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Abstract
The expanded mixed covolume Element (EMCVE) method is studied for the
two-dimensional integro-differential equation of Sobolev type. We use a piecewise
constant function space and the lowest order Raviart-Thomas (RT0) space as the trial
function spaces of the scalar unknown u and its gradient σ and flux λ, respectively.
The semi-discrete and backward Euler fully-discrete EMCVE schemes are constructed,
and the optimal a priori error estimates are derived. Moreover, numerical results are
given to verify the theoretical analysis.

MSC: 65M08; 65M60

Keywords: integro-differential equation of Sobolev type; expanded mixed
covolume element method; optimal a priori error estimate

1 Introduction
We consider the linear integro-differential equation of Sobolev type

c(x)
∂u
∂t

– div

(
a(x)∇u + b(x)∇ ∂u

∂t
+

∫ t


k(x, t, τ )∇u(x, τ ) dτ

)
= f (x, t), ()

for (x, t) ∈ � × J , with boundary and initial conditions
⎧⎨
⎩

u(x, t) = , (x, t) ∈ ∂� × J̄ ,

u(x, ) = u(x), x ∈ �,
()

where � is a convex and bounded polygonal domain in R with boundary denoted by
∂�, J = (, T] with  < T < ∞, the initial function u(x), the source function f (x, t), and
coefficients k(x, t, τ ), a(x), b(x) and c(x) are given bounded and smooth functions, and
there exist some constants a, a, b, b, c and c such that

 < a ≤ a(x) ≤ a < ∞,  < b ≤ b(x) ≤ b < ∞,  < c ≤ c(x) ≤ c < ∞.

Partial integro-differential equations are often used to describe various physical pro-
cesses such as heat conduction behavior in memory material, nuclear reactor dynamics,
compression of viscoelastic media and the propagation of sound in viscous media. Var-
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ious numerical studies have been reported based on the finite element methods [–],
finite volume element methods [, ], mixed finite element methods [–], discontinu-
ous mixed covolume methods [] etc. Numerical solutions for the integro-differential
equation of Sobolev type have been given by Cui [] who constructed a finite element
scheme and obtained optimal error estimate by introducing Sobolev-Volterra projection;
Che et al. [] who considered H-Galerkin expanded mixed finite element method; and
Guezane-Lakoud et al. [] who developed Rothe’s method for one-dimensional problem
with integral conditions.

Mixed covolume element (MCVE) method was first introduced by Russell [] to solve
the mixed formulation of linear elliptic problems. Subsequently, Chou et al. [, ] consid-
ered the MCVE method for the elliptic boundary value problems by using the RT space
on the triangular grids and rectangular grids, respectively. This method not only can cal-
culate several different physical quantities (such as pressure and Darcy velocity in []) but
also maintains the mass local conservation law, and this is very important in fluid numeri-
cal computations. The satisfactory numerical simulation results on different test problems
were obtained in [–]. The MCVE methods have been used to solve quasi-linear sec-
ond order elliptic equations [], parabolic equations [, ], and so on.

This article proposes an EMCVE scheme to solve the D linear integro-differential
equation of Sobolev type. We introduce the variables σ (x, t) = –∇u(x, t) and λ(x, t) =
–(a(x)∇u(x, t) + b(x)∇ut +

∫ t
 k(x, t, τ )∇u(x, τ ) dτ ) and write problem () as the system of

first order PDEs
⎧⎪⎪⎨
⎪⎪⎩

(a) σ (x, t) = –∇u(x, t),

(b) λ(x, t) = a(x)σ (x, t) + b(x) ∂σ
∂t (x, t) +

∫ t
 k(x, t, τ )σ (x, τ ) dτ ,

(c) c(x) ∂u
∂t (x, t) + divλ(x, t) = f (x, t).

()

The EMCVE scheme is obtained by integrating these equations on local covolume di-
rectly and using the Green’s formula when proper. And then, the local conservation law
with the discrete solution holds. This method skillfully combines finite volume element
methods [, ] with expanded mixed finite element methods [, ], can use the ad-
vantage of finite volume element methods to calculate more different physical quantities
simultaneously. Rui and Lu [] applied the EMCVE method to solve the elliptic problem
on rectangular grids in the rectangular area. In this article, we propose a semi-discrete and
backward Euler fully-discrete EMCVE scheme based on triangular grids and obtain the
optimal order error estimates by introducing a Volterra-type generalized EMCVE projec-
tion. Moreover, we give numerical results for a model equation to verify the feasibility and
effectiveness of the scheme.

The expanded mixed weak formulation of () is to solve (u,σ ,λ) ∈ L(�) × H(div,�) ×
H(div,�) satisfying

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(σ , w) – (div w, u) = , ∀w ∈ H(div,�),

(λ, z) = (aσ , z) + (bσ t , z) + (
∫ t

 kσ dτ , z), ∀z ∈ H(div,�),

(cut , v) + (divλ, v) = (f , v), ∀v ∈ L(�),

u(x, ) = u(x), σ (x, ) = –∇u(x), ∀x ∈ �,

()

where H(div,�) = {z ∈ (L(�)) : div z ∈ L(�)}.
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We also use the general notations and definitions of the Sobolev spaces as in []. Let (·, ·)
be the inner product in L(�) and (L(�)), that is, (ψ ,φ) =

∫
�

ψφ dx (if ψ ,φ ∈ L(�)) and
(z, w) =

∫
�

z · w dx (if z, w ∈ (L(�))), and either ‖ · ‖L(�) or ‖ · ‖(L(�)) is denoted as ‖ · ‖.
We also use the norm ‖z‖H(div,�) = (‖z‖ + ‖div z‖) 

 of the space H(div,�). Throughout
this paper, the constant C >  does not depend on the spatial and time mesh parameters
h and �t.

2 Expanded mixed covolume element formulation
In order to describe the EMCVE scheme for system (), we construct the partition Th of
the domain �. As in [], let Th = {KB} be a quasi-uniform triangulation partition, where
KB is the triangle with barycenter point B, and h = max{hKB}, hKB stands for the diameter
of triangle KB. We define the nodes to be the midpoints on the edges of every triangular el-
ement, where P, P, . . . , PNτ stand for interior nodes, and PNτ +, . . . , PN stand for boundary
nodes.

We use the RT space as the trial function space Hh for variables σ and λ, where

Hh =
{

zh ∈ H(div,�) : zh|K = (a + bx, c + bx),∀K ∈ Th
}

, ()

and use Lh as a trial space for variable u, where

Lh =
{

vh ∈ L(�) : vh|K is constant,∀K ∈ Th
}

. ()

Now the dual partition T ∗
h is constructed by a union of interior quadrilaterals and border

triangle. Referring now to Figure , and the quadrilateral ABAB is the dual element K∗
P

with interior node P, which contains two elements KL (the triangle 	ABA) and KR (the
triangle 	AAB); the triangle 	AAB is the dual element K∗

P
with boundary node P,

which contains one element KI (the triangle 	ABA).
Integrate () on these primal and dual elements to obtain

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(a)
∫

K∗
P∩Ki

(σ + ∇u) dx = , i = L, R or I,

(b)
∫

K∗
P∩Ki

λdx =
∫

K∗
P∩Ki

(aσ + bσ t +
∫ t

 kσ dτ ) dx, i = L, R or I,

(c)
∫

KB
(cut + divλ) dx =

∫
KB

f dx.

()

Figure 1 Primal and dual domains.
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Similar to [, ], we define a transfer operator γh : Hh → (L(�)) by

γhzh =
Nτ∑
j=

(
zh|KL (Pj)χK∗

j ∩KL + zh|KR (Pj)χK∗
j ∩KR

)

+
N∑

j=Nτ +

zh|KI (Pj)χK∗
j

, ()

where χK means the characteristic function of a set K . Then we choose the range of γh as
the test function space Yh. By using the transfer operator γh, we can rewrite equations (a)
and (b) in () as

(σ + ∇u,γhwh) = , ∀wh = Hh, ()

(λ,γhzh) =
(

aσ + bσ t +
∫ t


kσ dτ ,γhzh

)
, ∀zh = Hh. ()

Applying Green’s integral formula, we have

(∇u,γhwh) =
N∑

j=Nτ +

wh|KI (Pj)
∫

∂K∗
Pj

\∂�

vhn dλ

+
Nτ∑
j=

(
wh|KL (Pj)

∫
∂K∗

Pj
∩KL

vhn dλ + wh|KR (Pj)
∫

∂K∗
Pj

∩KR

vhn dλ

)

≡ b(γhwh, u),

for ∀wh ∈ Hh, where n stands for the unit out-normal direction.
By calculation, it is easy to get the equality b(γhwh, vh) = –(div wh, vh), ∀wh ∈ Hh,

∀vh ∈ Lh. Then we can obtain the semi-discrete EMCVE scheme to find (uh,σ h,λh) ∈
Lh × Hh × Hh such that

⎧⎪⎪⎨
⎪⎪⎩

(σ h,γhwh) – (div wh, uh) = , ∀wh ∈ Hh,

(λh,γhzh) = (aσ h,γhzh) + (bσ ht ,γhzh) + (
∫ t

 kσ h dτ ,γhzh), ∀zh ∈ Hh,

(cuht , vh) + (divλh, vh) = (f , vh), ∀vh ∈ Lh,

()

and the initial values uh() and σ h() will be defined in Theorems . and ..

3 Some lemmas
For ∀zh = (z

h, z
h) ∈ Hh, the discrete norms are defined as follows:

|zh|,h =
∑

K∈Th

(∥∥∇z
h
∥∥

,K +
∥∥∇z

h
∥∥

,K

)
, ‖zh‖

,h = ‖zh‖ + |zh|,h.

Lemma . ([]) The operator γh is bounded

‖γhzh‖ ≤ ‖zh‖, ∀zh ∈ Hh,
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and satisfies

∥∥(I – γh)zh
∥∥ ≤ Ch‖zh‖,h, ∀zh ∈ Hh,

∣∣(zh, (I – γh)wh
)∣∣ ≤ Ch‖zh‖,h‖wh‖, ∀zh, wh ∈ Hh,

∣∣(z, (I – γh)wh
)∣∣ ≤ Ch‖z‖‖wh‖, ∀z ∈ (

H(�)
),∀wh ∈ Hh.

Lemma . ([]) The following symmetry relation

(γhzh, wh) = (zh,γhwh), ∀zh, wh ∈ Hh,

holds, and there is a constant μ >  independent of h such that

(γhzh, zh) ≥ μ‖zh‖, ∀zh ∈ Hh.

For ∀x ∈ KB, we define ā(x) = a(B), b̄(x) = b(B), k̄(x, t, τ ) = k(B, t, τ ).

Lemma . ([]) The following symmetry relation

(āγhzh, wh) = (āzh,γhwh), ∀zh, wh ∈ Hh,

(b̄γhzh, wh) = (b̄zh,γhwh), ∀zh, wh ∈ Hh,

holds, and there are constants μ > , μ >  independent of h such that

∣∣(azh,γhwh) – (āzh,γhwh)
∣∣ ≤ Ch‖zh‖‖wh‖, ∀zh, wh ∈ Hh,

∣∣(bzh,γhwh) – (b̄zh,γhwh)
∣∣ ≤ Ch‖zh‖‖wh‖, ∀zh, wh ∈ Hh,

(āzh,γhzh) ≥ μ‖zh‖, (azh,γhzh) ≥ μ‖zh‖, ∀zh ∈ Hh,

(b̄zh,γhzh) ≥ μ‖zh‖, (bzh,γhzh) ≥ μ‖zh‖, ∀zh ∈ Hh.

Lemma . ([]) The following estimates hold:

∣∣(azh, (I – γh)wh
)∣∣ ≤ Ch‖zh‖,h‖wh‖, ∀zh, wh ∈ Hh,

∣∣(az, (I – γh)wh
)∣∣ ≤ Ch‖z‖‖wh‖, ∀z ∈ (

H(�)
),∀wh ∈ Hh,

∣∣(bzh, (I – γh)wh
)∣∣ ≤ Ch‖zh‖,h‖wh‖, ∀zh, wh ∈ Hh,

∣∣(bz, (I – γh)wh
)∣∣ ≤ Ch‖z‖‖wh‖, ∀z ∈ (

H(�)
),∀wh ∈ Hh.

The Raviart-Thomas projection 
h : H(div,�) → Hh is defined in [] such that

(
div(z – 
hz), vh

)
= , ∀z ∈ H(div,�),∀vh ∈ Lh,

and the L projection Rh : L(�) → Lh is defined by

(χ – Rhχ , vh) = , ∀χ ∈ L(�),∀vh ∈ Lh.
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Then the properties of 
h and Rh are known from [–]

‖w – 
hw‖ ≤ Ch‖w‖, ∀w ∈ (
H(�)

), ()
∥∥div(w – 
hw)

∥∥ ≤ Ch‖div w‖, ∀w ∈ H(div,�), ()

‖χ – Rhχ‖ ≤ Ch‖χ‖, ∀χ ∈ H(�), ()

where H(div,�) = {w ∈ (L(�)) : div w ∈ H(�)}.

Lemma . ([]) The following estimate holds:

‖z – γh
hz‖ ≤ Ch‖z‖, ∀z ∈ (
H(�)

).

Lemma . The following symmetry relation

(∫ t


k̄zh dτ ,γhwh

)
=

(∫ t


k̄γhzh dτ , wh

)
, ∀wh, zh ∈ Hh, ()

holds, and we have

∣∣∣∣
(∫ t


kzh dτ ,γhwh

)
–

(∫ t


kγhzh dτ , wh

)∣∣∣∣ ≤ Ch
∫ t


‖zh‖dτ · ‖wh‖. ()

Proof Let K = 	AAA, 	j = 	Aj+BAj+ (j = , , ), and A = A (see Figure ). Denote
wh = (w

h, w
h) and zh = (z

h, z
h), then

(∫ t


k̄zh dτ ,γhwh

)
	j

–
(∫ t


k̄γhzh dτ , wh

)
	j

=
∫

	j

(
w

h(Pj) ·
∫ t


k̄z

h dτ – w
h ·

∫ t


k̄z

h(Pj) dτ

)
dx

+
∫

	j

(
w

h(Pj) ·
∫ t


k̄z

h dτ – w
h ·

∫ t


k̄z

h(Pj) dτ

)
dx = Mj + Mj.

By applying the numerical quadrature formula, we get

∑
j=

Mj =
∑

j=

{
w

h(Pj)



[∫ t


k̄z

h(B) dτ + 
∫ t


k̄z

h(Pj) dτ

]

–


[
w

h(B) + w
h(Pj)

] ∫ t


k̄z

h(Pj) dτ

} |K |


=
∑

j=

{
w

h(Pj)



∫ t


k̄z

h(B) dτ –



w
h(B)

∫ t


k̄z

h(Pj) dτ

} |K |


=
[

w
h(B)

∫ t


k̄z

h(B) dτ – w
h(B)

∫ t


k̄z

h(B) dτ

] |K |


= .

Similarly, we get
∑

j= Mj = . Summing over all j and K , then we complete the proof of
().
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To prove (), using (), we have

(∫ t


kzh dτ ,γhwh

)
–

(∫ t


kγhzh dτ , wh

)

=
∑

K

∑
j=

[(∫ t


(k – k̄)zh dτ ,γhwh

)
	j

–
(∫ t


(k – k̄)γhzh dτ , wh

)
	j

]
.

Noting that k(x, t, τ ) is Lipschitz continuous with variable x, we get the desired conclu-
sion. �

Lemma . For ∀zh, wh ∈ Hh,∀z ∈ (H(�)), we have

∣∣∣∣
(∫ t


kzh dτ , (I – γh)wh

)∣∣∣∣ ≤ Ch
∫ t


‖zh‖,h dτ · ‖wh‖, ()

∣∣∣∣
(∫ t


kz dτ , (I – γh)wh

)∣∣∣∣ ≤ Ch
∫ t


‖z‖ dτ · ‖wh‖. ()

Proof To prove (), we obtain

(∫ t


kzh dτ , (I – γh)wh

)
=

(∫ t


k(I – γh)zh dτ , wh

)

+
[(∫ t


kγhzh dτ , wh

)
–

(∫ t


kzh dτ ,γhwh

)]
.

By using Lemmas . and ., we complete the proof of ().
Next we prove (). Using (), we have

(∫ t


kz dτ , (I – γh)wh

)
=

(∫ t


k(z – 
hz) dτ , (I – γh)wh

)
+

(∫ t


k
hz dτ , wh

)

≤ C
∫ t


‖z – 
hz‖dτ · ∥∥(I – γh)wh

∥∥ + Ch
∫ t


‖
hz‖dτ · ‖w‖

≤ Ch
∫ t


‖z‖ dτ · ‖w‖.

This ends the proof of Lemma .. �

Now, we introduce the Volterra-type generalized EMCVE projection. Define (ũh, σ̃ h,
λ̃h) : [, T] → Lh × Hh × Hh such that

(
div(λ – λ̃h), vh

)
= , ∀vh ∈ Lh, (a)

(σ – σ̃ h,γhwh) – (div wh, u – ũh) = –
(
σ , (I – γh)wh

)
, ∀wh ∈ Hh, (b)

(λ – λ̃h,γhzh) =
(
a(σ – σ̃ h),γhzh

)
–

(
λ, (I – γh)zh

)

+
(
aσ , (I – γh)zh

)
+

(∫ t


k(σ – σ̃ h) dτ ,γhzh

)

+
(∫ t


kσ dτ , (I – γh)zh

)
, ∀zh ∈ Hh. (c)
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Theorem . Suppose (ũh, σ̃ h, λ̃h) satisfies (a)-(c), then there is a constant C >  inde-
pendent of h and t such that

‖λ – λ̃h‖ ≤ Ch‖λ‖, ()
∥∥div(λ – λ̃h)

∥∥ ≤ Ch‖divλ‖, ()

‖σ – σ̃ h‖ ≤ Ch
(

‖σ‖ + ‖λ‖ +
∫ t


‖σ‖ dτ

)
, ()

‖u – ũh‖ ≤ Ch
(

‖σ‖ + ‖λ‖ + ‖u‖ +
∫ t


‖σ‖ dτ

)
. ()

Proof Noting that λ̃h = 
hλ, we have estimates () and ().
Splitting σ – σ̃ h = σ – 
hσ + 
hσ – σ̃ h in (c) yields

(
a(
hσ – σ̃ h),γhzh

)
= (λ – λ̃h,γhzh) +

(
λ, (I – γh)zh

)

–
(∫ t


k(σ – σ̃ h) dτ ,γhzh

)
–

(∫ t


kσ dτ , (I – γh)zh

)

–
(
aσ , (I – γh)zh

)
–

(
a(σ – 
hσ ),γhzh

)
, ∀zh ∈ Hh. ()

Choose zh = 
hσ – σ̃ h in () and use the Cauchy-Schwarz inequality to get

μ‖
hσ – σ̃ h‖ ≤ C
(‖λ – λ̃h‖ + ‖σ – 
hσ‖) + Ch(‖λ‖

 + ‖σ‖

)

+ C
∫ t



(‖σ – 
hσ‖ + h‖σ‖
 + ‖
hσ – σ̃ h‖)dτ

+
μ


‖
hσ – σ̃ h‖. ()

Using () and (), applying Gronwall’s inequality, we obtain estimate ().
Noting that div(Hh) = Lh, we have (div wh, u – Rhu) = ,∀wh ∈ Hh, and rewrite (b) as

(σ – σ̃ h,γhwh) – (div wh, Rhu – ũh) = –
(
σ , (I – γh)wh

)
, ∀wh ∈ Hh. ()

Next we introduce an auxiliary elliptic problem. Given ϕ ∈ L(�), let ψ satisfy the fol-
lowing elliptic problem:

⎧⎨
⎩

–�ψ = ϕ, x ∈ �,

ψ = , x ∈ ∂�.
()

And we have the following elliptic regularity result:

‖ψ‖ ≤ C‖ϕ‖. ()

Using the projection 
h and Rh, and ()-(), we have

(Rhu – ũh, g) = (Rhu – ũh, –�ψ) = –
(
div

(

h(∇ψ)

)
, Rhu – ũh

)
= –

(
σ , (I – γh)

(

h(∇ψ)

))
–

(
σ – σ̃ h,γh
h(∇ψ)

)
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= –
(
σ , (I – γh)

(

h(∇ψ)

))
+

(
σ – σ̃ h, (I – γh
h)(∇ψ)

)
– (σ – σ̃ h,∇ψ). ()

Noting that

(
σ , (I – γh)

(

h(∇ψ)

))
=

(
σ – 
hσ , (I – γh)

(

h(∇ψ)

))
+

(

hσ ,
h(∇ψ) – ∇ψ

)
+

(

hσ ,∇ψ – γh
h(∇ψ)

)
,

using (), () and Lemma ., we have

∣∣(σ , (I – γh)
(

h(∇ψ)

))∣∣ ≤ Ch‖σ‖‖ϕ‖, ()

and

∣∣(σ – σ̃ h,∇ψ)
∣∣ ≤ Ch

(
‖σ‖ + ‖λ‖ +

∫ t


‖σ‖ dτ

)
‖ϕ‖, ()

∣∣(σ – σ̃ h, (I – γh
h)(∇ψ)
)∣∣ ≤ Ch

(
‖σ‖ + ‖λ‖ +

∫ t


‖σ‖ dτ

)
‖ϕ‖. ()

Using ()-() in () yields

‖Rhu – ũh‖ ≤ Ch
(

‖σ‖ + ‖λ‖ +
∫ t


‖σ‖ dτ

)
. ()

Apply the triangle inequality with () and () to obtain (). �

Differentiating (a)-(c) with respect to time variable t, we can also obtain the follow-
ing projection estimates.

Theorem . Suppose (ũh, σ̃ h, λ̃h) satisfies (a)-(c), then there is a constant C >  in-
dependent of h and t such that

∥∥∥∥∂λ

∂t
–

∂λ̃h

∂t

∥∥∥∥ ≤ Ch
∥∥∥∥∂λ

∂t

∥∥∥∥

, ()

∥∥∥∥∂σ

∂t
–

∂σ̃ h

∂t

∥∥∥∥ ≤ Ch

( ∑
i=

(∥∥∥∥∂ iσ

∂ti

∥∥∥∥


+
∥∥∥∥∂ iλ

∂ti

∥∥∥∥


)
+

∫ t



(‖σ‖ + ‖λ‖
)

dτ

)
, ()

∥∥∥∥∂u
∂t

–
∂ũh

∂t

∥∥∥∥ ≤ Ch

(∥∥∥∥∂u
∂t

∥∥∥∥


+
∑

i=

(∥∥∥∥∂ iσ

∂ti

∥∥∥∥


+
∥∥∥∥∂ iλ

∂ti

∥∥∥∥


)
+

∫ t



(‖σ‖ + ‖λ‖
)

dτ

)
. ()

4 The error estimates of semi-discrete expanded mixed covolume element
formulation

In this section, we first discuss the existence and uniqueness of solution for the semi-
discrete EMCVE scheme ().

Theorem . Set uh() = ũh(), σ h() = σ̃ h(), then there is a unique solution for system
().
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Proof Let {χj}N
j= and {ϕj}N

j= be the basis of Lh and Hh, respectively. Then σ h,λh, σ̃ h() ∈
Hh, ũh(), uh ∈ Lh can be expressed as

σ h(x, t) =
N∑
j=

σ j(t)ϕj(x), λh(x, t) =
N∑
j=

λj(t)ϕj(x),

σ̃ h(x, ) =
N∑
j=

σ̃ j()ϕj(x), ũh(x, ) =
N∑
j=

ũj()χj, uh(x, t) =
N∑
j=

uj(t)χj.

Substitute the above expressions into system () and set wh, zh = φi (i = , , . . . , N ), vh =
χi (i = , , . . . , N), then we write system () as the following matrix form:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(a) AZ(t) – BU(t) = ,

(b) AL(t) = AZ(t) + A
d
dt Z(t) +

∫ t
 A(τ )Z(τ ) dτ ,

(c) C d
dt U(t) + BT L(t) = F(t),

(d) U() = Ũ, Z() = Z̃,

()

where

Z(t) =
(
σ (t),σ (t), . . . ,σ N (t)

)T , L(t) =
(
λ(t),λ(t), . . . ,λN (t)

)T ,

U(t) =
(
u(t), u(t), . . . , uN (t)

)T , A =
(
(φj,γhφi)

)
i=,...,N ;j=,...,N ,

B =
(
(χj, divφi)

)
i=,...,N ;j=,...,N

, A =
(
(aφj,γhφi)

)
i=,...,N ;j=,...,N ,

A =
(
(bφj,γhφi)

)
i=,...,N ;j=,...,N , A =

(
(kφj,γhφi)

)T
i=,...,N ;j=,...,N ,

C =
(
(χj,χi)

)
i=,...,N;j=,...,N

, F(t) =
(
(f ,χi)

)T
i=,...,N

,

Ũ =
(
ũj()

)T
j=,,...,N

, Z̃ =
(
σ̃ j()

)T
j=,,...,N

.

It is easy to see that A and C are symmetric positive definite matrixes, and A and A

are invertible matrixes. We rewrite equation (c) in () as

⎧⎨
⎩

(A + G–) d
dt Z(t) + AZ(t) +

∫ t
 AZ(τ ) dτ = G–A–BC–F(t),

Z() = Z̃,
()

where G = A–BC–BT A–.
Using quadratic form theory, we can know that (A + G–) is an invertible matrix, and

problem () has a unique solution by the theory of differential equations. Thus, systems
() and () have a unique solution. �

Now we write the errors as

σ – σ h = σ – σ̃ h + σ̃ h – σ h = ξ̃ + ξ ,

λ – λh = λ – λ̃h + λ̃h – λh = ζ̃ + ζ ,

u – uh = u – ũh + ũh – uh = φ̃ + φ,
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where (ũh, σ̃ h, λ̃h) is the Volterra-type generalized EMCVE projection of (u,σ ,λ). Using
() and (), we have the error equations

(ξ ,γhwh) – (div wh,φ) = , ∀wh ∈ Hh, (a)

(ζ ,γhzh) = (aξ ,γhzh) + (bξt ,γhzh) + (bξ̃t ,γhzh)

+
(
bσ t , (I – γh)zh

)
+

(∫ t


kξ dτ ,γhzh

)
, ∀zh ∈ Hh, (b)

(cφt , vh) + (div ζ , vh) = –(cφ̃t , vh), ∀vh ∈ Lh. (c)

Theorem . Let (u,σ ,λ), (uh,σ h,λh) be the solutions of () and (), respectively, and set
that uh() = ũh(), σ h() = σ̃ h(). Then there is a constant C >  independent of h and t
such that

‖σ – σ h‖ ≤ Ch
(‖ ∗ ‖), ()

‖u – uh‖ ≤ Ch
(‖u‖ + ‖ ∗ ‖), ()

∥∥(u – uh)t
∥∥ +

∥∥(σ – σ h)t
∥∥ ≤ Ch

(‖σ t‖ + ‖λt‖ + ‖ut‖ + ‖ ∗ ‖), ()

‖λ – λh‖ ≤ Ch
(‖σ t‖ + ‖λt‖ + ‖ut‖ + ‖ ∗ ‖), ()

‖λ – λh‖H(div,�) ≤ Ch
(‖divλ‖ + ‖σ t‖ + ‖λt‖ + ‖ut‖ + ‖ ∗ ‖), ()

where

‖∗‖ = ‖σ‖ +‖λ‖ +
(∫ t



∥∥∥∥∂u
∂t

∥∥∥∥



dt

) 


+
∑

i=

((∫ t



∥∥∥∥∂ iσ

∂ti

∥∥∥∥



dt

) 


+
(∫ t



∥∥∥∥∂ iλ

∂ti

∥∥∥∥



dt

) 

)

.

Proof Differentiating (a) with respect to variable t, we have

(ξt ,γhwh) – (div wh,φt) = , ∀wh ∈ Hh. ()

Setting vh = φt in (c), wh = ζ in (), and zh = ξt in (b), we have

(cφt ,φt) + (aξ ,γhξt) + (bξt ,γhξt)

= –(cφ̃t ,φt) – (bξ̃t ,γhξt) –
(
bσ t , (I – γh)ξt

)
+

(∫ t


kξ dτ ,γhξt

)
. ()

Noting that

(aξ ,γhξt) = (āξ ,γhξt) +
[
(aξ ,γhξt) – (āξ ,γhξt)

]
,

and (āξ ,γhξt) = 


d
dt (āξ ,γhξ ), using Lemmas .-. and Lemma ., we get

c‖φt‖ +



d
dt

(āξ ,γhξ ) + μ‖ξt‖

≤ μ


‖ξt‖ +

c


‖φt‖ + C

(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖
 + ‖ξ‖) + C

∫ t


‖ξ‖ dτ .
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Integrating the above inequality from  to t, we get

(āξ ,γhξ ) + c

∫ t


‖φt‖ dt + μ

∫ t


‖ξt‖ dt

≤ (
āξ (),γhξ ()

)
+ C

∫ t



(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖
 + ‖ξ‖)dt. ()

Noting that ξ () = , (āξ ,γhξ ) ≥ μ‖ξ‖, applying Gronwall’s inequality, we have

μ‖ξ‖ + c

∫ t


‖φt‖ dt + μ

∫ t


‖ξt‖ dt

≤ C
∫ t



(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖

)

dt. ()

Now, we set vh = φ in (c), wh = ζ in (a), and zh = ξ in (b) to obtain

(cφt ,φ) + (aξ ,γhξ ) = –(cφ̃t ,φ) – (bξt ,γhξ )

– (bξ̃t ,γhξ ) –
(
bσ t , (I – γh)ξ

)
–

(∫ t


kξ dτ ,γhξ

)
. ()

Using Lemmas ., . and ., we get




d
dt

∥∥c

 φ

∥∥ + μ‖ξ‖ ≤ μ


‖ξ‖ + C

(
‖φ‖ +

∫ t


‖ξ‖ dτ

)

+ C
(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖

 + ‖ξt‖). ()

Integrating () from  to t yields

∥∥c

 φ

∥∥ –
∥∥c


 φ()

∥∥ + μ

∫ t


‖ξ‖ dt

≤ C
∫ t


‖φ‖ dt + C

∫ t



(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖
 + ‖ξt‖ + ‖ξ‖)dt. ()

Noting that φ() = , and substituting () into (), we get that

c‖φ‖ + μ

∫ t


‖ξ‖ dt ≤ C

∫ t


‖φ‖ dt + C

∫ t



(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖

)

dt.

Using Gronwall’s inequality yields

c‖φ‖ + μ

∫ t


‖ξ‖ dt ≤ C

∫ t



(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖

)

dt. ()

Next, using Lemmas . and . in (), we get

c‖φt‖ + μ‖ξt‖ ≤ C‖ξ‖ +
μ


‖ξt‖ +

c


‖φt‖

+ C
(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖


)

+ C
∫ t


‖ξ‖ dτ . ()
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Substituting () and () into () yields

c‖φt‖ + μ‖ξt‖ ≤ C
(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖


)

+ C
∫ t



(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖

)

dt. ()

To estimate ‖λ – λh‖ and ‖λ – λh‖H(div,�), we choose zh = ζ in (b) to see that

(ζ ,γhζ ) = (aξ ,γhζ ) + (bξt ,γhζ ) +
(
bσ t , (I – γh)ζ

)
+ (bξ̃t ,γhζ ) +

(∫ t


kξ dτ ,γhζ

)
.

Using Lemmas . and ., we get

μ‖ζ‖ ≤ C
(‖ξt‖ + ‖ξ‖ + ‖ξ̃t‖ + h‖σ t‖


)

+ C
∫ t


‖ξ‖ dτ +

μ


‖ζ‖. ()

Substituting (), () and () into (), we have that

‖ζ‖ ≤ C
(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖


)

+ C
∫ t



(‖φ̃t‖ + ‖ξ̃t‖ + h‖σ t‖

)

dt. ()

Choosing vh = div ζ in (c) yields

(div ζ , div ζ ) = –(cφt , div ζ ) – (cφ̃t , div ζ ).

And we have

‖div ζ‖ ≤ C
(‖φ̃t‖ + ‖φt‖).

Using () and (), we have

‖div ζ‖ ≤ C
(‖ξ̃t‖ + ‖φ̃t‖ + h‖σ t‖


)

+ C
∫ t



(‖ξ̃t‖ + ‖φ̃t‖ + h‖σ t‖

)

dt. ()

Thus, combine (), (), () and (), apply the triangle inequality to complete the
proof. �

5 The fully-discrete expanded mixed covolume element formulation
Let �t be the time step length, and tn = n�t (n = , , , . . . , M) for some positive integer M.
Define ϕn = ϕ(tn) and ∂tϕ

n = ϕn–ϕn–

�t for a function ϕ. To approximate the integral term,
we select the left rectangle quadrature formula

∫ tn


ϕ(s) ds ≈ �t

n–∑
j=

ϕ(tj),

and the quadrature error εn(ϕ) =
∫ tn

 ϕ(s) ds – �t
∑n–

j= ϕ(tj) satisfies

∣∣εn(ϕ)
∣∣ ≤ C�t

∫ tn



∣∣ϕt(s)
∣∣ds.



Fang et al. Advances in Difference Equations  (2017) 2017:143 Page 14 of 22

Now, we define the backward Euler fully-discrete scheme: find (un
h,σ n

h,λn
h) ∈ Lh × Hh ×

Hh, n = , , . . . , N , such that

(
u

h, vh
)

= (u, vh), ∀vh ∈ Lh, (a)(
σ 

h,γhwh
)

–
(
div wh, u

h
)

= , ∀wh ∈ Hh, (b)(
σ n

h,γhwh
)

–
(
div wh, un

h
)

= , ∀wh ∈ Hh, n ≥ , (c)(
λn

h,γhzh
)

=
(
aσ n

h,γhzh
)

+
(
b∂tσ

n
h,γhzh

)

+ �t
n–∑
j=

(
kn,jσ

j
h,γhzh

)
, ∀zh ∈ Hh, n ≥ , (d)

(
c∂tun

h, vh
)

+
(
divλn

h, vh
)

=
(
f n, vh

)
, ∀vh ∈ Lh, n ≥ , (e)

where kn,j = k(x, tn, tj).
The above calculation of {un

h,σ n
h,λn

h} (n = , , . . . , M) only involves the inverse operation
of stiffness matrix with the spaces Hh and Lh. u

h and σ 
h are calculated by solving (a) and

(b). The calculation proceeds by solving (c), (d) and (e) equations for {σ n
h,λn

h, un
h}

with using already calculated {σ n–
h , un–

h }. It is easy to get that there is a unique solution
for the fully-discrete scheme (a)-(e).

We now rewrite the errors as

σ (tn) – σ n
h = σ (tn) – σ̃ h(tn) + σ̃ h(tn) – σ n

h = ξ̃n + ξn,

λ(tn) – λn
h = λ(tn) – λ̃h(tn) + λ̃h(tn) – λn

h = ζ̃ n + ζ n,

u(tn) – un
h = u(tn) – ũh(tn) + ũh(tn) – un

h = φ̃n + φn,

where (ũh, σ̃ h, λ̃h) is the Volterra-type generalized EMCVE projection of (u,σ ,λ).
Using (a)-(c), we obtain the following error equations:

(
φ̃ + φ, vh

)
= , ∀vh ∈ Lh, (a)(

σ () – σ 
h,γhwh

)
–

(
div wh, u() – u

h
)

= –
(
σ (), (I – γh)wh

)
, ∀wh ∈ Hh, (b)(

ξn,γhwh
)

–
(
div wh,φn) = , ∀wh ∈ Hh, n ≥ , (c)(

ζ n,γhzh
)

=
(
aξn,γhzh

)
+

(
b∂tξ

n,γhzh
)

+
(
b∂t ξ̃

n,γhzh
)

+
(
bαn,γhzh

)
+

(
bσ n

t , (I – γh)zh
)

+
(
εn(kσ̃ h),γhzh

)

+ �t
n–∑
j=

(
kn,jξ j,γhzh

)
, ∀zh ∈ Hh, n ≥ , (d)

(
c∂tφ

n, vh
)

+
(
div ζ n, vh

)
= –

(
c∂tφ̃

n, vh
)

–
(
cβn, vh

)
, ∀vh ∈ Lh, n ≥ , (e)

where

αn = σ n
t – ∂tσ

n, βn = un
t – ∂tun,

εn(kσ̃ h) =
∫ tn


k(tn, τ )σ̃ h(τ ) dτ – �t

n–∑
j=

kn,jσ̃
j
h.
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Theorem . Let (un
h,σ n

h,λn
h) be the solution of scheme (a)-(e), and suppose that the so-

lution (u,σ ,λ) of system () has properties that σ ,λ ∈ L∞((H(�))), σ t ,λt ∈ L((H(�))),
u ∈ L∞(H(�)), ut ∈ L(H(�)), σ t ,σ tt ∈ L((L(�))), utt ∈ L(L(�)), then there is a con-
stant C >  independent of h and �t such that

max
≤n≤M

(∥∥u(tn) – un
h
∥∥ +

∥∥σ (tn) – σ n
h
∥∥) ≤ C(h + �t),

max
≤n≤M

(∥∥ut(tn) – ∂tun
h
∥∥ +

∥∥σ t(tn) – ∂tσ
n
h
∥∥) ≤ C(h + �t),

max
≤n≤M

(∥∥λ(tn) – λn
h
∥∥ +

∥∥λ(tn) – λn
h
∥∥

H(div,�)

) ≤ C(h + �t).

Proof Using (a)-(c), we rewrite (b) as

(
ξ,γhwh

)
–

(
div wh,φ) = , ∀wh ∈ Hh. ()

Then using (c) and (), we have

(
∂tξ

n,γhwh
)

–
(
div wh, ∂tφ

n) = , ∀wh ∈ Hh, n ≥ . ()

Choosing vh = ∂tφ
n in (e), wh = ζ n in (), and zh = ∂tξ

n in (d), we have

(
c∂tφ

n, ∂tφ
n) +

(
aξn,γh∂tξ

n) +
(
b∂tξ

n,γh∂tξ
n)

= –
(
c∂tφ̃

n, ∂tφ
n) –

(
cβn, ∂tφ

n) –
(
b∂t ξ̃

n,γh∂tξ
n) –

(
bσ n

t , (I – γh)∂tξ
n)

–
(
bαn,γh∂tξ

n) – �t
n–∑
j=

(
kn,jξ j,γh∂tξ

n) –
(
εn(kσ̃ h),γh∂tξ

n). ()

Noting the fact that (aξn,γh∂tξ
n) = (āξn,γh∂tξ

n) + [(aξn,γh∂tξ
n) – (āξn,γh∂tξ

n)], and
(āξn,γh∂tξ

n) ≥ 
�t [(āξn,γhξ

n) – (āξn–,γhξ
n–)], we have

c
∥∥∂tφ

n∥∥ +


�t
[(

āξn,γhξ
n) –

(
āξn–,γhξ

n–)] + μ
∥∥∂tξ

n∥∥

≤ C
(∥∥βn∥∥ +

∥∥∂tφ̃
n∥∥ +

∥∥∂t ξ̃
n∥∥ +

∥∥αn∥∥ + h∥∥σ n
t
∥∥



)

+ C�t
n–∑
j=

∥∥ξ j∥∥ + C
(∥∥ξn∥∥ +

∥∥εn(kσ̃ )
∥∥)

+
c


∥∥∂tφ

n∥∥ +
μ


∥∥∂tξ

n∥∥. ()

Summing from n =  to m and multiplying () by �t, we have

(
āξm,γhξ

m) ≤ C
∥∥ξ∥∥ + C�t

m∑
n=

∥∥ξn∥∥ + C�t
m∑

n=

(∥∥αn∥∥ +
∥∥βn∥∥)

+ C�t
m∑

n=

(
h∥∥σ n

t
∥∥

 +
∥∥εn(kσ̃ h)

∥∥ +
∥∥∂tφ̃

n∥∥ +
∥∥∂t ξ̃

n∥∥). ()
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Note that (āξm,γhξ
m) ≥ μ‖ξm‖, choose �t in () to satisfy C�t < μ

 , and use Gron-
wall’s inequality to get

∥∥ξm∥∥ ≤ C
∥∥ξ∥∥ + C�t

m∑
n=

(∥∥αn∥∥ +
∥∥βn∥∥)

+ C�t
m∑

n=

(
h∥∥σ n

t
∥∥

 +
∥∥εn(kσ̃ h)

∥∥ +
∥∥∂tφ̃

n∥∥ +
∥∥∂t ξ̃

n∥∥). ()

Now, by Lemma ., it follows from () that

c
∥∥∂tφ

n∥∥ + μ
∥∥∂tξ

n∥∥

≤ C
(∥∥ξn∥∥) + C�t

n–∑
j=

∥∥ξ j∥∥

+
c


∥∥∂tφ

n∥∥ +
μ


∥∥∂tξ

n∥∥ + C
∥∥εn(kσ̃ h)

∥∥

+ C
(
h∥∥σ n

t
∥∥

 +
∥∥∂tφ̃

n∥∥ +
∥∥βn∥∥ +

∥∥∂t ξ̃
n∥∥ +

∥∥αn∥∥). ()

Substituting () into (), we have that

c
∥∥∂tφ

n∥∥ + μ
∥∥∂tξ

n∥∥

≤ C
∥∥ξ∥∥ + C

∥∥εn(kσ̃ h)
∥∥

+ C
(
h∥∥σ n

t
∥∥

 +
∥∥∂tφ̃

n∥∥ +
∥∥βn∥∥ +

∥∥∂t ξ̃
n∥∥ +

∥∥αn∥∥)

+ C�t
n∑

j=

(∥∥∂tφ̃
j∥∥ +

∥∥β j∥∥ +
∥∥∂t ξ̃

j∥∥ +
∥∥αj∥∥ + h∥∥σ

j
t
∥∥

 +
∥∥εj(kσ̃ h)

∥∥). ()

To estimate ‖λ(tn) – Zn‖ + ‖λ(tn) – Zn‖H(div,�), we set zh = ζ n in (d) and get that

μ
∥∥ζ n∥∥ ≤ C

(∥∥∂t ξ̃
n∥∥ +

∥∥αn∥∥ + h‖σ t‖

)

+ C
(∥∥ξn∥∥ +

∥∥∂tξ
n∥∥)

+ C�t
n–∑
j=

∥∥ξ j∥∥ + C
∥∥εn(kσ̃ h)

∥∥ +
μ


∥∥ζ n∥∥. ()

Substituting () and () into (), we have

∥∥ζ n∥∥ ≤ C
(∥∥ξ∥∥ +

∥∥αn∥∥ +
∥∥βn∥∥) + C�t

n∑
j=

(∥∥αj∥∥ +
∥∥β j∥∥)

+ C
(∥∥∂tφ̃

n∥∥ +
∥∥∂t ξ̃

n∥∥ + h∥∥σ n
t
∥∥

 +
∥∥εn(kσ̃ h)

∥∥)

+ C�t
n∑

j=

(
h∥∥σ

j
t
∥∥

 +
∥∥εj(kσ̃ h)

∥∥ +
∥∥∂tφ̃

j∥∥ +
∥∥∂t ξ̃

j∥∥). ()

Choose vh = div ζ n in (e) to obtain

∥∥div ζ n∥∥ ≤ C
(∥∥∂tφ

n∥∥ +
∥∥∂tφ̃

n∥∥ +
∥∥βn∥∥). ()
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Substituting () into (), we get

∥∥div ζ n∥∥ ≤ C
(∥∥ξ∥∥ +

∥∥αn∥∥ +
∥∥βn∥∥) + C�t

n∑
j=

(∥∥αj∥∥ +
∥∥β j∥∥)

+ C
(∥∥∂tφ̃

n∥∥ +
∥∥∂t ξ̃

n∥∥ + h∥∥σ n
t
∥∥

 +
∥∥εn(kσ̃ h)

∥∥)

+ C�t
n∑

j=

(
h∥∥σ

j
t
∥∥

 +
∥∥εj(kσ̃ h)

∥∥ +
∥∥∂tφ̃

j∥∥ +
∥∥∂t ξ̃

j∥∥). ()

Finally, we estimate ‖u(tm) – Um‖. Setting vh = φn in (e), wh = ζ n in (c), and zh = ξn

in (d), we get

(
c∂tφ

n,φn) +
(
aξn,γhξ

n) +
(
b∂tξ

n,γhξ
n)

= –
(
c∂tφ̃

n,φn) –
(
cβn,φn) –

(
b∂t ξ̃

n,γhξ
n) –

(
bσ n

t , (I – γh)ξn)

–
(
bαn,γhξ

n) – �t
n–∑
j=

(
kn,jξ j,γhξ

n) –
(
εn(kσ̃ h),γhξ

n). ()

Noting that (c∂tφ
n,φn) ≥ 

�t (‖c 
 φn‖ – ‖c 

 φn–‖), and using Lemmas . and ., we
obtain


�t

(∥∥c

 φn∥∥ –

∥∥c

 φn–∥∥) + μ

∥∥ξn∥∥

≤ C
(∥∥φn∥∥ +

∥∥∂tξ
n∥∥) + C

(∥∥∂tφ̃
n∥∥ +

∥∥βn∥∥ +
∥∥∂t ξ̃

n∥∥ +
∥∥αn∥∥ + h∥∥σ n

t
∥∥



)

+ C�t
n–∑
j=

∥∥ξ j∥∥ + C
∥∥εn(kσ̃ h)

∥∥ +
μ


∥∥ξn∥∥. ()

Summing from n =  to m, multiplying () by �t, and using (), we get

c
∥∥φm∥∥ ≤ C

(∥∥φ∥∥ +
∥∥ξ∥∥) + C�t

m∑
n=

(∥∥αn∥∥ +
∥∥βn∥∥) + C�t

m∑
n=

∥∥φn∥∥

+ C�t
m∑

n=

(
h∥∥σ n

t
∥∥

 +
∥∥εn(kσ̃ h)

∥∥ +
∥∥∂tφ̃

n∥∥ +
∥∥∂t ξ̃

n∥∥). ()

Choose �t in () to satisfy C�t < c
 , and use Gronwall’s inequality to get

∥∥φm∥∥ ≤ C
(∥∥φ∥∥ +

∥∥ξ∥∥) + C�t
m∑

n=

(∥∥αn∥∥ +
∥∥βn∥∥)

+ C�t
m∑

n=

(
h∥∥σ n

t
∥∥

 +
∥∥εn(kσ̃ h)

∥∥ +
∥∥∂tφ̃

n∥∥ +
∥∥∂t ξ̃

n∥∥). ()

Now, we note that

∥∥αn∥∥ ≤ C�t
∫ tn

tn–

‖σ tt‖ dt,
∥∥∂tφ̃

n∥∥ ≤ C


�t

∫ tn

tn–

‖φ̃t‖ dt, ()
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∥∥βn∥∥ ≤ C�t
∫ tn

tn–

‖utt‖ dt,
∥∥∂t ξ̃

n∥∥ ≤ C


�t

∫ tn

tn–

‖ξ̃t‖ dt. ()

Using (a)-(c), we have

‖σ̃ h‖ ≤ C
(

‖σ‖ + h‖λ‖
 +

∫ t


‖σ‖ dt

)
,

‖σ̃ ht‖ ≤ C

( ∑
i=

(∥∥∥∥∂ iσ

∂ti

∥∥∥∥


+ h
∥∥∥∥∂ iλ

∂ti

∥∥∥∥




)
+

∫ t



(‖σ‖ + h‖λ‖

)

dt

)
,

and we have

∥∥εn(kσ̃ h)
∥∥ ≤ C�t

∑
i=

∫ tn



(∥∥∥∥∂ iσ

∂ti

∥∥∥∥


+ h
∥∥∥∥∂ iλ

∂ti

∥∥∥∥




)
dt. ()

Further, using (a) and (b), we get

∥∥ξ∥∥ ≤ Ch(∥∥σ ()
∥∥

 +
∥∥λ()

∥∥


)
, ()

∥∥φ∥∥ ≤ ∥∥φ̃∥∥ ≤ Ch
(∥∥u()

∥∥
 +

∥∥σ ()
∥∥

 +
∥∥λ()

∥∥


)
. ()

Finally, apply the triangle inequality to obtain the error estimates. �

6 Numerical example
For confirming the above theoretical analysis, we give a numerical example and consider
the spatial and temporal domain � = (, ) × (, ), J = (, ], the coefficients a(x) =  +
x

 + x
, b(x) =  + x

 + x
, c(x) = , k(x, t, τ ) = ( + x

 + x
 + t)τ , and the initial function

u(x, ) = x(x – )x(x – ).

The exact solution is

u(x, t) = e–tx(x – )x(x – ),

and the source function f (x, t), auxiliary variables σ (x, t) = –∇u(x, t) and λ(x, t) =
–(a(x)∇u(x, t) + b(x)∇ut(x, t) +

∫ t
 k(x, t, τ )∇u(x, τ ) dτ ) are determined by the above func-

tions.
We use the fifth order Gauss quadrature rule to calculate the errors ‖u – uh‖L∞(L(�)),

‖σ –σ h‖L∞((L(�))), ‖λ–λ‖L∞(H(div,�)) and ‖λ–λh‖L∞((L(�))). The simulation results for the
backward Euler fully-discrete scheme are given in Table  by using RT space with different
mesh sizes h =

√
�t =

√


 ,
√


 ,

√


 ,
√


 . Based on the error results and convergence rates,

we can verify the theoretical analysis.
The graphs of exact solutions for u, σ and λ at t =  are drawn on Figures ,  and ,

respectively. The graphs of the corresponding discrete solutions for un
h , σ n

h and λn
h with

the mesh h =
√


 and �t = 

 are drawn on Figures ,  and , respectively. The numerical
results and figures show that the EMCVE scheme is feasible and efficient.
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Table 1 Error estimates and convergence rates

h, �t ‖u – uh‖L∞(L2(�)) Rate ‖σ – σ h‖L∞((L2(�))2) Rate

(
√
2
8 , 18 ) 3.8464e–003 1.6043e–002

(
√
2

16 ,
1
16 ) 2.0591e–003 0.90 8.6877e–003 0.88

(
√
2

32 ,
1
32 ) 1.0637e–003 0.95 4.5181e–003 0.94

(
√
2

64 ,
1
64 ) 5.4043e–004 0.98 2.3037e–003 0.97

h, �t ‖λ – λh‖L∞((L2(�))2) Rate ‖λ – λ‖L∞(H(div,�)) Rate

(
√
2
8 , 18 ) 1.5432e–002 5.1929e–002

(
√
2

16 ,
1
16 ) 8.3902e–003 0.88 2.7873e–002 0.90

(
√
2

32 ,
1
32 ) 4.3491e–003 0.95 1.4411e–002 0.95

(
√
2

64 ,
1
64 ) 2.2108e–003 0.98 7.3231e–003 0.98

Figure 2 The exact solution of u.

Figure 3 The exact solution of σ = (σ1,σ2).

7 Conclusions
We present the EMCVE method for the D linear integro-differential equation of Sobolev
type. We introduce the transfer operator γh and construct the semi-discrete, backward
Euler fully-discrete EMCVE schemes. We obtain the optimal order error estimates for the
scalar unknown u (in L(�)-norm), gradient σ (in (L(�))-norm) and flux λ (in (L(�))-
norm and H(div,�)-norm) by introducing the Volterra-type generalized EMCVE projec-
tion. Moreover, we give the numerical experiment to verify the theoretical analysis.
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Figure 4 The exact solution of λ = (λ1,λ2).

Figure 5 The numerical solution of uh .

Figure 6 The numerical solution of σ h = (σ1h,σ2h).
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Figure 7 The numerical solution of λh = (λ1h,λ2h).
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