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1 Introduction

The Hyers-Ulam stability of functional equations was introduced with the motivation of
studying the stability of approximate solutions [1, 2]. Since then, much attention was given
to the stability studies of functional equations; see [3—6] and the references therein. In
1993, Obloza introduced the notion of Hyers-Ulam stability for the studies of differen-
tial equations [7, 8]. Furthermore, the stability studies of differential equations have been
considered in the recent decade; see [9—-20] and the references therein. To the best of the
author’s knowledge, after the success of the investigations of the Hyers-Ulam stability for
deterministic differential equations, there are a few arguments about the Hyers-Ulam sta-
bility of stochastic differential equations in the literature. However, uncertainty is involved
in all kinds of natural phenomena, and stochastic differential equations are the suitable
mathematical models for the natural phenomena. Therefore, it is important to generalize
the research results of deterministic differential equations to stochastic differential equa-
tions. In the paper, we will consider the Hyers-Ulam stability of the following stochastic

differential equations in the mean square which are perturbed by the Brownian motion:
dXt = (ﬂtX,g +ﬁ) dt + ht dBt, (11)
and

dX, = (b,X, + ¢ X, + 1) dt + k. dB,, (1.2)
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wheret > 0,a,b,c,f,h,r,k : [0,+00) — R are continuous, B; is a standard one-dimensional
Brownian motion, X; is a stochastic process which is adapted to the same filtration as B;.
If h, =0, k; = 0, equations (1.1) and (1.2) are deterministic equations, which had been
considered by the method of integral factors in [13-15].

2 Preliminary

Now we introduce the fundamental definitions and a lemma, which are used later in the
article. Throughout this paper, we consider a filtered probability space (€2, F, P) with filtra-
tion F;, ¢t > 0 satisfying the usual conditions, that is, it is right continuous and increasing,
while F, contains all P-null sets.

Definition 2.1 Assume that for any ¢ > 0 and any stochastic process
Y, € Lo(Q, F, (F2), P)

satisfies

t t 2
E(Yt—/ (aYS+]§)ds—/ hsst) <g, te(0,T),
0 0

where E is the expectation operator, then there exists a solution X; of equation (1.1) such
that |Y; — X;| < Ke, t € (0, T) with K is a positive real constant. We say that equation (1.1)
is Hyers-Ulam stable on (0, T') in the mean square.

Definition 2.2 Assume that for any ¢ > 0 and any stochastic process
Y, € £L,(22, F, (F), P)

satisfies the following inequality:

2

t t
E(Yt’—/o(bsYS’+chs+rs)ds—/0 ksst) <g, te(0,T),

where E is the expectation operator, then there exists a solution X; of equation (1.2) such
that |Y; — X;| < Ke, t € (0, T) with K a positive real constant. We say that equation (1.2) is
Hyers-Ulam stable on (0, T') in the mean square.

To consider the integration of the stochastic process, we use the Ito formula as follows.

Lemma 2.1 ([21]) Suppose dX; = U, dt + V,dB;, where the vector U = (U, ...,U,,) and
the matrix V = (V4,..., V) have Ly components and B is the vector of m independent
Brownian motions. Let F be a twice continuously differentiable function from R™ into R.
Then Y; = F(X;) is also an Ito process and

) 1 9%F
dy; = —(X;)dX; — X)dX;; - dX;,,
t lzzl Bx,-( £ tt+ 5 l]zzl 8xix,»( £ t jit

where dX;; - dX; is computed by using the rules dt dt = dt dB;; = dB;;dt = 0, dB;; dB;; = 0
fori#jand (dB;;)* = dt.
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Let m =2, F(X;) = X1 X5, then from Lemma 2.1, we see
dF(X;) = dX1, Xos = X0, dXyy + X1 dXo s + dXy dXoy
and

t
X1,6 X5, = X1,0X20 + / (Xo,s dXis + XisdXos + dXidXo).
0

3 Hyers-Ulam stability of (1.1)
In this section, we establish some criteria of the Hyers-Ulam stability of equation (1.1), by
using the Ito formula.

Theorem 3.1 Let Y; be an Ito process, a,f,h € £L*[0,T],
dg(t,Yy) =dY; — (a;Y; +f;) dt — h, dB;, (3.1)

assume that Y; satisfies E(g(t, Y;))? < e, for t € (0, T), & > 0. Then there exists a solution X;
of equation (1.1) such that X, = Yo, E(X, - Y;)* < Me with

M; =4 max (1+ efotasds)z.

0<t<T
That means equation (1.1) is Hyers-Ulam stable in the mean square on the interval (0, T).

Proof Multiplying two sides of (3.1) by the function e~ J354s | e obtain
e o % (dg(t,Y,) + fydt + by dB,) = e %(aY, — aY, dt). (3.2)
Applying Lemma 2.1, we have

d(e’fé"sdsYt) = Ytde’fé“sds + e Joasds dy, + deJoasds dy,

= e RaBGyY, _a,Y,dt).
From (3.2), we have
e Jous(dg(t, Y,) + fidt + by dBy) = e o5 B(dY, — a,Y, db) = d (e 0 PY,). (3.3)

Integrating the two sides of (3.3) from 0 to ¢ and multiplying the two sides of (3.3) by the
function e/0%4s, we get

t t
eloasdsy, | gloasds / e~ foa T (f ds + by dB,) + el s / e fou T do(s,Y,) = ¥,. (3.4)
0 0

Define

t
X, = efosBY, 4 eloasds / e ot (. ds + hydBy),
0
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then we have X, = Y, and

. t <
aX; = Yoateféﬂsds dt + (/ e—foar df(fs ds + h st)) defotasds
0

t .
s efimds g / e loex(f, ds + hydB,)
0

t
+ deloasds g / e 0% (£ ds + hydB,)
0

= (ﬂtXt +ﬁ) dt + ht dB[

Hence X; is a solution of equation (1.1). We rewrite (3.4) as

t
X, — Y, = —eloasds / e o go(s, Yy). (3.5)
0

Applying Lemma 2.1, we have

t t
/0 e o dg(s, ¥,) = e o dg(t,,) - g(0, Yo) + /O gls, Yy de hoee (3.6)

where fot g(s, Yy) deJoardt s o Stieltjes integral. Taking expectations on the two sides of
(3.5), we see

N 4 s 2 N
EX,-Y,)* < (1 teloasds | efé”sdsf ase”Jo# 4T s ) e<4(1+ e/(fasds)ze < Me
0

on the interval [0, T] by (3.6). Hence equation (1.1) is Hyers-Ulam stable in the mean
square on the interval [0, T]. The proof is completed. d

4 Hyers-Ulam stability of (1.2)

First of all, we consider the Hyers-Ulam stability of equation (1.2) by using the substitution
method for a special case. We assume that b, and ¢, are both constant functions and write
b and c instead of b; and ¢;.

Theorem 4.1 Let Y] be an Ito process,
dG(t,Y,) = dY] — (bY] + cY, +r,) dt — k, dB,. (4.1)

Assume that E(G(t, Y3))* < s fort € (0,T), & > 0. Then there exists a solution X; of equation
(1.2) such that

E(Xt_ Yt)2 SM2€; te (Oy T)»
with

Xo=Yy,  X,=Y],

My =1+ (1+5)0 +lc|(1+b])TO* + (1 + |B]) (b* + c + |b|)T92)2,
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T(|b|++/ b2 +4c)
e 2

0=— max{L,|b| + Vb2 +4c} whenb®+4c>0;
Vb* +4c { }
T1b|
0 = 2e—Tmax{l J=c} when b® + 4c < 0;
Vb2 +4c ' ’
b b?
Qze%b_max{u,l—z} when b* + 4¢ = 0.

That means equation (1.2) is Hyers-Ulam stable in the mean square on the interval [0, T].

Proof Let

z-(%), w=(Y), a-(°1Y), B-(°,
Xt Yt Cb 1

then (1.2) can be rewritten as

dzZ, = (AZ; + Br;) dt + Bk, dB;. (4.2)
We write
BdG(t, Yt) = dl,[t - (AUt + BV[) dt — Bkt dBt (4:3)

instead of (4.1). Multiplying two sides of (4.3) by the matrix function e™4¢, we get

e BdG(t,Y,;) = e (dU, — AU,) — e *(Br, dt + Bk, dB,). (4.4)
Since Y] is an Ito process, without loss of generality, we can define

dY] = U dt + V! dB,.

By computing, we have

t t
ay, = (/ ugds> dt + </ VSMBS) dt.
0 0

By Lemma 2.1, we see dt dU; = dt(dY],dY;) = 0. Hence

de_AtUt = (de_At) L[t + e_At(dUt) + de_At dUt
= e (dU, — AU, db).

From (4.4), we have
e "BdG(¢, Y;) = de U, — e ¥ (Br, dt + Bk, dB;). (4.5)

Integrating two sides of (4.5) from 0 to ¢ and multiplying (4.5) by the matrix function e*¢,
we see

t t
AUy + et / e (Bryds + Bk, dB;) = U, — e / e BdG(s, Y,). (4.6)
0 0
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Define
t
Z, = MUy + eAt/ e “%(Bryds + Bk, dB;).
0
Then we have

t
dZ, = Ae** U, dt + Br, dt + Bk, dB, + Ae™ dt/ e “(Bry ds + Bk, dB;)
0

t
+de'td / e 45(Br, ds + Bk, dB;)
0

= (AZL + Brt) dt + Bkt dBt.

Therefore Z; = (Xt,Xg)T is a solution of (4.2), that is, X; is a solution of (1.2) with X, = Yy,
X}, = Y;. We rewrite (4.6) as

t
Zy— U, =—e" / e BdG(s,Yy). (4.7)
0
Similar to Theorem 3.1, by Lemma 2.1, we have
t t
/ e BdG(s,Y;) = e ' BG(¢, Y;) — BG(0, Yy) + f Ae™BG(s, Yy) ds. (4.8)

0 0

By (4.7) and (4.8), we have

Z, - U, = -BG(t,U,) + e**BG(0, Y,) — e / tAe’ASBG(s, Y,) ds. (4.9)
0
Assume
et =a(t)A + B(t)E (4.10)

with E the identity matrix. Hence

t_ ([ B®) alt)

M= a(t)A + B()E = (a(t)c (Db + ﬁ(ﬂ) , (4.11)
tp_ B a(t)

¢'B = (e + BOE)E - (a(t)b + ﬁ(t)) ’ (4.12)

/ tAe‘ASBG(s Y,)ds = Jo(e(=5)b + B(=5)G(s, Y,) ds @13)
0 o Jo(@(=9)(B* +0) + B-)b)G(s, Yoy ds | :

By (4.8), (4.9), (4.10), (4.11), (4.12), (4.13), we have

(X, — Y,)* = (—G(t, Y,) + (a(®)b + B(£) G0, Yo) + a(t)e / t(oz(—s)b + B(=5))G(s, Y,) ds
0

2

+ (a(t)b + ﬁ(t)) /Ot(a(—s)(bz + c) + ﬁ(—s)b)G(s, Y;) ds) . (4.14)
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We consider three possibilities for computing «(z), B(£).
(i) If b% + 4¢ > 0, we see that

N b+/b%+4c N b—+/b?+4c
1=————, 2= —(——
2 2

are different real eigenvalues of the matrix A. By (4.10), we have

et = a(t)h + B(2),
et = a(t)ry + B(2).

Hence
ét Vb2 44 _t b2 +ac
" ezf(e” 2 —e T )
o = )
Vb* +4c
(b+«/b27+46)e(7b’ v lz’z“k)t _ (b—«/ﬁ)e(ih v gz+4c)t
Bt) = —2 2
Vb* +4c

(ii) If b + 4c < 0, we see that

N b +i/|b? + 4c| N b—i/|b? + 4c]|
1= 5 2= T 4
2

2 )

are two different complex eigenvalues. By (4.10), we have

b J|p? . ta/|b?

eMl = e2%(cos d ‘bz +éel +isin’ |b2 +4Cl) =a(t)r + B(2),
b /|b? VAL

et = e2%(cos - ‘bz A _ jsin® 'bz +4C|) =a(t)rg + B(2)

Hence

b, . A |b?
2eits1n(W)
a(t)= ———=———
V|b? + 4c|
Ze%t(«/\bzﬂlc\ cos ta/|1b2+4c]  p . ta/ b2 +4c|

— 2sin )
(t) — 2 2 2 2 .
P |b% + 4c|

(iif) If b + 4c = 0, we see that A; = A5 = £. By (4.10), we have

Mt =a(t)r + B(2),
A.le)hlt = Ol(t).

Hence

alt) = gegt, B(t) = (1 - bzz)egt.

Taking expectations on the two sides of (4.14), we have

EX, - Y, < (1+ (1+16])0 + |c|(1+|b]) TO> + (1 + |B]) (b* + c + |b|)T92)25 = M,e

Page 7 of 12
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with
T(|b\+\/2h2+4c)
e
0=——— max{L|b| + Vb2 +4c} when b? +4c > 0;
Vb% +4c { }
T1b|
2e 2 2
0 = ———max{l,~/—c} when b” +4c>0;

Vb? +4c
Tib) |b| b?
0 =e 2 maxy —,|1—- —

2 4

} when 5% + 4¢ = 0.

Page 8 of 12

Hence equation (1.2) is Hyers-Ulam stable in the mean square on the interval [0, T]. The

proof is completed.

O

Since matrix multiplication is, in general, not commutative, Theorem 4.1 is not suitable

for equation (1.2), when b; is not a constant function or ¢; is not a constant function. Now,

we consider equation (1.2) by the solutions of two deterministic boundary value problems.

Let u and v be the solutions of the boundary value problems

X —bx, —cx =0, te(0,T),
Uy = 0, ur = 1,

and

X —bx, —cx, =0, te(0,T),
Ug = 1, ur = 0,

respectively. Define

uy, 0<s<t<T,
Atsz

wv, 0<t<s<T.

(4.15)

(4.16)

(4.17)

Lemma 4.2 Let X| be an Ito process, B, is a standard one-dimensional Brownian motion.

Assume that p,b,c € L*[0, T, then

1

t s
X, = —/ (Am/ pe(dX, — (b X, +c. X;) dr)) ds + v Xo + u Xr.
0 0

0

Proof Let

Yy = / pe(dX, - (b X, + ¢ X;) d7).
0

By Lemma 2.1, we have

Y, = / (pr dX,+ X, dp. +dX_ dp.) - / PprC X dt = pX,— X, - / prc X dt. (4.18)
0 0 0
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Multiplying by the function u;, integrating two sides of (4.18) from 0 to ¢, we see

¢ t t
/ u,Ysds = u,p Xy — up X,y — / Ps (u;/ - bsu;)Xs ds — / d(u;ps) dX, — u: X,
0 0 0

t t t s
- u,/ PsCsXsds + / UspscsXsds + / du, d/ P X dt
0 0 0 0

t

= uypiX; — ugXo — ur Xy — s / pscs X ds.
0

Similarly, multiplying by the function v,, integrating two sides of (4.18) from ¢ to T, we see

t

T
/ V.Y ds = —V,p Xy + Vepr X1 + viXg + Vt/ pscsYds.
t 0
Therefore, by Abel’s differential equation identity, we have

1 (T 1 1
- / AysYods = — (u;vt - utv;)tht - (vtuE)Xo - utv/TpTXT)
0

Uy 0
1 |u, v 1 jug wo
=—— f f tht—tho—utXTz——, , , Xi —viXo —u Xr
Uy Uy vy Ug Uy Vo
= Xt — VtX() - MtXT.
That is,
1 T s , ,
X, =— Avs | pe(dX, = (b X, + ¢:X7) dT) | ds +viXo + ueXr.
P Jo 0

The proof is completed. d

Lemma 4.3 Let B; is a standard one-dimensional Brownian motion. C, D are two stochas-

tic variables. Assume that p,r,k € L%[0, T, then the stochastic process

1 T t
X =— / (Am/ ps(rsdt + ks st)> ds+viC+uD, 0<t<T (4.19)
0 0

is a solution of equation (1.2) such that X, = C, X(T) = D.

Proof By Lemma 2.1, we obtain
t t
d/ (Am/ ps(rgdt + ks st)) ds
0 0
t s t
=v, dtf (u;/ po(g dt +k; dB,)) ds + u;vt</ ps(rsdt + kg dBS)) dt
0 0 0
t s
+ dvtd/ (u;f polgedt +k; dBr)ds)
0 0

t s t
=V, dt/ (u;/ po(grdt +k; dB,)) ds + u;vt</ ps(rsds + kg st)) dt,
0 0 0
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t t ’
d/ Am(‘/ ps(rsdt+ksst)ds>
0 0

t s t
=] dtfo (ué/o polg dt + k; dB,)) ds + M;V;(/.o ps(redr + kg dBS)) dt

t

t s
+ dv;d/ (M;/ po(redt + k. dBT)> ds + (u’tv/t + u/t/v,) dt/ ps(rsds + ksdBs)
0 0 0
t
+ U vp, (oz(t) dt + k, dBt) + d(ugvt) d</ ps(rsds + kg dBS)>
0
t s t
=/ dtf (u;/ p.(rode + k; dB,)) ds + u,v, (f ps(rsdt + kg st)> dt
0 0 0
t
+ (u/tvé + ugvt) dt/ ps(rsds + ks dB) + u,v,p, (a(t) dt+h, dBt).
0

Similarly, we have

T t
df (At’s / ps(rsdt + ks dBS)) ds

¢ 0

T s t
=u, dt/ (v;/ p(rodr +k, dB,)) ds — u,v, (/ ps(rsds + kg dBS)) dt,
t 0 0
T t ’

d/ Ags </ ps(rgdt + ks dB;) ds)

¢ 0

T s t
=u dt/t (V;/.o pe(rodr +k; dBf)> ds — u,v, </(; ps(rsdt + kg st)) dt

t

— (uyv, + up)) dt/ ps(re dt + k; dB;) — u,v,p, (o (t) dt + k, dB,).
0
Hence, by Abel’s differential equation identity, we have

1
ax; - (thé +¢,X,)dt = — (u;vt — wV,)pi(redt + k, dB,)
0

t

+ %(vt(uf - b)) —u, (V) - byv})) dt/ ps(re dt + k; dB;)
0

+ C(u] - by, — cuy) dt

D(v;

| — b, —cvy) dt

1 v,
=" " py(rdt + k,dB,)
o lu, Vv,
1 t
+ —(ces vy — CrlagVy) dt/ ps(rrdt + k, dB;)
Y 0
1
== |10 YOl elibdsp, (r, dt + k, dB,)
o luy vy
= tht‘l'ktdBt.

Therefore (4.19) is a solution of equation (1.2). O
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Theorem 4.4 Let Y| be an Ito process,
dG(t, Yrt) :dYZ - (bt)/t/ +Ctyrt +rt) dt—kt dBt. (4‘.20)

Assume that E(G(t,Y;))? < e fort € (0,T), ¢ > 0, b,c,r,k € L2(0, T). Then there exists a
solution X, of equation (1.2) such that

E(Xt - Yt)2 5 M38; te (07 T)»
with

X():YO! XT=YT,

4 T 9
M= max ([ 1801+ 0as) |

That means equation (1.2) is Hyers-Ulam stable in the mean square on the interval (0, T).

Proof By Lemma 4.2, we have

1 T s
Y, = - / (Am/ p(dY] — (bY,dt + .Y, dt))) ds —v;Yo — u; Yr. (4.21)
0 0
Let
1 T s
X, =— / (At,s/ p(redt +k; dB,)) ds+v:Yy + u: Y, (4.22)
P Jo 0

by Lemma 4.3, we obtain X; as a solution of equation (1.2) such that X, = Yy, X7 = Y7. By
(4.20), (4.21), (4.22), we get

1 T s
- / (Am/ p. dG(z, Yr)) ds=Y, - X;. (4.23)
P Jo 0

By computing, we have

S S
/ e dG(x, Y:) = p,G(s, Ys) - G(0, Yo) - / peb.G(x, ;) dr. (4.24)
0 0

Taking expectations on the two sides of (4.23), we have

1 (7 s 2
E(Y,-Y))* = E<;/ (Am< (G5, Y;) - G(0, YO)—/ prer(-C,YT)dr>)dS)
0 0
1 T s 2
§_2</ |At,s|<ps+1+ / prbrdT>dS) &

1Y 0 0
a (T 2
—2</ |At,s|(ps+1)d5) P
1Y 0

< Mse

by (4.23). Hence equation (1.2) is Hyers-Ulam stable in the mean square on the interval
[0, T']. The proof is completed. O
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