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Abstract

In this paper, we study the existence of a second-order impulsive differential
equations depending on a parameter A. By employing a critical point theorem, the
existence of at least three solutions is obtained.
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1 Introduction
In recent years, the study of the existence of solutions to impulsive differential equation
has aroused extensive interest, we refer the reader to [1-5] and the references therein.

In [1], by using some existing critical point theorems, Xie and Luo investigated the ex-
istence of multiple solutions of the following Neumann boundary value problem:

~(pu' (1)) + qOu®) = Af (t,u(t)), t#t,te(0,1],
Ap(t)u(t) = I/(u(tj)), ji=12,...,m, 1.1)

' (0)=u/(1) = 0.
In [2], Liang and Zhang considered the following boundary value problems:

~(p0 ) =f(t,u(), t#1,t€(0,T),
AP (1) = [(u(t)), j=12,....m, 12)
u(0)=u(T),  p(0)u'(0) =p(T)u/(T).
The authors gave some criteria to guarantee that the problem has at least one solution
under some different conditions.

In [3], Li and Shen were concerned with the existence of three solutions for the following
boundary value problems:

—u"(t) = Af (u(t)), t#t,¢€[0,1],
AU () =L(u), j=1,2...,m, (1.3)
u(0) = u(1) = 0.
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Motivated by the previous mentioned paper, in this paper, we will study the existence of
at least three solutions for the following boundary value problems:

—(p@Ou' (1)) + ult) = Af (t,u(®)), t#t,tel0,1],
Ap(t)u'(t) = Ij(u(tj)), ji=12,...,m, (1.4)
' (0)=u'(1) =0,
where 0 =ty < t; <+ <ty < tya1 = 1, p € PCY([0,1]), f € C([0,1] x R,R), [; € C(R,R),
j=12,...,m, Ap(t)u'(t;) :p(tj")u/(t;) —p(t;)u’(tj‘), p(t].*)u’(t]f') and p(tlf)u’(t].‘) denote the

right and the left limits, respectively, A € [0, +00) is a real parameter.

2 Preliminaries
Let po = mine[o1; p(£) > 0, Mo = max{pio,l}, X = W'2[0,1] with the norm

1 2
llell = (/ ()| @ + |u®)]*) dt) :
0
Define the norm in C([0,1]) by [|#loo = max;ejo, |4(2)].
Lemma 2.1 For any u € X, we have ||u||s < /2Mo||u||.

Proof For u € X by the mean-value theorem, there exists € (0,1) such that fol u(s)ds =
u(t). Hence, for t € [0,1], we have

¢ 1
|u(t)| = u(t)+/ u'(s)ds| < |u(t)|+/0 \u’(s)|ds

§Al‘u(s)‘ds+/ol‘u’(s)‘ds

1 ) 3 1 ) 3
< (/ ’u(s)’ ds) +\/1/p0(/ p(t)‘u’(t)‘ dt)
0 0
<V 2Mollu].

For every u € X, we define the functional ¢(u) : X — R by

o(u) = D(u) — 2V (u);

here

M([]‘)

1 m
D) = — ||u|)? L(s)d
() = 5 llul +}le/0 (s) ds
and
1
W(y) = / E(t,u)dt,
0

where F(t,u) = [i” f(t,5) ds.
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We easily show that ¢ is differentiable at any # € X and

1 m 1
o' (u)v = /0 (p(t)u’(t)v’(t) + u(t)v(t)) dt + le(u(t,»))v(tj) - A/O S u(t))v(t) dt.

Jj=1

Obviously, ¢ is a nonnegative continuously Gateaux differentiable and sequentially weakly
lower semicontinuous functional whose Gateaux derivative admits a continuous inverse
on X*, and W is a continuously Gateaux differentiable functional whose Gateaux derivative

is compact. g

Lemma 2.2 ([1]) Ifu € X is a critical point of the functional ¢, then u is a classical solution
of problem (1.4).

Suppose that E C X. We denote E” as the weak closure of E, that is, u € E” if there
exists a sequence {u,} C E such that g(u,) — g(u) for every g € X*. Our main tool is the
following three critical points theorem obtained in [6].

Lemma 2.3 ([6], Theorem 2.1) Let X be separable and reflexive real Banach space. ® :
X — R a nonnegative continuously Gdteaux differentiable and sequentially weakly lower
semicontinuous functional whose Gdteaux derivative admits a continuous inverse on X*.
J : X — R a continuously Gdteaux differentiable functional whose Gdteaux derivative is
compact. Assume that there exists xo € X such that ®(xy) = J(xo) = 0 and that
(i) lHmyyj— 00 (Px) — AJ(x)) = +00 for all A € [0, +00).

Further, assume that there arer > 0, x; € X such that

(ii) r < ®(xy).

(i) sup, g J(6) < st/ ).

Then, for each

e ( ®(x) r )
1= ) ?
Jan) =sup, oy /@) S0P, iy /)

the equation
' (x) -2 (x)=0 (2.1)

has at least three solutions in X and, moreover, for each h > 1, there exist an open interval

hr >
rUGen) /D) = Sup, g )

AZ - |:O1

and a positive real number o such that, for each h € Ay, (1.2) has at least three solutions

in X whose norms are less than o .

3 Main results
Theorem 3.1 The following conditions are given.

(H) X fo p@yde = o.
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(Hy) Leta;>0(i=1,2), M >0, and 0 < u < 2 such that
F(t,u) <ailul" —ay, for|ul > M,t €[0,1].

(H3) There exist two positive constants c, ¢y with ¢; > «/W’ such that

-1

4M, 1 E(t,u) dt < Z‘/ I(t)dt /IF(t )dt
0 max U <C + + A ,C1 .

o lul=c

Furthermore, put

4M, fol max < F(¢, u) dt

A= 5

C

fol F(t,c))dt - fol max|, <. F(¢,u) dt
% + Zi o Ii(s) ds

(3.1)

Ay =

Then, for each A € (5, L), problem (1.4) has at least three solutions in X.

r2’ A

Proof Now we show the conditions (i)-(iii) of Lemma 2.3 are satisfied.
For any u € X, |u| > M, and A > 0, and the assumptions (H;)-(H;) we have

1
() - 20 (W) -—||u||2+2f 9ds—i. [ Fleuto)de

=l 2 lut ~as)

—_

=3 lul|® = A[ar M) ul* - as],
0 < < 2 implies that

| 1H1m (CD(u) - )J(u)) = +00,

Uul|—oo

which shows the condition (i) of Lemma 2.3 is satisfied.

Letu; =c¢; € Xand ¢; > \/L Then

1 ) m u1 ()
@) = Sl + Y / I(s)ds
j=1 0

so the condition (ii) of Lemma 2.3 is obtained.
By Lemma 2.1, if ®(u) <r, then

]u(t)|2 < 2Mpo||u|? < 4Mo®(u) < 4Mor =2, fort € [0,1],
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which implies that

®(~00,7) C {u eX,

u(t)| <qte [0,1]}.

So for any u € X, we have

1
sup  Y(u)= sup W(u)< | maxF(tu)dt.

ued (0" ued(-o0) o b=e

On the other hand, we obtain

r

) 2 cf "o o 1o
—V =c*| dMo| — + — I(t)d F(t,c1)dt.
V) =€ 4MO+2+;1/0 wde) | [ P

From the assumption (H3) we have

sup W(u)< (m),

ued-L(—cor)”

Ty
7+ ®(uy)

which shows the condition (iii) of Lemma 2.3 is satisfied.

Note that
D(uy) - 36+ 20 Jo L) ds 1
W () = sup, iy V) T [V E(t ) dt - ) maxy < F(t,u)de  h2
r 2 1
> : =
Supue<1>‘1(—oo,r)m \Ij(u) 4M f() maxy|<c F(t, M) Al

The condition (H3) implies A5 > A;. In the light of Lemma 2.3, the problem (1.4) has at
least three solutions in X for each A € (1/A2,1/A4).
The proof is complete. O

4 Examples
Consider the following problem:

—(e'w (@) +u®) = rf(t,u), tel01],t#t,

1
A(etl u/(tl)) = u(tl)) h = §¢ (41)
u'(0)=u'(1) =0,
where
e, u <4,
t,u) = -
J(t.u) {u”2+e8—4, u>4,

then

F(t ) %(ezu - 1), u S 4'1
yU) =
282 4 (B -du+ L -1, u>4.
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Clearly My =1. Let c =1, ¢; =4, it follows that

1
4My | max F(t,u)dt

o lul=c
2 & & ra e 2(ef - 1)
el o5 [ ya) [ a2
@-V<\on 2 12120 ), e 65
1 1 1 32

a2 -1) Ao €8 —e

which shows that all conditions of Theorem 3.1 are satisfied, so the problem (4.1) admits

1

at least three solutions for A € (%, 1),

2(e2-1)
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