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1 Introduction

Fractional differential equations arise in many engineering and scientific disciplines as the
mathematical modeling of systems and processes in the fields of physics, chemistry, aero-
dynamics, electrodynamics of complex medium, polymer rheology, and they have been
emerging as an important area of investigation in the last few decades; see [3-7].

The theory of impulsive differential equations is a new and important branch of dif-
ferential equation theory, which has an extensive physical, population dynamics, ecology,
chemical, biological systems, and engineering background. Therefore, it has been an ob-
ject of intensive investigation in recent years, some basic results on impulsive differential
equations have been obtained and applications to different areas have been considered
by many authors, see [8—11]. However, the concept of solutions for impulsive fractional
differential equations [4—13] has been argued extensively, while the concept presented
in Refs. [4-8, 13] could be controversial and deserves a further argument and mending.
In [9, 12, 14], Wang et al. and Shu et al. gave a new concept of some impulsive differen-
tial equations with fractional derivative, which is a correction of that of piecewise con-
tinuous solutions used in [6, 8, 13]. Furthermore, the theory of boundary value prob-
lems for nonlinear impulsive fractional differential equations is still in the initial stages
and many aspects of this theory need to be explored, we refer the readers to [1, 2, 15—
17].
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In [1], Zhou discussed the existence of solutions for a nonlinear multi-point boundary
value problem of integro-differential equations of fractional order as follows:

°D§. u(t) = f(t, u(t), (Hu)(t), (Ku)(®)), tel0,1],a € (1,2],
a1u(0) — b1/ (0) = dyu(&1), ayu(1) + byu/ (1) = dyu(é,),

where °Dj. denotes the fractional Caputo derivative and

(Hu)(s) = /tg(t,s)u(s) ds, (Ku)(s) = /t h(t,s)u(s)ds
0 0

with respect to strong topology.
In [2], Bai studied the existence of solutions for an impulsive fractional differential equa-
tion with nonlocal conditions in a Banach space E

°Dg+ u(t) =f(tult), te],
Au(ty) = L(u(te)), Au'(t) = [ (u(t)), k=1,2,...,p,
u(0) + u'(0) = 0, ul)+u'(1) =0,

by using the contraction mapping principle and Krasnoselskii’s fixed point theorem.
Dong et al. [15] investigated the boundary value problem for p-Laplacian fractional dif-
ferential equations

D*(¢,(D*u(t))) = f(t,u(t)), O0<t<l,
u(0) = u(1) = D*u(0) = D*u(1) = 0,

wherel < @ <2isareal number, D* is the conformable fractional derivative, ¢, (s) = |s|P~2s,
p>1, qb;l = ¢y, }7 + % =1,f:[0,1] x [0,+00) — [0, +00) is continuous. By the approxima-
tion method and fixed point theorems on cone, some existence and multiplicity results of
positive solutions are obtained.

Bai et al. [16] investigated the boundary value problem of fractional differential equa-
tions

Dg+ u(t) =f(lf,l/t(t)), te(0,h),

7 u(t)| =0 = to,

where f € C([0,4] x R,R), D§, u(t) is the standard Riemann-Liouville fractional deriva-
tive, 0 < o < 1. The existence of the blow-up solution, that is to say, u € C(0,4] and
lim;_, o, u(t) = 00, is obtained by the use of the lower and upper solution method.

In this paper, motivated by the above references, we investigate the existence of solutions
to the following impulsive fractional integro-differential equations with mixed boundary
conditions:

‘D u(t) =f (& u®), (Tu) (), (Su))), te],
Au(ty) = I(u(ty)), A () = I (u(te), k=12,...,p, (L1)
au(0) +bu'(0) = i(w),  au(l) + bu'(1) = y2(u),
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where f € C(J x E x E x E,E), Ii, I} € C(E,E), J = [0,11, ]’ =] \ {t1, t2, ..., 1}, °D}. is the
Caputo fractional derivative of order o € (1,2], {tx} satisfy 0 =tg < fy <y <+ <ty <tpy1 =
1,p e N, Au(ty) = u(ty) —u(ty), Au' (&) = ' (£) — u'(£), u(ty) and u(t;) represent the right
and left limits of u(z) at ¢ = t;, respectively. T and S are two linear operators defined by

a

(Tu)(t) = /o k(t,s)p1 (s, u(s)) ds, (Su)(t) = /o h(t,s)ps (s, u(s)) ds,

where k € C(D,R*), h € C(Dg,R*), D={(t,s) eR*:0<s<t<a),Dy={(ts)eR>:0<
t,s <a}and p; € C(J x E,E), y;: ] — E (i =1,2) is to be specified later.

The paper is organized as follows. In Section 2 we recall some basic known results. In
Section 3 we discuss the existence theorem of solutions for problem (1.1). In Section 4, we
provide an example to illustrate our result.

2 Preliminaries
In this section, we introduce notations, definitions and preliminary results which will be
used throughout this paper.

Let E be a real Banach space and denote by W the family of all functions ¥ : R, — R,
satisfying the following conditions:

(¥1) ¢ is nondecreasing;
(W2) Y% " < oo forall ¢ >0, where ¥ is the nth iterate of .

For each ¢ € W, the following assertions hold:

(1) lim,_ o ¥"(¢) =0 forall £ > 0;

(2) ¥(t)<tforallt>0;

3) ¥(0)=0.

Furthermore, we write B(x, ) to denote the closed ball centered at x with radius r and
X, ConvX to denote the closure and closed convex hull of X, respectively. Moreover, let
mg indicate the family of all nonempty bounded subsets of E and 7 indicate the family of
all relatively compact sets.

Let Jo = (0,4],)1 = (b, 82)5 .+ s Jp-1 = (tp-1, ), )y = (¢,1] and C(J,E) denote the Banach
space of all continuous E-valued functions on the interval J, PC(J,E) = {u:] — Elu €
C(U',E), u(t;), u(ty) exist and u(t;) = u(t),1 < k < p}. Obviously, PC(J,E) is a Banach
space with the norm ||u|| = sup,; [lu(?)]|£-

We use the following definition of the measure of noncompactness given in [18].

Definition 2.1 A mapping p : mp — R+ is said to be a measure of noncompactness in E
if it satisfies the following conditions:

(1) The family ker u = {X € mg : u(X) = 0} is nonempty and ker u C ng.

2) XCY = pX) < pu(Y).

(3) n(X) = u(X).

(4) p(ConvX) = p(X).

5) uAX+(A-2)Y) <ApuX)+Q-1)u(Y) for A € [0,1].

(6) If (X,) is a sequence of closed sets from mg such that X,,,; C X,, (n=1,2,...) and if

lim,,_, oo (X,;) = 0, then the intersection set X, = ﬂ;ﬁl X, is nonempty.

Lemma2.1([19]) Let¢: R, — R, bea nondecreasing and upper semicontinuous function.
Then the following two conditions are equivalent:
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() lim,— 00 ¢"(2) =0 for any t > 0;
(i) @(¢) <tforanyt>0.

For any nonempty bounded subset, X € mg. Forx € X; T >0and € > 0, let

w(x,€) = sup{|x(t) —x(s)| : t,s €], |t —s| < e},
(X, €)= sup{wT(x,s) S X},

wo(X) = lirr(l)a)(X,e),X(t) = {x(t) tx € X},

diam X (¢) = sup{|x(¢) — y(£)| : %,y € X},
and
(X)) = wo(X) + tlirgo sup diam X (¢). (2.1)

In [18], Banas$ has shown that the function p is a measure of noncompactness in the spaces
PC(J,E).
For completeness, we recall the definition of the Caputo derivative of fractional order.

Definition 2.2 The fractional integral of order « of a function f : [0,00) — R is defined
as

I5.f(t) = %oz) ‘/0 (t=5)""f(s)ds, t>0,a>0,

provided the right-hand side is point-wise defined on (0, 00), where I'(:) is the gamma

function.

Definition 2.3 The Riemann-Liouville derivative of order a with the lower limit zero for

a function f : [0,00) — R can be written as

ds, t>0,n-1l<a<n.

DO - . 1 d”/ f(s)

(n—a)dtr Jy (t—s)in

Definition 2.4 The Caputo fractional derivative of order « for a function f : [0,00) - R
can be written as
n-1 tk
‘Dy.f(t) = Dj+ |:f(t) - Z Ef(k)(O)], t>0,n—-1l<a<n,

k=0

where 7 = [«] + 1 and [«r] denotes the integer part of «.

Remark 2.1 In the case f(¢) € C"[0, 00), then

D)= s [ =9I ds = B0, 1> 0n-1<asn

r
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That is to say, Definition 2.4 is just the usual Caputo fractional derivative. In this paper,
we consider an impulsive problem, so Definition 2.4 is appropriate.

Moreover, we need the following known results.
Lemma 2.2 Let o > 0, then the differential equation
‘D.u(t) =0
has the solution u(t) =co + it +cot> + -+ c,t" L, ¢, €eR,i=0,1,...,n,n=[a] + 1.
In view of Lemma 2.2, we have the following.

Lemma 2.3 Let«a >0, then
I3 (DG, u(t)) = u(t) + co + crt + cot® + -+ + ¢,
forsomec; €R,i=0,1,...,n,n=[a] +1.

Definition 2.5 ([20]) Let (E,d) be a metric space with w-distance p and f: E — E be a
given mapping. We say that f isa (y, ¥, p)-contractive mapping if there exist two functions
y :E X E — [0,00) and ¥ € W such that

y (% y)p(fr.fy) < ¥ (px,))
forall x,y € E.

In the following, we will show some fixed point theorems of Darbo type proved by Agha-
jani et al. and that (y, ¥, p) is a contractive mapping, which plays a key role in the proof of
our main results.

Lemma 2.4 ([19]) Let Q be a nonempty, bounded, closed and convex subset of a Banach
space E, and let T : Q — Q be a continuous operator satisfying the inequality

I(TX) < (1) (22)

for any nonempty subset X of 2, where u is an arbitrary measure of noncompactness and
¢ :R, — R, is a nondecreasing function such that lim,_, , ¢"(¢) = 0 for each t > 0. Then
T has at least one fixed point in the set Q.

Lemma 2.5 ([20]) Let p be a w-distance on a complete metric space (E,d), and letf : E — E
be a (y,V,p)-contractive mapping. Suppose that the following conditions hold:
(i) f is a y-admissible mapping;
(ii) there exists a point xy € E such that y (xo,fx0) > 1;
(ili) either f is continuous or, for any sequence {x,} in E, if y (%, %441) =1 foralln e N
and x, — x € E as n — 00, then y (x,,x) > 1 for all n € N. Then there exists a point
u € E such that fu = u. Moreover, if y (u,u) > 1, then p(u, u) = 0.
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3 Main results
In this section, we establish the existence theorems of solutions for problem (1.1). For con-
venience, we give some notations.

For B C PC(J,E), let B(t) = {u(t) : u € B} and denote By = {u € B: |lu|| < R}.

Now, following [9, 21, 22], let us introduce the definition of a solution of problem (1.1).

Definition 3.1 A function u € PC(J,E) is said to be a solution of problem (1.1) if
u(t) = ur(t) for t € (i, tre) and ug € C([0, 4], E) satisfies the equation °Df, u(t) =
f (&, u(t), (Tu)(t), (Su)(t)) a.e. on (0,%x1), and the conditions Au(ty) = L(u(ty)), Au'(tk) =
L (u(tr)), k=1,2,...,p, and au(0) + bu'(0) = y1(u), au(1) + bu'(1) = y»(u) hold.

By using a similar technique as in [2], Section 2, we obtain the following lemma.

Lemma 3.1 Let p € C(J,E) and o € (1,2], a function u given by

7 ot =9 p(s)ds + (2 = Oy [y (1= 5)*"p(s) dis
+ e Jo (L=5)"2p (s)ds] L(a(l - ) + by (u) + (at - b)ys ()],
te[0,4];

7 ot =9 p(s)ds + (2 = O [y (=% p(s) dis
+ar+nf01 (1-5)*2p(s)ds] + (L +1-9) lll(u(tj))(b )

(o) - o+ 1= X0 ) = (¢ = ) Y0 I () = X0y () )
+ %5 [(a(l - t) + b)y1(u) + (at — b)ya(w)],

te(ttinl k=12,...,p-1;

a) fo(t 8)%” 1,0(s)ds+(— -9 fo (1-5)*"p(s)ds

mfo —5)*7? (S)dS]+(§+1—t) LT ()2 - 5)

+(E+1-0 27 () + 5@l - 1) + b)y(w) + (at - by ()],

le (tp, tp+1]

+

is a unique solution of the following impulsive problem:

‘DY.u(t)=p(t), te],
Au(ty) = L(u(ty)), Au'(ty) = IZ(M(l’k)), k=12,...,p, (3.2)
au(0) + bu/(0) = »1(u), au(1) + bu' (1) = y»(u).

Proof With Lemma 2.3, a general solution u of the equation °D§, u(£) = p(t) on each inter-

val (¢, txs1] (k=0,1,2,...,p) is given by

u(t) = ﬁ /0 (£ =3)*p(s)ds + ay + brt, for t € (tx, trsa), (3.3)

where ¢y = 0 and £,,; = 1. Then we have

/ 1 ‘ a-2
u'(t) = mfo (t—s)*"p(s)ds + by, forte (¢, trs1].
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We have

u(0) = ao, u'(0) = by,

1 1
)= m/ 1-5)*"p(s)ds + a, + by,

(1) = Tla o 1)/ (1 -5 p(s)ds + by.

So, applying the boundary conditions (3.2), we have

aag + bby = y1(u), (3.4)
a 1 b 1
—F(ot) ,/0 (1—s)ds+ 4F(Ol ) /(; (1-5)*2ds + aay + ab, + bb, = y»(u). (3.5)

Furthermore, in view of Au/'(ty) = u/(t]) — u'(t;) = I} (u(tx)), we have

by = by + I (u(ty)), (3.6)
p
bi=by- Y I'(u(t) (k=12,..,p-1). (3.7)
J=k+1

In the same way, using the impulsive condition Au(t) = u(t;) — u(t;) = i (u(t)), we have
ax + bty = a_y + bt + I (ut)), (3.8)

which by (3.6) implies that

ax = ax-1 — I} (u(tk))tk + Ik(u(tk)). (3.9)
Thus
p
ax = a, + Z (&) - Y L(w) (k=0,1,2,...,p-1). (3.10)
j=k Jj=k+1

Combining (3.4), (3.5), (3.7) with (3.10) yields

_(a+Db)yi(u) - by (u)
P a? aF(a

a2I‘a 1)/ =5 p ds_<_+l>12 (t_;)

b b
+ (; + 1) le(u(tj)), (3.11)
j=1

/ (1-5)*"p(s)ds
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() -y 1

1
b, = P F(a)/o (1-35)*"p(s)ds
a-2 * b
- T 1)/(1 s) p(s)ds+}21:1 (u(t)) ( a)
p
- Y1)
j=1

Furthermore, by (3.7), (3.10), (3.11) and (3.12), we have

p 14
ax=ay+ ) L (u®)+ Y 5(ul)

j=k+1 j=k+1

_(a+Db)yi(u) - byx(u) a1
= 3 a l"(a) / 1-95)*"p(s)ds

P o1 W b . b

j=1

j=k+1
p
be=by— Y I (u(t))
j=k+1
_ y?(u)" ( a-1
- pen )/ (1 5" p(s) ds
b 1 ! 2, o b
araon |, 0o g 6o)(o-7)
14 b
= L(u®) - Y L (u) (k=0,1,2,...,p-1).
j=1 j=k+1

Hence, for k=0,1,2,...,p -1, (3.13) and (3.14) imply

b 1 ! a-1 b ! a-2
ak+bkt:(;—t)|:m/0 1-5s) p(s)ds+m/0 1-5s) ,o(s)ds]

p b
(L) Spe)(2-0) + (e1-) 21wty

j=1
Y4 )4
—@-5) Y L) - Y 4(u@)
Jj=k+1 Jj=k+1

¢ (a0 + D)) + @t - ()

Page 8 of 19

(3.12)

(3.13)

(3.14)

(3.15)
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For k = p, (3.11) and (3.12) imply

b 1 ! . b 1 .
ai + byt = (;—t)[m/(; 1-9) l,o(s)ds+air(ol_l)/0 1-9) 2,o(s)ds:|
b L b b ’
+ (; +1- t> Zlf(u(t,))(; —tj) + <; +1 —t) > L(u()
j=1 j=1

¢ (a0 -0+ () + (at - D] 6.16)

Now it is clear that (3.3), (3.15), (3.16) imply that (3.1) holds.
Conversely, assume that u satisfies (3.1). By a direct computation, it follows that the
solution given by (3.1) satisfies (3.2). This completes the proof. O

To prove our main results, we state the following basic assumptions of this paper.

(HI1) f:R, x E x E x E — E is continuous and there exists a nondecreasing and upper
semicontinuous function ¢ € ¥; furthermore, there exist nondecreasing
continuous functions ®1, ®, : R — R with ®;(0) = ®,(0) = 0 such that

If (& (@), (Tw)(2), (Su)(2)) — £ (&, v(2), (Tv)(2), (Sv)()) |
<o(lu—vll) + D1 (I Tu - Tvll) + D2 (1| Su - Sv||).

(H2) The function defined by |f(¢,0,0,0)| is bounded on J, i.e.,
M = sup{V(t,0,0,0)| :te]} <00

(H3) y; (i =1,2): E — E are continuous and compact mappings and there exists a
nondecreasing and upper semicontinuous function ¢; € W; furthermore, there
exist constants N; such that ||y;(x) — y:(V)|| < @;(lu—v||) and ||y;(u)|| < N; (i=1,2)
for any u, v € Bp.

(H4) The functions I, I} : E — E are continuous, and there exists a nondecreasing and
upper semicontinuous function ¢s, 4 € W; furthermore, there exist constants

i >0 and p >0 such that

|1c@) — )| < @s(l—vl) and L) < u,
forall u,v € B, k=1,2,...,p,
15w - L) <@a(lu-vI) and [F@] <p,

forall u,v € B, k=1,2,...,p.

(H5) There exists a positive solution ro of the inequality

{ (b+a) b

al'(a +1) * a*T(a) }(gp(”u”) + ®1(D1) + Po(Dy) +M1)

+ %(d(b+a)u + (a2 +ab + bz)p) +
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where D is a positive constant defined by the equality

t

k(t, s)p (s, u(s)) ds

Dy = sup{

L8 e],ueBk},

D, = sup{ ‘/ h(t, s)pz(s, (s))

el ue BR}
Moreover,

tim [ k€651 5:6) = 1 (509) ] s =0
and

i [ A6 a5, 09) - 25, )] s =0

Theorem 3.1 Let E be a Banach space, suppose that conditions (H1)-(H5) are satisfied.
Then problem (1.1) has at least one solution in the space PC(J, E).

Proof First we consider the operator Q : PC(J, E) — PC(J, E) defined by
Qo) =5 | (¢ 9 (s ts), (Tu) (5, (Su)(0) s
I'(e) Jo

b I et
+ <; - t) [m / A =97 (s, u(s), (Tu)(s), (Su)(s)) ds

/ 1= )*2f (s, u(s), (Tu)(s), (Su)(s)) d }

aF( -1)
r P
<—+1 t)z I (u() (——t,) ( +1—t)ZI, u(t))
Jj=1 g J=1
)4
4ww2¢wm—24m»
j=k+1 j=k+1

+ iz[(a(l 1)+ b)) + (at - b)y(w)], t€ ttinl,k=12,...,p—1.
a

It is easy to see that the fixed points of Q are the solutions of nonlocal problem (1.1). Set
B, ={u € B:|u(t)|l <ro,t €]}, then B, isaclosed ball in PC(J, E) with center 6 and radius
ro. For Vu € B,, by means of (H1), (H2) and the triangle inequality, we get

Hf( u(s), (Tu)(s), (Su)(s )H < Hf(s, u(s), s), (Su)(s )) -f(s,0,0, O)H + |Lf(s, 0,0,0)”
<o(llull) + ¢1(||TM||) + Do (IISull) + My
< o(llull) + ®1(Dy) + P2(Dy) + M. (3.17)

First, we notice that the continuity of Q(u)(¢) for any u € PC(J, E) is obvious, and by (3.17),
we have

lQu)®)] < % /O (= 5 f (5,146, (Tu)5), (Su)(s)) | i

b 1 [t el
+ __t’[m./o 1-s) Hf(s,u(s),(Tu)(s),(Su)(s))H ds

a
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b 1
+ m /0 (1- S)OFZ Hf(S, u(s), (Tu)(s), (SM)(S)) ” dS]
b S b b i
2 Sl )] |2 o]+ 2 +1- Sl faty)]
j=1 j=1

—t- t|Z (u(t))) ||—Z||I (u(t)) |

Jj=k+1 j=k+1

¢ 5 lla -0+ 8] (@] +lat =B |09

t(+_ -1
< ((p(||u||) + ®1(Dy) + <I>2(D2)+M1){/0 %ds
bl A-9 b [11-97
*;[/o e “'ak Ta-D ds“

L) Sl « (2 +1)Z||1 (us))

j=1
P
IO+ Y )] + S v
J=k+1 j=k+1
(b+a) b
= {aI‘(; f 1) " 22T () }(‘P(”“”) + ®1(Dy) + (D) + M)

+ %(a(b+a)u+(a2+ab+b2)p)+ 4 +Ny),

and Dy, D, are given by (H5). Thus

(b +a) b
Ta+1)  2T)

[(Qu)@)| < { }(w(llull) + @ (Dy) + P2(D,) + M)

a+b
(N1 +Ny) <r.

+a£( (b+a)pc+(a +ab+b2) )

Now Q is well defined, we have Q(B,,) C B,,, where r is a constant appearing in assump-
tion (H5).
We shall show that Q is continuous from B, into B,,. To show this, take u,v € B,, and

& > 0 arbitrarily such that ||u — v| < ¢, for ¢ € ], we have

| Qu(z) - Qv(v)|
L ' _ -l _
=T /0 (& =) 7H|f (& u(®), (Tu)(0), (Su)(®) — £ (&, v(®), (TV)(®), (V1)) | ds

If (& u@), (Tu) @), (S)@®)) ~ £ (&, v(8), (TV)(2), (S )| ds

é tH: 1 (l_s)a—l
i a o TI'(x)

b 1 (1 _ )a—2
+- /0 ﬁuf(t, u(®), (Tu)(2), (Su)(©)) - (¢, v(2), (TV)(®), (SV)(2)) | ds}

b
+|=+1-%
a

)4
b
D15 ) = 1 (vey) |- ’; -4
j=1
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—+1 tx

ZHI L(v) | - 1e-41+ ZIII* I (v) |

j=k+1

+an () ~ &) + 5 (a1~ + B) a0 - )

j=k+1

+(at = b)| y2(w) - o]

(b+a) b
= {aF(a +1) * ﬂzr(a)”ﬁﬂ(ﬂu—vn)

t
+CI)1<
0

K(t:S)|F1(S: u(s)) Fl(& V (S)) dS
( 0

+ (@ +ab+ b))y (lu-vl)) +

{ (b+a) b
=< +
al(@ +1)  a?I'(a)

)

)} + %(a(b +a)ps(llu—-vl)

(s, u(s)) -p2 (s, V(s))] ds

2 (@l = v1) + @2l = 1))

}{q)(llu —vl) + ®1(8(t, u,v)) + P2 (v (& u,v)) |

+ % (a(b + g3 (llu—vl) + (a® + ab + b*)ga(llu—vl))

+ 2L (=il + @a (e~ v11)), (318)
where
8(t,67) = fo k(6,1 (5 19)) - a5 v(9) ] )
Y (b)) = /0 e, 5)[pa(s u(s)) - pa(s v(s)) ] ds

Furthermore, considering conditions (H1) and (H5), there exists a > 0 such that for ¢ > a

we have
<I>1(8(t, u, v)) <&, D, (y(t, u, v)) <e&. (3.19)
Then, from (3.18) and (3.19) for ¢ > a, we have

[(Qu® - (@)

(b+a) | b p b
: {aF(a 1) @2T@) ( (b+a)+(a®+ab+b?) + 7}‘pmax(8):

where @max(¢) := max{p(e), pi(e),i =1,2,3,4}.
Now we assume that ¢ € J, then by using the continuity of p;, po on J x J x [-r,r] and

condition (H5), we can obtain
D1 (8(¢,u,v)) —> 0, D (y (t,u,v)) = 0,

as ¢ — 0. Thus, we proved that Q: B,, — B,, is a continuous operator.
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Now we show that for any nonempty set X C B,,, it(QX) < ¢((X)). First, we demon-
strate that the operator Q: B,, — B, is equicontinuous. In view of (3.17), we define fn.x =
SUP (1)) x By, f (s, u, Te, Su)||. For any u € By and ty1 < 11 < 7o < ty € J with |11 — 1p| <p¢,
we get that

| (Qu)(z2) - (Qu)(=)|

= [: %f(s,u(s), (Tu)(s), (SM)(s)) ds

13} ('L'z _ S)a—l _ (fl _ S)ot—l
' /o ( [ (c) )/(W(S)’ (Tu)(s), (Su)(s)) ds

1 _ -1
+ (11 — 12) |:/ %f(s, u(s), (Tu)(s), (Su)(s)) ds

o 2
/ 1-9)2 S) f (s, uls), (Tu)(s), (Su)(s)) dsi|

p

+(t-1) Z (u(t)) (;—t,>+(r2—n)21 u(t;)) +(1:1—12)ZI* u(t;))
J=1 j=1 j=k+1
(1 —12)
+ T(Vz(u) - J/l(u))

< {(L L)| | L( )0‘}
=ho\\Tasn ") 2 a2

b |71 — T2
+p —+1 p+ulla—nl+ P (1 + p).

In conclusion , (Qu, &) — 0 as ¢ — 0, which implies that Q(B,,) is equicontinuous.

Linking these statements with the above estimate and formula (2.1), we deduce the fol-
lowing inequality:

(b+a) b
al'(a +1) * a’I () }go(a)o(X)).

wo(QX) < {
Also, for fixed ¢ € J and u, v € B,,, from (3.18) we obtain

[(Qu®) - (Qv)@)|

< {%(a(b+a)+(42+ab+b2))+

= }wmax(nu—vn)

{ (b+a) b
+

st o [ vi) + @1(3(60) + @2 0),

where @max (|| — v||) := max{e(|lu — v|), e:(lee — v||),i = 1,2,3,4}. By using condition (2.1)
and t — o0, we deduce that

b+a
a2

t]_l)lglo sup diam(QX)(¢) < [%(ﬂ(b +a)+ (a2 +ab + bz)) +

b +a) b
* [aF(oz +1) * a’T () ” tlggo sup diam Qax (X(t))
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Consequently, by considering u defined by (2.1), we have

b+a b +a) b
a? " al'(a +1) * azF(oz):|¢(M(X))’

w(QX) < [ (a(b +a) + (a® +ab + b*)) +

where ¢(s) = [5(a(b + a) + (a® + ab + b%)) + bﬂ% + a(rb(;‘?l) + 3 a)] ®(s) € V. Combining
the above estimate with all properties of the operator Q, by Lemma 2.4, we complete the

proof. O

Theorem 3.2 Let& : E x E — R* be a given function. Assume that the following conditions
hold:
(A) There exists € V such that

1f (s, u(s), (Tu)(s), (Su)(s)) = f (s, v(s), (TV)(s), (SV)(s)) |

AT () +1)

alaT(@)(a + b) + BT (o + 1)] W (llu=vl),

lvi(w) - vi)| < Y (llu—vl),

a
8(a + b)
2

J1(u() = D] = ey (=71,

2
a
I I - _
17 8)) =L EN = g ap iy P (=)
forallte] and forall u,v e Ewith&(u,v)>0,i=1,2,k=1,2,...,p.
(B) There exists ug € PC(J, E) such that & (uo(t), Quo(t)) > 0 for all t € ], where a mapping
Q:PC(J,E) — PC(J,E) is defined by

(Qu)() = % / (= 5 (s, uls), (Tu)(s), (Su)(s) s

b
+<;_ )[m)/ 1— )Y (s, 4(5), (Tu)s), (Su0)(s)) ds

+ /(l—s)“ 2f(s,u(s) (Tu)(s), (Su)( s) :|
» P
<—+1 t)Z*u(t) (——t) <—+1—t)ZI, (u(t)))
j=1 j=1
» »
(=) L (u(t)) = 3 Li(ulty)
j=k+1 j=k+1

+ %[(a(l -+ b)y) + (at - b)y(w)], te (totinlk=12,...,p-1
a

(C) Foreach t € ], and u,v € PC(J, E), & (u(t), v(t)) > 0 implies that &(Qu(t), Qv(¢)) > 0
(D) For each t €], if {u,} is a sequence in PC(J,E) such that u, — u in PC(J,E) and
E(un(t), ups1(2)) = 0 for all n € N, then

£ (un(t),u(t)) = 0

for all n e N. Then problem (1.1) has at least one solution.
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Proof First of all, let E = PC(J, E). By Lemma 3.1, it is easy to see that « € E is a solution of
(1.1) given by (3.1), then problem (1.1) is equivalent to finding u* € E which is a fixed point

of Q.
Now, let u,v € E such that £ (u(¢), v(¢)) > 0 for all £ € J. By condition (A), we have

|Qu(t) - Qv(z) |
— f (=) | (& w(e), (Tw)(2), (Su)(®)) - £ (£, v(2), (TV)(2), (Sv)(0)) || ds
(@) Jo

+

b 1 (1 _ )a—l
——tHA F&)|V@umxnmnmwxm—f@muxuwmxwxmnw

a

1 _ a2
g / (; 0,511 If (& u(@), (Tu)(®), (Sw)(®)) £ (£ v(E), (TV)(2), (SV)(@®)) | ds}

215 ) -7 -

—+1 tr

Zuz L)~ te— g1+ 3 1 ute) - (400 |

j=k+1

—+1 ti

Y ) - 5@ |+ @10+ 5) ) - 1|

j=k+1
+ (at - b) H Y2 (u) = 12 (v) ”]
<y (llu-vl).

This implies that for each u, v € E with & (u(¢), v(t)) > 0 for all £ € ], we obtain that
| Qu() - Qv&)|| < v (llu-vl) (3.20)

for all u,v € E. Now, we define the function y : E x E — [0, 00) by

1 if &(u(t),v(t)) > 0forall £ €/,
]/(Li, V) =
0 otherwise,

and also we define the w-distance p on E by p(u,v) = ||u — v||. From (3.20), we have

y (4, v)p(Qu, Qv) < ¥ (p(u,v))

for all u,v € E. This implies that Q is a (y, ¥, p)-contractive mapping. From condition (B),
there exists uy € E such that y (ug, Qug) > 1. Next, by using condition (C), the following
assertions hold for all u,v € E:

ywv) =1 = &(u)vt) =0
= £(Qu(1),Qv(®)) =0

=  y(Qu,Qv)>1
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and hence Q is a y -admissible mapping. Finally, from condition (D) we get that condition
(iii) of Lemma 2.5 holds. Therefore, by Lemma 2.5, we find x* € E such that x* = Qx*, and
so x* is a solution of problem (1.1), which completes the proof. g

4 An example

In this section we give an example to illustrate the usefulness of our results.

Example 4.1 We consider the following impulsive fractional differential equation:

3 t
‘DZu(t) = Mﬂ In(1 + |u@®)]) + [, S;H;g;“t;f ds
t s|cosu(®)|+e5(1
+ 1 o S COGMEt(I:-sm,:Sln u ds, (41)
i )
Au( )= 15+|u( )’ ( )= 10+|u )I
3u(0) +u/(0) = 27 mau(3),  3u(0) +u/(0) = Y., Miti(3),

where 0 < 771 <My <<, 0 <M <M <---<1,and n;, 7; are given positive constants with
Yorimi< andzjln, 3. Take/:=[0,1]anda=3,p=1,a=3,b=1

Let

* setcosu(t) tslcosu(t)| + e (1 + sin® u(z))
Tu=| ————"ds, Su= -
o 1+ |sinu(z)| 0 et(1 + sinu(t))
2

ds,

f(t,u, Tu,Su) = ;Wln(l+ |u(t)|) + Fu + Gu,
~ |lu(3)] ey lu(1)]
Ii(u) = m: I (u) = m,

“ 1 " 1
() = mu(—), yo(ut) = ﬁ?i(—)
1 ; 2 ’ i=1 2

then the impulsive fractional differential equation (4.1) can be transformed into the ab-
stract form of problem (1.1). We show that all the conditions of Theorem 3.1 are satisfied
for problem (4.1). Next, let u,v € PC(J, E), we calculate

Hf(t, u, Tu, Su) — f(t,v, Tv, Sv) ||

2
_ Hzf_w(m@ +[u®)]) - n(1+ |v(0)]))

+ (Tu—1v) + (Su— Sv)

1 lul —|v|
< In{1+
1+ |u

+ @ (| T - Tvll) + Do (IISu - Svll)

|

< %[%ln(l +|u— vl)] + @ (|| T — Tv|) + D (/IS — Sl
1 2+ |u—v|
< 5111(#) + @1 ([ Tu — Tv|l) + Do (11 Su - Svil)
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|u—v|

In

IA

(1

IA

1
2"
L
"

(1 + |u— V|) + @1(||Tu Tv||) + d>2(||Su—

Page 17 of 19

) + @y (| T = Tv||) + o (]IS — Sv]))

Sv||)

= @(Ju—vl) + (I Tu — Tv]|) + D2 (11Su - Sv|)).

Obviously, the function ¢(t) = %ln(l + t) is nondecreasing on J and ¢(t) < ¢ for all £ > 0,

®,(t) = ®,(¢) = t, hence condition (H1) holds.

On the other hand, the fact that M; = sup{|f(¢,0,0,0)|,t € R, }

is valid. Moreover, we have

=1 shows condition (H2)

(@) v(3)l
I -5 = | 55y —15+|V(l < v,
NS B e ] bl |1
4560 = 5W = | 5D "0 e )|H—10” ~l
“ 1 “ 1 2
| @) - no)| = Z:Wt(E)—Z:mV(E) < Zllu-vl,
ly2(w) - 2| = ;mbi(g)—;ﬂw(i) SE”M v,
o e
||1k<u>||=H |H—E” bl = | =
o1
Il = e = gt el = | (5 )| < g
!k(t,S)[pl(S, u) - pi(s,v)]| < o
(e, [pas ) - pals )] <
t s t2
tl_i)rgo/o |k(£,9)[p1 (s, u(s)) = pa (s, v(s) )]|ds<tl_1)rgog _tl—ifgoﬂ =0
and
t2
llm / \h t, s) pg(s, u(s)) pz(s, V(s))]|ds < hm 7 =Hnolo4—et =0
for any u,v € PC(J, E). Also, we have
‘/ k(t, s)pl s,u(s )) ds </ \k(t s)p1 S, u(s) |ds</ —ds r t, (4.2)
e 21 4e -4
’ /0 h(t,s)pa (s, u(s)) ds| < /0 (e, $)pa (s, u(s)) | ds < /0 S;et ds=" +4:t . (43)
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Using (4.2), (4.3), we compute

D, = sup{ /t/<(t, )1 (s, u(s)) ds
0

:t,sej,ue C(],E)}
£2

< sup{g > O}

=2¢e7?,

D, = sup{ ‘/ah(t, S)py (s, u(s)) ds
0

:t,sel,ue C(],E)}

ESUP{W:I»O}
4et
_4+4et -4
4e?
=1

Finally, let us consider the first inequality in assumption (H5). On the basis of the above
calculations, we see that each number r > 4 satisfies the inequality in condition (H5), i.e.,

(b+a) b
{al“((:fl) * 2T (@) }(‘P(”””) + ®1(Dy) + Do(Dy) + M)

a+b
a2

+ ﬁ(a(b +a)u + (a® +ab + b*)p) + (N1 +Np) <r.

a2
Thus, as the number r(, we can take ry = 4. Consequently, all the conditions of Theorem 3.1
are satisfied. Thus, problem (4.1) has at least one solution belonging to the ball B,, in the
space PC(J, E).

5 Conclusions

The aim of this paper is to discuss the existence of solutions for a class of mixed boundary
value problems of impulsive integrodifferential equations of fractional order « € (1,2]. Our
results improve and generalize some known results.
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