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1 Introduction

In this paper, we discuss the topic related to the controllability for the space semi-
discretizations of the internally controlled one-dimensional wave equation. Let us first
introduce certain notations and state the controlled system as studied in this paper. Let
o = (a, b) be an open and nonempty subset of (0,1), x,, represent the characteristic func-

tion of w. The controlled wave equation is represented as follows:

8tty(x: t) - axxy(x: t) = qu(x: t): (x! t) € (0)1) X (0’ T)¢
¥(0,¢) =y(1,¢) =0, te(0,7), (1.1)
y(xro) =J/0(x); 30’(96:0) =J/1(x)r S (Ox 1):

where T > 0, the initial value (yo,y1) belongs to H}(0,1) x L2(0,1) and u(-) is a control
function taken from the space L%(0, T;L2(0,1)).

Problem (1.1) is said to be exactly controllable from the initial value (yo,y1) € H3(0,1) x
1%(0,1) in time T if there exists a control function u(-) € L%(0, T;L%(0,1)), such that the
solution of (1.1) satisfies (y(7T), 3;y(T)) = (0,0). The problem of the controllability of wave
equations has also been the object of numerous studies. Extensive related references can
be found in [1-3] and the rich work cited therein.

In this work, we shall mainly focus on the issue of how the controllability property can
be achieved under the numerical approximation schemes. Now, we will introduce the nu-
merical project by using the finite difference method. Given N € N, we define /1 = 5. We
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consider the nodal points
%0 = 0; xj=jh, j=1,...,N; N+ =1,

which divides [0,1] into N + 1 subintervals [; = [x},xj,1],j = 0,1,...,N. We suppose that the
nodal points Xy,1,...,%kp € @, and X1,..., Xk, Xkips1s - .- %n € (0,1) \ o, for some k,p € N
with k+p <N.

Now, we consider the following finite difference semi-discretization of (1.1):

¥/ (0) = 5 i (8) + 92(8) = 295(8)] = (xom)(8), t€(0,T),
Yo(t) = yna(t) = 0, te(0,7), (1.2)
y(0) =5}, y(0) =y, j=1,...,N,

where

ux;,t), ifxeow,

(qu)i(t) = 0, iij € (O: 1) \o.

The conditions yo(£) = yn41(t) = 0, ¢ € (0, T), are the Dirichlet boundary conditions in

semi-discrete case. Next, we shall rewrite equation (1.2) by vectors. Let

3@ = @), ..., yn @),
5’2 = (}’0 (*1),.--,00 (xN)) T,
T

5/}1 = (J’1(x1), v ,)/1(961\1))
and
i (®) = (1 (©), ..., un ()"

Define the two N x N matrices

2 1 0 0]
-1 2 0 0
1 .
Ah = ﬁ :
0 0 2 -1
0 0 . -1 2
and
Ok ++ 0
By = Ipxp ’

O - OW-k-p)x(N—k-p)



Li et al. Advances in Difference Equations (2016) 2016:301 Page 3 of 12

where I,,,, is a p x p identity matrix, and p, k € N, which are mentioned above (1.2). The
system (1.2) can be rewritten as follows:

}Z(t) +Ah5/h(t) = Bhah(t)r te (O, T)’
yO(t) =)’N+1(t) = 0; te (O’ T)’ (13)
w0) =y ¥,(0) =73,

where’ denotes derivation with respect to time. In fact, system (1.3) is in the form of linear
ordinary differential equations for an unknown vector function y(¢), = (y1(2), ..., yn(£))7,
with the boundary conditions yq(¢) = yn41(¢) = 0, and #,(¢) plays the role of control func-
tion. The adjoint system for system (1.3) can be represented as

G/ (0) + Appy(t) = 0, te(0,T),
?O(t) = ¢_}N+1(ﬂ :9’ R te (O’ T)’ (14’)
on(0) =9l ¢,0) =],

where the initial date ¢/ = (¢%,...,¢%)7, and ¢} = (¢},...,¢L)7. It is easy to check that
B3 = Y., = 0 and ¢ = ¢}, = 0 are the compatibility conditions. Throughout the paper,
we suppose that the compatibility conditions hold for any initial value.

Taking the boundary conditions ¢o(t) = ¢n.1(¢) = 0, V¢ € [0, T, for the solution of (1.4)
we define the energy of the semi-discrete system (1.4) as

N

h
Ex(0)= 5 Z<|¢;<t)|2 ¥

i=0

G (t) — ¢i(2)

2
P ), Vvt e [0, T].

Since By, is a symmetric matrix, the observability inequality of (1.4) can be formulated as:
To find a constant C(T, /) such that (see [4—6])

T
EA0) < C(T, h) /O B ()| (15)
where
(e |-
Eh(o)—52<‘¢;| + T’ )

i=0

Remark 1.1 The energy Ej(t) is conserved for the solution of (1.4). Namely, for any / > 0
and solution (5;,(11) of (1.4), we have (see [5])

E,(t) = E4(0), foranyte[0,T].

In this paper, we will study whether the inequality (1.5) for adjoint system (1.4) holds.
We are also interested in whether the constant C(T, %) is bounded as # — 0. The main

results of the paper are presented as follows.

Theorem 1.1 For any T > 0, the observability estimate (1.5) for the adjoint system (1.4)
holds.
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Remark 1.2 Theorem 1.1 shows that the semi-discrete system (1.2) or (1.3) is controllable
for any time T > 0.

Theorem 1.2 Forany T >0, we have

E;(0)

sup — +00, ash—0. 16)
solution of (1.4) fO ”Bh(ﬁh(t)”]?{N dt

To the best of our knowledge, Infante and Zuazua made the first study of this topic
in [5]. They studied a controllability result for the semi-discrete 1-D wave equation with
boundary control. However, the uniform controllability for the semi-discrete systems in
[5] cannot be derived as the discretization parameter 7 — 0. The main differences be-
tween [5] and our paper are as follows. In [5], the authors focused on a one-dimensional
boundary controlled wave equation, and we mainly study the internally controlled 1-D
wave equation. In this case, the controller is more complicated than the case with con-
troller on boundary. Regarding other works on this subject, we mention [4, 7, 8] and [6].

The paper is organized as follows: Section 2 briefly describes some preliminary results
on the finite difference scheme. The proofs of Theorem 1.1 and Theorem 1.2 are provided
in Section 3.

2 The finite difference scheme

In this section, we will discuss the numerical project by the finite difference method. We
consider the numerical problem for (1.1) in the state space RN with the usual Euclidean
norm and inner product denoted by || - [lgy and (-, -)rn, respectively. To this end, we first
introduce some properties for the eigenvalues and eigenvectors of the matrix Aj. The
spectrum for Ay can be explicitly computed in this case (see [9]). The eigenvalues A;(%)
(i=1,...,N) satisfy

Ai(h) = % sin? <#), (2.1)

and the corresponding unit eigenvectors in RN are

- T [ 2 . .
wf?:(wfl,,,,,wffN) , and wth,: N+lsm(m’]h), j=1...,N. (2.2)

Clearly, the family of eigenvectors

W}, W},...,w}} forms an orthonormal basis of RY. (2.3)

Indeed, we can easily get the following properties for these eigenvectors.

Lemma 2.1
(i) For any eigenvector w = (w1, W, ..., wn)T with eigenvalue A(h) of matrix Ay, the
following identity holds:

N
>[5
h

j=0

2 N
=10 Y Iwl, 2.4)
j=1

where wg = war41 = 0.
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(i) Ifwi = (W1, Wiy ..., win) T and wy = (Wi, wia, ..., win)T are eigenvectors associated
to eigenvalue Ay, Ay, and Ay # \;, then we have

N
> Wiy = Wij1) Wy = wij) =0, (2.5)
j=0
where Wio = WiN+1 = 0, and Wio =WiN+ = 0.

This lemma is quoted from [5].

Lemma 2.2 Assume N is large enough so that w contains at least two consecutive nodal
points. Then

By 40, foralli=1,2,...,N.
Proof Since there are more than two consecutive nodal points in w = (a,b), we let I(h)

denote the first natural number such that [(h)% € (a, b), and m(h) denote the last natural
number such that m(k)4 € (a, b). Then we have

- T

By} = (05, 0, Wi s Wi 05, 0) (2.6)

Here,
[ 2 . 2 . (il

Wf,l(h) = m sm(ml(h)h) = ]\m sm(m),

and
2 2 (ill(h)+ )7

=i 00090 = s an (5

could not be zero at the same time. Thus, we complete the proof of the lemma. O

Especially, we can get the following property for the eigenvectors for the matrix Ay,
which will play a key role in the proof of the main results.

Proposition 2.1 Assume N is large enough so that o contains at least two consecutive
nodal points. Then there exists a positive constant L which is independent on h such that

=
[Bui x> L
holds for the unit eigenvector w! (i =1,...,N) of the matrix Aj.

Proof First of all, we claim that there exists a positive number M which is independent on
r such that

b
/ sin’(rmt)de > M, forr=1,2,....
a
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To this end, we calculate the following integrations:

/b sin(rrt) dt ~ b-a ~ sin(2rm b) — sin(2rm a)
a 2 4rm
b—
— 251, asr — oo. (2.7)

On the one hand, there exists a positive number N; depending only on b — 4, such that

b b-a
/ sin®(rrt) dt > 1 asr > Nj.
a

On the other hand, there exists a positive number M; depending only on Nj, such that
b
/ sin?(rrt)dt > My, asO<r<Nj.
a

Taking M = min{ "TT“,MI}, we see that the claim is correct.

After directly calculating, we obtain

N 2
Bt = Y s

jhe(ab)

[sin(irrjh)]2

_ Z 2 1-cos(2imjh)

) N+1 2
= E ! 1 E cos(2imjh) (2.8)
- L. N+1 N+1, 5. '
Jjhe(a,b) Jjhe(a,b)

Let [(/1) denote the first natural number such that [(k)/4 € (a, b), and m(h) denote the last
natural number such that m(h)h € (a, b). Obviously, we have

I(h) = [ﬂ +1

and

(2], ifleN,
m(h):{éh—l ifZeN
) n .

h
Note that
1 1 in([2m(h) + 1)imh) — sin([2I(h) — 1]izh
Z cos(2irjh) = sin([2m(h) + ]m. )‘ sin([2/(h) — 1]im )' (2.9)
N+1, 2(N +1) sin(ir h)
Jjhe(a,b)
Hence, there exists a natural number /; depending only on b — 4, such that % < h;—", asi>1.

From the theory of classic analysis, we have

2  sinx T
—<——x<1, asxel0,—|,
T X 2
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. 2 < n:|
sinx > —x, asxe|0,—]|.
brg 2

Combining the above inequality with (2.9), we see that

1 2 1

1 2 1 b-a (2.10)
2N +1) izrh iw 4’ ‘

Z cos(Zinjh)‘ <

‘ 1
N+1 jhe(ab)

If0<i<Hh,then
b

2 . 2 .
> [sin(izrji)]” — 2 / sin® (i) dt,
) N+1

jhe(a,b 4

fori=1,2,...,5;,as N — 0o, and

1 _
Z =m(h) l(h)—>b—a, as N — oo.
) N +1 N +1
Jjhe(a,b)

Thus, there exists a positive number N, > I; depending only on 4, b and b — a, such that

1 b-a
jhe@p) Yt
and
2 2
Z Nil [sm(ln]h)] > M, (2.12)

jhe(a,b)

fori=1,2,...,I;, when N > Nj.
Case : N > N, N > i > [;. From (2.8), (2.10), and (2.11), we can easily see that

Shn2 1 1 o b-a
||Bhwf? ”RN = | E N+l N+l E cos(2imjh) > 1
jhe(a,b) jhe(a,b)

Case II: N > N, 0 <i < I;. According to (2.12), we can derive

. 2 L
”Bhwf‘ ||112§N = Z Nl [sm(m]h)]2 > M.
jhe(a,b)

Case III: N < Nj. According to Lemma 2.2, there exists a positive constant L;, which is

independent on /4, such that
B g > L1,

for any unit eigenvector W (i=1,...,N).
In summary, taking L = min{ bfT“, %’I,Ll}, we can complete the proof of this conclusion. [J
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Remark 2.1 This theorem gives a fundamental property for the unit eigenvectors w”
(i =1,...,N) of the discrete Laplacian operator. It shows that the energy for these unit
eigenvectors have an uniform lower boundary, which is positive and not dependent on #,

in a nonempty and open subset w C (0,1).

Now, we need to introduce certain notations. Let X denote the space RN equipped with
the norm || - ||o

N
llullo = hZ luj|>, forany u = (uy,uy,...,un)" € RN,
j=1

Let XI' denote the space RN equipped with the norm | - ||,

2

uj — Uj1
UNAey foranyu:(ul,uz,...,uN)TeRN,

h

N
lully =k
j=0

where 1y = un,1 = 0. According to the definitions of the discrete norms, the energy can be
represented as Ej,(t) = %(H‘Z’Z(t)”o + ||q;h(t)||1), where J)h(t) is the solution of equation (1.4).

Lemma 2.3 For any vector u = (u1,us, ..., un)’ € RN, we have the following inequality:
M()llullo < llullz.
This lemma can easily be deduced from Lemma 2.1.

Remark 2.2
(i) According to Lemma 2.3, it is easy to find that the spaces X% and X/ are both
Banach spaces. In fact, X2 and X can be regarded as the discrete version of the
space L2(0,1) and H}(0, 1), respectively. Thus, Lemma 2.3 can be regarded as the
discrete version of Poincaré’s inequality.
(ii) Since RN x RN is a finite dimensional space, thus all norms of this space are
equivalent. In particular, there exist positive numbers C;, C;, such that

G (ZhZz)HXgXx{: < | zv22) || g gy < Co (21, 22) ||ngxx{1 (2.13)
hold for any (z;,2;) € RN x R¥,

3 The proof of Theorem 1.1 and Theorem 1.2
3.1 The proof of Theorem 1.1

Proof First of all, we will prove that there exists a positive constant C(T, /1) such that the
inequality

T
I8 v = T [ B @1

holds, where qzh(t) is the solution of (1.4) with initial data (q;é’, qZ{“ ).
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Let T > 0. We first define a function F: RN x RN — R as
b Th L 2
F@d) - [ B0l
0

where &h(t) is the solution of (1.4) with initial data (&g,&{‘). Obviously, F is continuous.
Now, we will prove that

(8601l can =1} = LOL T) (3.2)

min{F (¢4, ¢1');

holds for certain positive constant L(/, T') only depending on / and T

Suppose that there exists an unit vector (¢!, ¢") in RN x RN such that F(¢},$!) =
Since ||(<Zé’, <ﬁ1h) lpNyrN =1, %’ and @f’ could not be zero at the same time. Without loss of
generality, we assume that g/ # 0. According to (2.3), we have

@ = Z%W

and
N .
o = Z gﬂ{ﬁ/lh,
j=1
where Z - |<p{)|2 ~ 7 0. Solving (1.4), we can deduce that
N
eu(t) =Y B, (3.3)
j=1

where g;(t) ‘Po cos(\/A;(h)t) sm (y/A;()e).

From the definition of the functlon F and the assumption that F(¢!, ¢!') = 0, we have

0 =F(¢5,¢1) f | Bupn ()| gt = / Z|ﬁ,(t)3hwh| dt.

Thus,
N
> BBy =0, foranyte[0,T]. (3.4)
j=1

It follows from Lemma 2.1 or Proposition 2.1 that Bhﬁ/;’ #0 for any j=1,2,...,N. It is
obvious that the rank of subspace spanned by {Bth/i“ Ve ,Bhﬁzﬁ‘\,} is less than N. Therefore,

we can assume that B,w”, ..., B,#", with 1 < @ < N, are linear independent in RV, and

span{Bywy,..., Bywl} = span{By, i}, ..., By }.
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Hence,

o
Bh‘z’z = quiBhVV;lr foranyg=oa+1,...,N.
j=1

For any g = @ + 1,...,N, there exists at least one scalar b, (1 <j(q) < ) such that
bgjq) # 0. This, together with (3.4), indicates that

o N o
0= BiO0Bs) + Y By(t) (Z bq,-Bhwj.')
j=1 j=1

q=a+1

o N
= Z(’B/(t) + Z ,Bq(t)bqj>Bhﬁ/l7, for any ¢ € [0, T]. (3.5)

j=1 g=a+1

According to the linear independence of {Bj, ﬁ/}‘ }}":1, we can deduce that
N
B;i(t) + Z By(t)bgi =0, foranyj=1,2,...,«,and forany ¢ € [0, T]. (3.6)
g=o+1
Taking ¢ = 0, we get
N
@ + Z @by =0, foranyj=12,...,a.
g=a+1
Differentiating (3.6) twice and taking ¢ = 0, we have
N
Mgy + Y ag()plby =0, foranyj=1.2,.. 0.
g=a+1
By induction, we obtain
N
Af’(h)(p{) + Z A;”(h)wgbqj =0, foranyj=1,2,...,a,and m € N*, (3.7)

g=a+1

It follows from (2.1) that {)Lj(h)}f\:[ , are different from each other. Thus, we can deduce that
¢h=0, foranyj=12,..,a, (3.8)
and
wgbqj =0, foranyg=w+1,...,N,andj=1,2,...,c.

Taking j = j(g), we have

v

=0, foranyg=a+1,...,N.
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This, together with (3.8), leads to a contradiction to the assumption that gZé’ #0. Thus, (3.2)
holds. Note that (3.3) implies F(jvuy, uvy) = u2F(juy, nvs) for every (vg, vy) € RN x RN
and u € R. Thus, it is obvious that inequality (3.2) leads to (3.1).

From (3.1) with (2.13), it is easy to obtain the observability inequality (1.5) of the semi-
discrete system (1.4). This completes the proof of this theorem. O

3.2 The proof of Theorem 1.2

Proof Given the initial data q;é’ = w};, and J){‘ = 0, the solution of equation (1.4) can be
represented as

Bi(t) = cos (/2 ()t) Wy

By Lemma 2.1, one shows that

E,(0) h i WN,i+1 — WN,i g hk (h) (3.9)
w0)== ) |—————| =-An(h), .

2 P, h 2
where wy o = wyni1 = 0. Then

T e 2 T -5 |12
/ | Brpn(®) | g dt = f |cos(v/An (R)t) By | dt (3.10)
0 0
2 T 2
= B2 / lcos(v/an(ne)|*dt < T (3.11)
0

It follows from (3.9) and (3.10) that

En(0 Ban(h)  han(h
_BO_ Pl 612)
Jo 1Bugpi()|1%x dt T 2T
By (2.1), we derive that
hin(h)  2sin®(ZRE
N(): sin” (5 )—>oo, ash — 0. (3.13)
2T Th
This completes the proof of this theorem. d
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