zero points at most, which is a
contradiction. So our claim holds.
For any p € (0, po), we can find sufficiently small ¢ > 0 such that p < pg — ¢ and ZB(p, — ¢€)
is a nonsingular M-matrix. By using the Holder inequality, we get the required result (22).
O

To study the exponential stability, we slightly modify Assumption 2.2. That is, in the case
of £1(2) = kipe 1%, n(t) = Ajpe ®2! in Assumption 2.2, we have the following theorem for

the exponential stability.

Theorem 3.2 If Assumptions 2.1, 2.2 hold, £,(t) = kipe ™1, £5(£) = hipe 2 in Assump-
tion 2.2, K‘_K)L >1forallicS, and there exists 2 < p < min;cs{ ZA(KL AK)’Z + 1} such that B(p)
isa nonszngularM matrix, then for any initial data § C{, 0([ T,0;R"),ip € S, thereis a

unique global solution x(¢, ¢, io) of system (10) on t > —1, and the solution is almost surely
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exponentially stable and rth moment exponentially stable, for r € (0, p], i.e.,
1 5 8¢,i : log(E|x(t, &, io)|"
lim sup M < _8_p a.s., lim sup M < _18[77 (26)
t—00 t P t—00 t p
where kjo > 0,Aip > 0,01 > 0,050 > 0 for all i € S, B(p) is the same as defined in Theo-

rem 3.1, and ¢, is a positive constant which depends on p but not on ¢.

Proof Since #A(p) is a nonsingular M-matrix, using the same technique as applied in
the proof of Theorem 3.1, we claim that there exists at least a sufficiently small posi-
tive constant ¢ > 0 such that %'(p,¢) = diag(A}, A),..., A),) — %1" - %I is still a non-
singular M-matrix and ¢ < minieg{}%,paiz}, where Al = 2(k; — k;€°7) — 2L(k; — k;€°7) —
2=k 1€ ) (i) (i) (p-1)
2(icj—1; €)= (hi+1) (hi+1;€57)(p-1)
{e : #'(p, ¢) is a nonsingular M-matrix,0 < ¢ < minies{’%,paig}}. And there exists ¢, =
(cp1sCp2s - .- » Cpn) 3> 0 such that B'(p,e)c, > 0, for ¢ € A.

2(ki—;)
(1)
ness of the solution follow from Lemma 3.2. Therefore, we only need to prove other as-

. So we can define ¢, as &, = sup{e > 0: & € &}, where # =

From the condition >1,wegetk;—k; >0 foralli € S, so the existence and unique-

sertions here. For simplicity, write x(t) = x(¢, {, io). Applying the generalized It6 formula
to V(x,t,i) = c,ie |x|?, ¢ € A, we find

LV (x(t),t,i)

ot p P p-2 np+1 _ 0 np+1
< e e k@ + L x@ (~2fx(0)] " + 25 / Ix(t +6)|" " dmn (9)

0 —1/22 2
- 20 |x(8)|* + 2&./ Ix(¢ + 0)" dna6) + 22 (ﬁ x(@)[ +
—t pi1 \éa 1-é6a

0 _ 2 0
. /_ T Ix(z + 6)[*" dng(e)) ‘ pizﬁ _1,0,1)( 1_&15,.2 / I Ix(¢ +6)|” dna(6)

3‘12 2) p-1 2 -2 ~ p
+ Lx@)|" ) + —EF———2Ze 2 L 20e7 M ) [+ ) yiicyet|x(2)
) ’ 1-pa)d-pn) l ;—21 vy ’ ‘

_ R -1 22
< Esz‘e”[—2(lq _Eiest) ’x(t)‘pml 1 (2Ki _ 2&'3“ _ _pr- <_l
2 pio(1 = pi) \ 82

A2 -2 -1 1 -2 2 —1/2
L b em>_2p P P efz——s>|x(t){”+p (_l
1-8p p p pi1 \éa

p C1-pal-pa
)_”2 sr) p+2n2—2:| k- ) 2 1 )\’2 =
+ et | x(®) + 2Ky + ———— =,
1-6a x@) o pio(1—pa) 1 -85 **

rp-2)
2

pp-1 A2 21y
+ = Cp
2 Pi1 1—8i1p+21’12—2

- _ o om+1 - 2 -
et &t 2

i€ J3 + piki——————Cpi€” 1 + 2K, Cpi€;
p+m -1 14 i0*pPLil

N

o p-1 1 _ep2)
ettt 2 P e, TPl y E Viicpe™ |x(£)
1-pal-pp
i j=1

? (27)

Where Pil» pi2r8i1»8i2 S (Orl)r 71 = f,or |X(t + 9)|p+nl_1d’71(9) - emlx(t)lpﬂql_l’jZ = f,o.[ |X(t +
O dna(0) — T Ix@)1P,T5 = [° Ix(¢ + 0)[P*272 2 dn3(0) — €T Ix(0)1P2 2Ty = [ Ix(e +
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0)17 dna(0) — €7 |x(¢)|P. Substituting 8; = » M 8 = Ak into (27), we have

V(x(0),4,)

p = 6T p+ni-1 ~ £T p_l Y
= 2¢,i(rc; — ki) | x(¢ — | cpil 26 = 2K,€" — ——(A; + A,
2 |: pl( Ki—Kij )’ ()‘ (pl( Ki— 2K; ,052(1—,051)( i _l)

N

R ) -1 1 p-2, 2\ 2

(A + AeT) - o eh - P P en——&)-= Zyl'jcpi x|
p 1-pal-pn p p Iy

219 -2 m+1 -
+ cp,pp (i + 2 (A + 2T x| :| + 2K ,cpi”' ] +Psz o 1cp,-e‘”h
pi—l 2 (i + 2))cpie]. +pp— (A +)\)Lc €.
pi2(1=pa) ™" PEAT S oa p+2m 277
13 _rp-2) -1 1 _pp-2)
+2K0Cpicy ele-ban P —— e, © Pt (28)
1-pal-pn

Let Hy(Ix(t)]) = (Cpi(z’%i - 2?;'3” - ﬁ(it + Al)(il + Aie”) - 1%8) -2 Z, 1 yljcp]) + 2sz(Kz -
keD)x() | =c 'p;l(%+)v)()v+k<e”)|x( )|?"272. Note that %' (p, e)cp > 0 can be rewrit-

eT eT 20— T )i +A) (hi+hieT)(p-1)
ten in a component-wise form: c,,; (2(k; -k ,€°7) —2L(k; —k ;e ) — e~ O Y D)
127 g)— 5 ZH Yiicpj > 0. Using the same technique as applied in the proof of Theorem 3.1, we

claim that there exists an a; > 0 such that inf>o H;(|x(2)]) > a;. Then choose pj sufﬁciently

close to 1, and choose ¢j, ¢ sufficiently small such that (c,;(2¢; — 2k ,€" — ( i
2 1 2 N 3 l pzl o
-1 1 2 2 _
1) + hefT) — 2”—571 o T pp €h — S€) = 2 20 Vi) + 26pi(ki — kcie"T)|X(£)"” -

’:7,11 (M + ) + 259 |x(8)|2272 > g, for all £ > 0. Then (28) can be rewritten as
LV (x(t),t,i)

- _ o om+1 - -
< —gaie£t|x(t) ¥ + pic; cpi€ T + 26;cp€"
p+m

-1
p-1 w7 PP-1 - 2m -
e A+Ace += A+ h) ———2 ¢ e
pi(1 - pi) o )¢ s 2 pa (s Z)P+2n2—2 pi¢ /s
§ el -1 1 o)
+2KZOC]718L1 b) e(sfgail)t_'_p__)»ll?ocpigiz T lepan)t
1-pal-pn

In view of the fact that fot eJ;ds = fot e‘“(f_or [x(s + 0)|" dn;(0) — €7 |x(s)|"1) ds < €7 x
f_or |x(s)1wi ds, for wi =p + m —1,ws = p + 21y — 2, wy = wy = p, respectively. Setting a=
min;cg ’%, we have

V(x(2),t,r(2)

= V(x(0),0,7(0)) + /0 t.i”V(x(t), t,r(t)) ds + Mi(t)

0
V(x(0),0,7(0)) - a / e85|x(s)|”ds+z[plellcpiea / x(s) 7" ds

=T

S
2 pa

1- - 21y p+2n3-2
Ai(h + ki)mcpie” /:T |x(s)| ds + | 2k,
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p-1 0 » p _pe2) 1
Oyt A Ble )e”f x(s)["ds+2x3chie, >
pi2(1=pa) ™" Y _r{ | S ()
1 1 _pp-2) 1
+ Lo ——MopiEn T | + M(t), (29)
1 pial-ppn (pair —€)

where M, (¢t) = fot Ve (x(s), s, (5))g(Xs, s, 7(s)) dB(s) + fot [ V(x(5),,i0 + h(r(s=), 1)) - V(x(s),s,
r(s))(ds, d!) is a local martingale with the initial value M;(0) = 0. Applying the nonnega-
tive semi-martingale convergence theorem (see [29]), we obtain limsup,_, ., € [x(£)|¥ < 00
a.s. Hence, there exists a finite positive random variable ¢ such that

sup e”’x(t)‘p<§_' a.s. (30)

0<t<oo

log(x(A) _ _e

So we claim that limsup, , ., == 5

a.s. Then as ¢ — ¢, we get the previous part of
assertion (26).
Taking the expectations on both sides of (29), we have EV(x(t),t,r(¢)) < cl, where c/1 =

EV(x(0),0,7(0)) + Zﬁl[pxl e+l cple“ f E|x(s)[Pr~1ds + pp 1A O+ A)

p+n1-1 p+2n ZCP‘E
pp-2)
J2 Elx(s)P*27272 ds + (26,650 + o (i + R)ep)e [ Elx(s)lPds + 2;(‘0%811 T x
p(p-2)
1 -1 1 42 T3
Tans) * L T MioCricin (paﬂ 5])- This implies
C/
Elx@®]f = —L—e*, Vt>0, (31)
min;es Cp;
which yields the assertion limsup,_, . w < —¢. Then we claim that
limsup,_, o, M < —&p, as € = ¢&,. For any r € (0, p), using the Hélder inequality we
find
P 5 Ci i ept
Ex@)| < ExoP)r < (—9—) &b, (32)
mlnzeS Cpi
which yields the latter part of assertion (26). O

4 Robust stability
Now we discuss our main problem of the robust stability. Consider an #-dimensional sta-

ble FDEwMS
dx(t)
— = flxotr() (33)

ont > 0, where f satisfies growth condition (11). Hence, the robust stability in this section
is to give the conditions on the parameters 1, Xis )A\i, A; such that the stable system (33) with
a nonlinear stochastic perturbation g(x,, ¢, 7(t))B(t) satisfying growth condition (12)

dx(2) = F(x¢, £, 7(t)) dt + g(x., ¢, (¢)) dB(¢) (34)

remains stable. Further we assume that f and g satisfy the local Lipschitz condition (As-
sumption 2.1).

From Theorem 3.1, we have the robustness result of the moment asymptotical stability
directly.
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Theorem 4.1 Ifthere exists a series of nonnegative numbers i, hi, hjy A A; such that (AK‘;K); >1
forallie S and po > 2 exists, then for any p € (0, po), any initial data ¢ € Ci%([ 7,0];R")
and iy € S, there is a unique global solution of the stochastically perturbed system (34)
on t > —1 and the solution is pth moment asymptotically stable, where py is the same as

defined in Theorem 3.1.

2(ki—K ;)

1
Giri?
for all i € S and py > 2 exists, all conditions of Theorem 3.1 are satisfied for system (34).

Proof Since there exists a series of nonnegative numbers 1, iy )»L, A; such that

Hence, by Theorem 3.1, all conclusions of Theorem 4.1 hold. O

Obviously, Theorem 4.1 is a simple application of Theorem 3.1. Similarly, we get the

robustness result of exponential stability directly from Theorem 3.2.

Theorem 4.2 If §;(t) = ke~ 1! in condition (11), and there exist a series of nonnegative

numbers i, A; A,,L, Aio, p and positive numbers o such that "’_K’) >1foralli€ S, &x(t) =

Aioe %2t in condition (12),2 <p < mlnleg{ + 1} and ,%’(p isa nonszngularM matrix,

then for any initial data ¢ € CLb%([ T, 0],;3;; and iy € S, there is a unique global solution
x(t,¢&,ip) of the stochastically perturbed system (34) on t > —1 and the solution is almost
surely exponentially stable and rth moment exponentially stable, for r € (0, p], where kjy >
0,00 >0 for all i € S, B(p) is the same as defined in Theorem 3.1, and ¢, is a positive

constant which depends on p but not on ¢.

Proof Since &;(t) = kipe ®* in condition (11) holds and there exist a series of nonnega-

tive numbers A, A;, X,», A;» Ao, p and positive numbers aiz such that ?;KL;K)’ >1forallies,
&n(2) = Aipe 2% in condition (12),2 < p < mm,eg{ 2 +1} and A(p) is a nonsingular M-
matrix, all conditions of Theorem 3.2 are satlsﬁed for system (34). Hence, by Theorem 3.2,

all conclusions of Theorem 4.2 hold. O

Remark 4 Obviously, both Theorems 4.1 and 4.2 above require one to choose appropriate
parameters Aj, Aj, A A; such that Z(p) is a nonsingular M-matrix. Compared with [1], our
requirement is more general, but it cannot easily be checked. Hence, it is necessary to
propose some easily verifiable conditions for the robust stability in the following part.

Next, we replace the requirement of Z(p) with the following assumption to continue to

use the property of M-matrices.

Assumption 4.1 Let g > 2 and A(q) = diag(A, Ay, ..., Ay) - W!N - %F is a non-

singular M-matrix, where A; = 2(k; — k), In is the identity matrix.
Under Assumption 4.1 and due to Lemma 3.1 we see that

¢y = (Cqr g rcqn)’ = Blg) x>0, (35)
where Iy = (1,1,...,1)%.

Next, we propose another new easily verifiable condition for the pth moment asymptotic
stability of the solution of system (34).
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Theorem 4.3 If Assumptions 2.1,2.2, 4.1 hold, k; > k; for all i € S, and the following con-
dition (36) holds:

2n9-2

m-1 2

50 n—2ny+1 — 1\ m—2nmp+1

L) (2 = 2my +1) 4505 < 1, (36)
ny — 1 @2

then for any p € (0,q), any initial data ¢ € C;O([—T, O]; R") and iy € S, there is a unique
global solution x(t, ¢, io) of system (34) on t > —t and the solution is pth moment asymp-
totically stable, i.e.,

lim E|x(t,¢,i0)[" =0, (37)

_2 . _ A~
where ©; = max;es ¢4i(q —1)(A? + 1), ©2 = minjes c4i(k; — K1), O3 = Max;es cgi(q — 1)(A? + A7).

Proof We give an outline focusing on the innovative parts of the proof, and the details of
the proof are similar to those of Theorem 3.1.
Applying the generalized It6 formula to V/(x,t, i) = c,|x|?, we find

LV (x(2), i)

N
cqilx(2) |q_2 (2xT(OF (X0, £,7(2)) + (g - 1)|g (X0, £, 7(2)) |2) + Z Vicq|x@)|*

j-1

=

NI

0
< gcq,-|x(t)|q_2 [—2K,4|x(t)|”1+1 + 2% / |x(z +0)|™" diy (6) — 20| x(2)|*

0
w2, | [x(E+0)] dna(0) + 264() + 5(q — D) 22|x(®)|*" + 32|x(®)|?
[ xeeo) l ,

N 0 2n 0 2
32 / Ix(t+ 0) ™ dgs(0) + 22 / x(t+0)| dn4(9)+$l.22(t)>]

N
+ ) vicg|x@)|

j=1

© -1 = 21192 .
< g [—2cq,-(/q — @) X"+ Beglg - 1) (A2 + 22) x(6) |7 = (e

. Gg-3)(g-2). 2
~ 2, - 5(q- )32 +22) - 22T SNy ) xO" | + 20 )
q 73
_ o m+1 q - 2n;
+ chi’ﬁ'm]l +5¢4i(q — DA} a + Ecqi5(q - 1)}»%61 T2, 2

+ 20,60 (8) + 5egilq - DEL(), (38)

where J1,/5,/3,/4 are the same as defined in the proof of Theorem 3.1.

Let Gi(Ix()]) = 2cqi(ic; — &)X = 5egilg — DA + A1) |x(£)[2272 + (cpa(2K; — 2kc; —
5(g - 1)(32 +22) - (5‘1%;(4—2)) -2 ¥ ijcq)- From (35), we see that Z(q)c, = Ly, which
can be rewritten in a component-wise form: ¢;(2k; — 2« — W) - % Zj\; Yiicgi = 1.

So Gi(IX(®)]) = 2¢4i(ki = &)X = 5egilg = (AT + ADIx(@)272 + (1 = 5egilg — DT +
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(@-1)(32+32) (21 -2
2¢i(kj—k;)(n1-1)
= 5eqila-DOE) \ il 1\l 2
Gi(Ix(0)]") = 1 = (FES ) T (2 T (i — 2y + 1) = Segi(q ~ DT + 49).
From condition (36), we have G;(|x(£)|*) > 0 and G;(0) > 0 for all ; € S. We therefore have,
for any t > 0, G,(|x()|) > G;(0) A G;(|x(¢£)[*) := b; > 0. Then (38) can be rewritten as

Cai 1 -
&?)). There exists |[x(£)|* = (5 © ))”1“‘2”2 > 0 such that G,(|x(£)|*) = 0 and

LV (x(t), 1)

q- q _ o m+1 q zo  2m
<——l’)‘xt K ————————— 2C,iK ) — DA ——
=-3 i|x(@)| +ch,/<,p+nl_1]1+ Cq[£l12+2cql (g-1) Lq+2n2_2]3

q
+5¢41(q — DAMa + 2¢&; () + 5¢4(q — DEL ().

Following the proof of the remainder of Theorem 3.1, we get the required assertion
(37). O

From Theorem 4.3, we have another new robustness result of the moment asymptotical
stability directly.

Theorem 4.4 If Assumption 4.1 holds, «; > k; for all i € S, and there exists a series of non-
negative numbers )Li,)_\i,):i,&i such that condition (36) holds, then for any p € (0,q], any
initial data & € Cf’% ([-7,0;R") and iy € S, there is a unique global solution of the stochas-
tically perturbed system (34) on t > —t and the solution is pth moment asymptotically
stable.

Proof Since Assumption 4.1 holds, «; > &; for all i € S, and there exists a series of non-
negative numbers A,»,X,-,i,»,&i such that condition (36) holds, so all conditions of Theo-
rem 4.3 are satisfied for system (34). Hence, by Theorem 4.3, all conclusions of Theo-
rem 4.4 hold. O

Remark 5 Beside of the robustness result of exponential stability, Hu et al. [1] obtain the
robustness result of Hy-stability ( f0°° E|x(s)|? ds < 00). Compared with the robustness re-
sult of H,,-stability in [1], our Theorems 4.1 and 4.4 further get some new robustness
results of the moment asymptotical stability by Lemma 3.3.

Then in the case of &;(2) = kpe™ 1!, £ () = Lipe 2! in Assumption 2.2, similar to The-
orem 4.3, we propose another new easily verifiable condition for the exponential stability
of the solution of system (34).

Theorem 4.5 IfAssumptions2.1,2.2,4.1 hold, £, (£) = kjpe 1!, £ (£) = hige 2 in Assump-
tion 2.2, k; > k; for all i € S and the condition (36) holds, then for any r € (0,q] and any
initial data ¢ € Cfi}o([—r, 0;R"),io € S, there is a unique global solution x(t, &, iy) of sys-
tem (34) on t > —t, and the solution is almost surely exponentially stable and rth moment
exponentially stable, i.e.,

1 Xx(t,¢,i 5 .
lim sup M <-12 gas, lim sup
t—00 t q t—00 t

Vg BN L) _ T
f— q q)

where Kjp > 0,10 > 0,01 > 0,02 > 0 for all i € S, &, is a positive constant which depends
on q but noton ¢.
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Proof We give an outline focusing on the innovative parts of the proof, and the details of
the proof are similar to those of Theorem 3.2.

Since %(q) is a nonsingular M-matrix from Assumption 4.1, using the same tech-
nique as applied in the proof of Theorem 3.1, we claim that there exists at least a suffi-
ciently small positive constant & > 0 such that (%)V’lgi;é”(%—;)%(nl —2nmy +1) +
5045 <1 and @/(q,s) = diag(&l,&;,...,&;\,) - W[N - %IF is still a nonsingu-
lar M-matrix, where ®] = max;es C;i(q 1?2 + X?e”), ©®) = min;eg C;i(Ki —K;e°7), @) =
max;cs c;i(q - 1)(5»? + Aize”) and A; = 2(k; — k,;€°7),i € S. Using Lemma 3.1, we have ¢/, =

? o : q
(Cé,pci;z’---»c/qN)T = B'(q,¢)1n > 0. So we can define &, = sup{e > 0 : ¢ € A}, where

/
501
np-1

_ _ ny-1 219 -2
B ={e: %P (q,¢) is a nonsingular M-matrix, (—L) 1-272+1 (%71)"1-2"2+1 (m—2ny+1)+50% <
72

1,0 < & <minjes{ T2, qan}}.
Applying the generalized It6 formula to V(x, ¢, i) = C;ie” x|, & € A, we find

LV (x(t),t,i)

< c;ie“[s|x(t)|q + g|x(,:)|"‘2 (2xT (OF (%, £, 7(0)) + (g - 1)|g(xe, 2, 7(2)) |2)}

N
+ Z vicy|x(@)| "€
j1

IA

0
%Ic;ie”[ge|x(t)|q + x()| " |:—2Ki|x(t)|n1+1 + 2k / |x(z +6)]"™" dy (6)
0
— 2k |x(0)| + 2, / Ix(2 +0)[° dia(6) + 2ci06™ 1 + 5(q — 1) (x? Ix(e) |
= 0 2 a 2 0 2
+ 22 / Ix(£+0)[7 dns(0) + 22 |x(@®)|” + A7 / x(¢+0)|" dna(®) + A,-oemfzt)ﬂ
_r -7

N
V4
+ E yljc;j|x(t)|qe€t +2¢,0 ele=Fon)t | 5¢,,(q - l)kfoe(e‘p“”)t
j=1

=

NI

e’ |:—2c;i (16 — ki) [x(@)| " + 5¢,,(q—1) (A7 + A7) |x(2) |12m2

~ 5g-3)(g—-2)+2
c;i(zki—Zgie”—5(q—1)(k?+&?e”)—(q a-2)+ 8)

q

RN

N
Zy,yc;j) : |x(t)|"}

j=1
+2c k€T, + g, .I?nl—Jrle”jl + 1 5(q - 1)):42&6“]
@i 2y 1 2% fg+2m -2 °
- v
+5¢,(q — )27 o + 2¢ 03 ele=denlt | 5¢,(q - 1)k elepe)t, (40)

where J1,/5,/3,]4 are the same as defined in the proof of Theorem 3.2.

Let H(IX()) = 26, (c; — ke X(O) = 5¢,(q - DO2 + 22 )x(O22 + (¢ (26 -
2. — 5(q — 1)(32 + 22e°7) — W) - %1 ?:[1 )/;jC;;)~ From the definition of c;, we
have @/(q, s)c; =1y, which can be rewritten in a component-wise form: c’qi(2i€,- — 2k, —
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CodaRe) _ 2320 iy = 1. So Hy(Ix(0)]) = 2¢,,(c; — ke ) X"~ = 5¢y(q — D(AF +

22eT)|x (1)) + (1 - 5¢,(q-1)(] + 22e%)). There exists

|x(t)|** _ <5C/ql(q - 1)()‘12 + 5\%@”)(2”2 - 2)) m o
2cg(kc; — ki) (m — 1)

such that H,(|x(£)[**) = 0 and

_ 5¢ (g—1 )\’2 Xz £T %
Hi(|x(6)]™) =1_< cilq 10 + e )) Ay
1’11—]_

2n9-2

)22 ! e (m —2my +1) = 5¢,,(g - 1)(A2 + 12¢°7) > 0
cyilki —Kie’T) ' ? ad S .

We therefore have, for any ¢ > 0, H;(|x(t)|) > H;(0) A H;(|x(£)[**) := l;; > 0. Then (40) can
be rewritten as

LV (x(2), i)

d7/ et q / ety /= m+1
< —Ebie ’x(t)| +2ck6 ) + chiKlp o

— ey +5¢,(q - 1)A7e s

_ 2n - 4
+ gc;ﬁ(q - l)k?ﬁnz_ze”]g, +2¢,40 ele=gonlt 4 5¢,,(q - 1Ak elepa)t,

Following the proof of the remainder of Theorem 3.2, we get the assertions (39). O

Obviously, Theorem 4.4 is a simple application of Theorem 4.3. Similarly, we get another
new robustness result of exponential stability directly from Theorem 4.5.

Theorem 4.6 If Assumption 4.1 holds, &;(t) = kipe 1! in condition (11), k; > k; for all i €
S, and there exist a series of nonnegative numbers Ai,)_»i,ii,&i,kio and positive numbers
ap such that &,(t) = e 2! in condition (12) and condition (36) holds, then for any r €
(0,41, any initial data ¢ € Cf%([—f,O];R”) and iy € S, there is a unique global solution
x(¢,&,io) of the stochastically perturbed system (34) on t > —t and the solution is almost
surely exponentially stable and rth moment exponentially stable, where ko > 0, a;; > 0 for
allies.

Proof Since Assumption 4.1 holds, &;(t) = kipe®1* in condition (11), k; > k; for all i € S,
and there exist a series of nonnegative numbers 1;, ;, o A; Ajo and positive numbers o
such that &, (#) = A;oe™*2! in condition (12) and condition (36) holds, all conditions of The-
orem 4.5 are satisfied for system (34). Hence, by Theorem 4.5, all conclusions of Theo-
rem 4.6 hold. O

Remark 6 Compared with [1], our Theorems 4.1, 4.2, 4.4, and 4.6 about robust stability
are different from their conclusions in [1].

The conclusions in [1] illustrate that a stable determined nonlinear delay differential
equation with Markovian switching with drift coefficient f can tolerate a stochastic per-
turbation gB(t) requiring x” f and |g|? to be bounded by polynomials with the same orders.
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Theorems 4.1, 4.2, 4.4, and 4.6 in this paper illustrate that a stable determined nonlinear
FDEwMS with drift coefficient f can tolerate a stochastic perturbation gB(t) requiring x”
and |g|? to be controlled by polynomials with different orders.

5 Example
In this section, we shall discuss some examples to illustrate our theorems.

Example 5.1 Let us consider a one-dimensional SEDEwMS as follows:

dx(t) = (a(r())x° (&) + b(r(t))x(t) + 2D} (x;) + 2D5(x,) + £(¢)) dt

. %(x%) £ X(0) + D30x) + Dalx,) + £(0) dB(2), (41)

with initial data {x(0): -t <0 <0} =¢ € Cf%([—T,O];R”), ip € S, where B(t) is a scalar
Brownian motion and r(t) is a right-continuous Markovian chain taking valuesin S = {1, 2}
with generator I' = (1751 _}75), a(l) = —4,a(2) = -5,b(1) = -10,b(2) = -3, D; are bounded
linear operators from C([-7,0]; R) to R satisfying | D;(x;)| < fi |x(t +0)| dn;(6), where n;(.)
are probability measures on [-7,0],j=1,2,3,4.

If the function &(¢) is defined by

1-4"|t - n|, whente[n—%n,ru 4%],1'1:1,2,3,...,
£(t) = .
0, otherwise,

then it is easy to show that £(¢) is bounded, and f(;oo &(t)dt = 1. And we compute
xTf(x,, 1)
6 0 6 15 2 0 2 1,
< _alx(0)[° + / x(c+ )| dm @)~ 2 [x(0)" + / x(¢+ O dma0) + 350
x f(x,,t2)
6 0 6 1 2 0 2 1,
< 5[x(0)|° + f (¢ +0)[* dm (@)~ Lx(o)]" + f x(t+ ) dna(o) + 52,
|g(xtr t, 1)} = {g(xt: t, 2)|

1 2 0 24 0 d
< §(|x(t)| + /:T [x(£ +0)|" dn3(0) + |x(2)| +/:T (¢ +60)|dna(6) +§(t)>.

And the parameters used in Assumption 2.2 are «; = 4,ic; = 1,k = %&1 =1,k =5,k =

1,k = %,ﬁz =Ly=y=n=th=N=Mn-= Y, =Y, = %,m = 5,1y = 2. So, we obtain
2n9-2 1-m —

L= (nm —2my +1)(2n; = 21227 (ny = 1)71707 = (5 -4+ 1)(4-2)3(5-1)7 =1

over, the matrix defined in Theorem 3.1 becomes A(p) = diag(A;, Ay, ..., An) — 1%1" =

13-3-8-D 2

( ) ;p Kz _1_2_@+ 5 ). By Lemma 3.1, #(p) is a nonsingular M-matrix if and only

. More-

p p
if all the leading principal minors of #(p) are positive, that is

3 6(p-1) 2 3 6(p-1) 2 8(p-1) 15\ 30
13- -- W )+—>O, <13——— w )+—)(—1—2— w )+—)——2>0.
2 7-p p 2 7-p p 9-p p) p
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Simple computations show that ZA(p) is a nonsingular M-matrix when p € (0,2.694). So
by Theorem 3.1, we claim that for any p € (0,2.694), any initial data ¢ and iy € S, the global
solution of system (41) is pth moment asymptotically stable.

Example 5.2 Let us recall the generalized logistic differential system with Markovian

switching (8) with a nonlinear stochastic perturbation in Section 1,
2 0 2
dx(t) = x(t)[ (r(t)) (r(t)) |x(t)| + b(r(t))/ |x(t + 9)| dn(@)] dt
0 1
x(O]o(©)] [ Ixte+ o) dno) o),

with initial data x(0) € Cf’? ([-7,0]; R"), where the switching is governed by a Markovian
chain r(t) on the state space S = {1,2} with generator I" = ( 1 _15), c(1) =-2,¢(2) =1,a(l) =
a(2)=2,b(1)=b(2) = 5. Then we have

7 1 [0
x"f(x,,t,1) < —Z|x(t)|4 2 f x(z +6)|* dn(6) - 2|x(2)|?,

x f(x,,£,2) < ——|x(t)| + l/

3 4 1 4
0| = 3ol o] + 1o [ el ano),
806,8,2)] = 2 [p@)]jx(0)|* +—|p(2>|/ Ix(¢ +6)|* dn(o)

And the parameters used in Assumption 2.2 are k1 = k3 = %

1
ko = 0,0 = 3p(MAa = F1p@) 21 = Flo(M, 2 = 102 A1 = A
3,1y = %.

Hence, the problem of robust stability is to choose appropriate parameters g, p(1), p(2)
such that Assumption 4.1 and condition (36) hold. By simple computation, we have A; =
2(k1 — ky) =4, Ay =2(Ry — K,) = —2. We choose g = 2 such that 9?(q) = diag(A, Ay) - T =
(g 2) - (7 %) = (27 is a nonsingular M-matrix. And we compute g = (cql,cqz)T =
Blg)™1 = (%,I)T. Choosing o) = p2) = é, we see that A; = Ay = 7 )\1 =Xy = 12, ®, =
max;es Cgi(g —1)(AF + X?) = 2,0 = mines cgilki — ;) = 2,03 = maxjes qu(q D(A2+21) =0
and condition (36) holds.

By Theorem 4.4, there is a unique global solution of the stochastically perturbed system

72’

(8) on ¢ > —7 and the solution is pth moment asymptotically stable, for p € (0,2]. By The-
orem 4.6, the solution is almost surely exponentially stable and rth moment exponentially
stable, for r € (0,2].
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