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Abstract

This paper considers a class of fractional-order complex-valued Hopfield neural
networks (CVHNNSs) with time delay for analyzing the dynamic behaviors such as local
asymptotic stability and Hopf bifurcation. In the case of a neural network with hub
and ring structure, the stability of the equilibrium state is investigated by analyzing
the eigenvalue of the corresponding characteristic matrix for the hub and ring
structured fractional-order time delay models using a Laplace transformation for the
Caputo-fractional derivatives. Some sufficient conditions are established to guarantee
the uniqueness of the equilibrium point. In addition, conditions for the occurrence of
a Hopf bifurcation are also presented. Finally, numerical examples are given to
demonstrate the effectiveness of the derived results.

Keywords: Hopfield neural networks; fractional-order; time delays; hub structure;
ring structure; stability; Hopf bifurcation

1 Introduction

The discipline of neural networks, as other fields of science, has a long history of evolu-
tion with lots of ups and downs. In 1943 Warren McCulloch and Walter Pitts presented
the first model of artificial neurons, named the Threshold Logic Unit (TLU). In the last
few decades, the subjective analysis of neural networks (NNs) has received huge attention
because of its strong applications in numerous fields such as signal and image processing,
associative memories, combinatorial optimization and many others [1-6]. However, such
practical applications of NNs are strongly dependent on the qualitative behaviors of NNs.
In both biological and physical models, the occurrence of time delays plays an important
role. Time delay, which happens usually due to system process and information flow to a
particular part of dynamical systems, is unavoidable. Time delays in NNs may cause un-
expected dynamical behaviors, like oscillation and poor performance, in networks; see
[7-11]. Thus, the analysis on NNs with the effects of time delays has attracted the atten-
tion of many researchers and results have been published [12—17]. The stability of neural
networks with both leakage delay and a reaction-diffusion term is discussed, and several
sufficient conditions were obtained with the help of analysis technique and Lyapunov the-
ory [16]. The problem of fixed-time synchronization of memristive neural networks was
studied in [17].
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Fractional calculus was introduced many years ago [8, 9, 18, 19], but in recent years the
development of fractional calculus was improved step by step in many fields such as en-
gineering mathematics, applied mathematics, and many fields of physics. Thus, recently
researchers were strongly attracted towards fractional-order systems compared with the
integer-order one because of their great advantage of infinite memory and hereditary
properties [3,19-22]. In the field of neural networks, since the importance of the memory
term is extremely high, the incorporation of fractional terms into neural networks leads
to a new class of networks called fractional-order NNs [23]. Fractional-order neural net-
works with parameters such as state vectors, nonlinear activation functions and weight
functions in a complex domain C” are called fractional-order complex-valued neural net-
works (CVNNE) [3, 7, 24—-28]. CVNNs has more remarkable applications in various dy-
namical systems, such as Lyapunov asymptotic stability, global stability and Hopf bifurca-
tions compared with the real-valued NN [8, 18, 29-32]. In real-valued NN, continuously
differentiable and bounded sigmoid activation functions are to be chosen, but in the case
of a complex domain the activation functions are entire bounded, and they will reduce to
a constant in the complex domain according to the Liouville theorem [18]. Therefore in
the complex domain choosing the appropriate activation function is a great challenge (7,
33].

NN contain several types of structures such as hub structure, ring structure and so on.
In NN, for appropriate neuronal wiring, it is necessary to have coordinated activation of
neuronal assemblies. Hypothetically a few highly linked neurons with long ranging con-
nectivity, the ‘hub neurons; would be the most effective manner to organize network-wide
synchronicity. Therefore, it is significant to consider the hub structure in neural networks
to realize better performance. Moreover, ring architectures can be found in a number of
neural structures from neurons in the mind and other sciences. The factual cortical bond-
ing prototype is tremendously sparse. Almost all connections among adjacent cells and
long range links became very rare. Thus, ring NNs can be analyzed to gain better un-
derstanding of the mechanisms underlying the performance of NNs. Many authors have
discussed global stability, Lyapunov stability for the fractional-order NN, see [2, 14, 27,
29, 33-37], and for finite-time stability results are discussed in [26] and bifurcation of a
delayed fractional systems is considered in [5, 38—4.0].

Stability theory is one of the most important and rapidly developing fields of applied
mathematics and mechanics. In the design of a dynamical neural network it is always of
interest to study the stability properties of the network. The stability studies in NNs have
been developed finding the conditions which ensure that each trajectory of the network
converges to an equilibrium point depending on the initial conditions. These completely
stable NNs have been used as computing and cognitive machines. Moreover, it is well
known that the dynamic behaviors such as periodic phenomenon, bifurcation and chaos
are also of great interest. In general, in a dynamical system, if a parameter is allowed to
vary, then the behavior of the whole dynamical system may change. The value of the pa-
rameter at which these changes occur is known as the bifurcation value and the parameter
that is varied is known as the bifurcation parameter. In delay differential equations, Hopf
bifurcation occurs in systems of differential equations consisting of two or more equations.
Even though there is an extensive literature on bifurcation analysis of some special NN,
most of them deal only with the two-equation models and there were only few papers on
the bifurcations of the high-dimensional models [41-46]. However, all above mentioned
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works are on the bifurcation analysis of integer-order NNs. Nevertheless, most results
on the integer-order NNs cannot be simply extended to the case of the fractional-order
one. To the best of our knowledge, no work on the Hopf bifurcation analysis of fractional-
order CVHNNS with hub structure and ring structure has been proposed in the literature.
Therefore, this paper aims at fulfilling such a gap by investigating the stability and Hopf
bifurcation of a class of delayed fractional-order CVHNNSs with hub structure and ring
structure.

Motivated by the above discussion, in this paper we investigate the stability and Hopf
bifurcation of the fractional-order CVHNNSs with time delays in two types of structures
named ring and hub structures. First we consider the fractional-order CVHNNSs in the hub
structure with time delays. Later the sufficient conditions for stability of the fractional sys-
tem with respect to the equilibrium point of the system are derived by using some inequal-
ity techniques. Further, the bifurcation point of the hub structure with the corresponding
critical frequency of the system and for the case similar to the ring structured one are de-
rived. By using the bifurcation point and critical frequency the transversality condition is
verified for the point of bifurcation occurring.

The rest of the paper is organized as follows. Necessary basic definitions and a prob-
lem description are given in Section 2. In Section 3, the two structures of fractional-order
CVHNNSs with time delays to investigate the stability and Hopf bifurcation point of the
system are presented and two numerical examples are to validate the efficacy of our the-
oretical findings in Section 4 and lastly a conclusion is discussed in Section 5.

Notations and preliminaries. The authors have derived the results using the following
notations in this paper. R” and C” are n-dimensional euclidean space and n-dimensional
complex domain, respectively. z(t) is a complex variable and is denoted z(t) = x(¢) + iy(¢),
which is in the complex domain. §D%z(¢) denotes the Caputo-fractional derivative of the
complex variable z(£). There are several definitions of fractional-order derivatives and
fractional integrals are extensively used, named the Riemann-Liouville derivative and in-
tegrals, the Caputo derivative, and Grunwald-Letnikov derivative etc. In this section we
give the definitions of the first two.

Definition 1 ([6]) The Riemann-Liouville fractional derivatives D%, g and Dj g of order
a € C([R(a)] = 0) are defined by

(DZJrg) ()/) =

! <d)n " _gl)dy (n:[R(a)]+1;y>a)

T(n-a) d_y W (y—y)enil

and

1 d\" [? d
((Z-g)()/)Im(d—y> /y % (n=[R@)]+1Ly<b),

where [R(x)] means that integral part of R().

Definition 2 ([13]) The Riemann-Liouville fractional integral of order « > 0 for a contin-
uous function g : R* — R is defined as

o _L 4 _ (a-1)
1g0) = ios [ 0=y,
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where [ denotes the Riemann-Liouville fractional integral of order « and I'(«) is the
Gamma function.

Definition 3 ([47]) The Caputo-fractional derivative of order « > 0 for a function g €
C™1([0,00),R) is as follows (the set of all # + 1 order continuous differentiable functions
on [0, 00) is used):

$DYg(t) = I"D"g(t),
1

- ' _ ) n—a=1) (1)
- g | €= ey,

where 7 is the first integer greater than «, thatis, n -1 <o < n.
Especially, when « € (0,1)

1

C o - - ' _ )%y
ODtg(t)—F(l_a)/O(t y)y“g(y)dy.

Definition 4 ([13]) The Gamma function is defined as
o0
I'(z) = / e't!dt (Re(z)>0),
0

where the Re(z) is the real part of z.

2 Model description
In this section we announce the stability analysis of the following fractional-order
CVHNN:Ss system with time delays:

§DYz(t) ==,z () + Y Armfun(zm®) + D bomfn (zm(E = Vo)), 7=1,2,3,...,m. (1)

m=1 m=1

Here, a € (0,1), z, are the complex state variables, (z(£) = (z1(2), z2(£), z3(t), .. ., 2z, () T), ¢, €
R™" are the self-regulating parameters of the neurons, A = (@) uxn> B = (Brm)nxn are the
complex inter connection matrices without and with time delays ¢ and ¢ — y,,,. The f,,,
C — C are the complex-valued activation functions for the input-output neurons and the
system (1) can be written as

SDYZ(t) = —~CZ(t) + AF (2(2)) + BF (z(t - y)), (2)

where Z(t) = (z1(£), z2(8), z3(t), . . ., z,(£)) T, C = diag(cy, ¢a, ¢3, . . ., ¢,,) € R (for each ¢, > 0),
A = (arm)nxn € C™", B = (bym)nxn € C™.

The activation functions are given by F(z(t)) = (fi(z1(¢)),f2 (22 (), 5(z3(2)), . . ., fu(zn(£))) T,
F(z(t - y)) = (ilz1(t = y)). folza(t = v12))s - s fulzn(t = ve))) s 7 = 1,2,3,...,n. We denote
2(t) = x(t) + iy(t), z(t,) = z(t — y) =x(t — y) + iy(t — y), A = AR + iA!, B=BR + iB and
f(2) = fRx,y) + iff (x,y) with x,y : R — R", AR A, BR, Bl ¢ R"™*"; the system (2) can be
equivalently written as the following real-valued fractional-order system:

SDYx(t) = —Cx(t) + ARFR(2(t)) + BRFR(2(t,)) — A'F! (2(¢)) - B'F'(2(2,)), 3)
§DIy(t) = —Cy(t) + A'FR(2(2)) + B'FR(2(t,)) + ARF'(2(2)) + B*F'(2(t,)). (4)
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Now, consider u(t) = (x(¢), y(t))* € R?",
. Cc 0 ~ AR Al ~ BR _pBI
C= ) A= s B= .
0o C Al AR B! BR
The system (3) and (4) can be written as

SDYu(t) = —~Cu(t) + AE (u(t)) + BF (u(t,)). (5)

Let us consider u* = (x*,y*)7 to be an equilibrium state of the system (1). In general, for

the linearization of system (5) at the equilibrium point the system can be written as
gD‘;‘u(t) = —Cu(t) + Au(t) + Bu(t — y). (6)
Here C = diag(CI: €2,C3;.. ',C}’l)’ AR = (Elgq)nxm AI = (('_l;qq)nxn, BR = (ng)nxn and BI =

(l_aéq)nxn. Now taking the Laplace transform on both sides of the system (6), we get the
Jacobian matrix of the system as

](S)=(]:1 sz>,
J2 N

where
o _ =R _ R —syn _ =R _ LR —sy1» . _ =R _ R sy
%+ ¢ —ayy — bye ay, — byye ay, — by, e
_ZR _ R -syn o _ZR _ PR sy .. _aR _ R -sr2
. dy — bye s+ ¢y —dyy — byye dy, — by,e "
1=
_=R _ LR ,—sym _=R _ LR _-sym ] _ZR _ LR sy
apyy — by e ayy, — by,e $* + ¢y — a,y, — by, e
and
~1 I sy —I Ll ,—svi2 . ~I Ll ,—sn
ay + bje ap, + by,e ay, + by,e"n
~1 Bl sy Al l -sy2 ... Al nl =sy
. dy + bye dyy +byye Gy, + by, €72
J2 =
3 SR (T VRS S 4 G ST A gy
anl + bﬁtle " ('ZnZ + ane " ann + bnne "

The characteristic matrix of the system (6) is /(s) and the characteristic polynomial is
obtained by taking the determinant of J(s). The stability of the equilibrium state Z* =
(},25,...,z;) in the fractional-order system is determined by the eigenvalues of Det(J(s)).

Lemma 1 ([3]) If all the roots of the characteristic equation Det(J(s)) have negative real
parts, then the zero equilibrium of system (1) is Lyapunov globally asymptotically stable.

Lemma 2 ([3]) If the order of the system (1) lies between 0 and 1 all the characteristic
roots of the matrix J(s) satisfy | arg(A)| > - and the characteristic equation Det(J(s)) has
no purely imaginary roots for any v, >0, r =m =1,2,3,...,n, then the zero equilibrium
solution of system (1) is Lyapunov globally asymptotically stable.
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To determine our theoretical results we make the following hypothesis:

(H1) The nonlinear activation functions f; (¢ =1,2,3,...,n) satisfies the Lipschitz condi-
tion, that is, there exist constants Fy > 0 such that

[f,I(x) —fq(y)| <Filx—y|, forallx,yeR.

(H2) There exist constants ¢, (p =1,2,3,...,n) such that the following inequality holds:

n
CpCp > th(kapH + Fk|bpk|), p=123,...,n
k=1

Lemma 3 ([38]) If hypotheses (H1) and (H2) are satisfied then there exists a unique equi-
librium point for the system (1).

Remark 1 From Lemma 3, we can conveniently discuss the existence and uniqueness of
the equilibrium point for neural networks.

3 Main results

3.1 Fractional-order CVHNNs with hub structure and time delays

In this section, we consider the fractional-order CVHNNSs for # > 3 neurons with hub
structure and time delays to investigate the stability and Hopf bifurcation phenomenon,

§Dezi(t) = —c1z1(8) + D,y Afn(zm(2)) + Bfi (21 (E = 11)),
§D%z,(t) = ¢,z (t) + anfi(z1(2)) + apf, (2, (2)) + bf(z,(E - ¥)), (7)

r=2,...,m,

whereo e Rand O <a <1,¢1,¢,>0 (r=2,3,...,n). z,(t) are complex states. Here, the first
neuron (named the central neuron) is the center of the hub, and all the other » — 1 neurons
(named the peripheral neurons) are connected directly only to the central neuron and to
themselves. The interconnection matrix of this neural network model (7) is,

an dip2 a3 . A
a)r dap 0 s 0

A=|aan 0 ass - 0 e (C”X”’
an 0 0 Ann
by O 0 0
0 b 0 0

B= 0 0 b - 0 c Qe
0 0 o - b

Let Z* = (z},25,...,25)T be an equilibrium point of the system (7). The system (7) can be
written in the following vector form:

§DYZ(t) = —CZ(t) + AF (2(t)) + BF (z(t,)), 8)
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with diagonal matrix C = (¢1,¢3,¢3,...,¢,) € R, A,B € C™", F(z(2)) = (fi(z1(£)), fo(22(8)),
S3(z3(0), .o fu(za (O, Flz(t,)) = (ilz(t — y) folza(t = ¥)) fo(zs(E = ¥))s - .o fulzn(t = ¥))T

for the linearization of system (8) about the equilibrium point of the system (7) and we

assume y; = y. The system (8) is linearized and the vector form of the system is
EDYZ(t) = -CZ(t) + AZ(t) + BZ(t - y), 9)

where C = [¢y,¢3,¢3,...,Cn,

an ai 43 - iy bp 0 0 0
ayn ax»p 0 -+ 0 0O b O 0
A=|an 0 azm -~ 0| g-lo o b 0
an 0 0 - dy 0 0 O b

Taking the Laplace transform on both sides of (9), we have

s%21(s) = s*Y1(0) = —c121(s) + anzi(s) + d1222(s) + d1323(8) + -+ - + A1z (s)
B 0
+bie™ (zl (s) + / ety (1) dt) ,
-y
5725(8) — 8" Y2 (0) = —22(5) + @nz1(s) + dnn2a(s)
B 0
+ be™ (zz (s) + / ety () dt),
-y
8"23(s) — 8" Y3(0) = —c323(s) + @z121(5) + dz323(5)

. 0
+ be™™ (Zg(S) + / ety (t) dt>,

14

Sazn(s) - Sailwn(o) = _ann(s) + &nlzl(s) + ﬁnnzn(s)

0
+ be™ (zn(s) + / et (1) dt),

14

where z,(s) is the Laplace transform of z,(¢), that is, z,(s) = L(z,(¢)), r = 1,2,3,...,n, ¥,(¢),
r=1,2,3,...,n,t € [-y,0), is the initial value of (7). Moreover, the above equation can be

rewritten as follows:
J(Z*)Z(s) = Gls), (10)
where Z(s) = (z1(s), 22(5), 23(5), . .., 24(5) ", G(5) = (€1(5), 82(5), g3(5), ..., gu(s) T, @1 (s) = s*7*

Y1(0) + bre™ [, e=yn(t) dt, ga(s) = sy (0) + be” [© ey (t) dt, g3(s) = s*Lr3(0) +
be=sr f_oy YO dt, ..., gals) = s“ 1 (0) + be [ et (1) dit.
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For convenience, we take

a—an—be™ =P,

- (11)
Cp—apy—be™ =Q, p=2,3,...,n
Then the Jacobian matrix of the system (9) is
s+ P —ap —di3 0 —di
—ay s*+Q 0 e 0
](Z*) | —axn 0 s*+Q .- 0 ) (12)
—dy 0 0 e %+ Q

It follows that J(Z*) is an # x # matrix (# > 3 in hub structure). Now we find the determi-
nant of J(Z*), that is, Det(J(Z*)) = 0. The characteristic equation Det(/(z*)) = 0 determines
the local stability of the equilibrium solution. The characteristic roots of J(Z*) satisfy the
characteristic equation Det(/(z*)) = 0.

If n = 3, the characteristic equation Det(J/(Z*)) = O satisfies

Det(J(Z*)) = (s* + Q) (s** + (P + Q)s* + PQ - H).
If 1 = 4, the characteristic equation Det(J(Z*)) = 0 satisfies
Det(J(Z*)) = (s* + Q)*(s* + (P + Q)s* + PQ - H).
If 1 = 5, the characteristic equation Det(J(Z*)) = 0 satisfies
Det(J(Z*)) = (s* + Q)*(s* + (P + Q)s* + PQ - H),

where P=c¢; —ay —bie™, Q=c, — dyy —be™", H = > @1, ¥ = 2,3, 1
The characteristic equation Det(/(Z*)) = O satisfies

D(7(2")) = (¢ + -y~ be )" ( U S,
—dy - ZJeisy)Sa + (Cl —an — Ele’SV) (Cr — Gy — Ee—sy)

— Zﬂlmaml) =0 (13)
m=2

with P, Q, H € C defined above depending on the equilibrium Z* and the system parame-
ters ci1, ¢, dpm, b1, b. Then the characteristic equation (13) will have the form

s+ (P+Q)s*+PQ-H=0. (14)

If the peripheral neurons are identical, then for convenience we take Q = ¢, — agy — be™” .
Then (14) can be written as
24 (aq—ap - bie™S + ¢y — gy — be™” )s* + (c1 —an — l;le’sy)(cz — oy — Be’”’) —H =0, then
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it can be written in the form of

%+ Cis® + Coy + (C3+ Cas™)e™ + Cse 27 =0, (15)
where C;(I=1,2,...,5) are defined by C; = ((c1 + ¢2) — (@11 + a22)), C2 = (€162 — 1822 — d11C2 +
6_1115_122 — H), C3 = 6_1115 + 6_l2251 - Z)1C2 — BCl, C4 = —(Z)l + 5), C5 = 511_9 For investigating (15),
we obtain the following characteristic polynomial:

Ei(s) + Ex(s)e™ + E5(s)e™ > =0, (16)

where E;(s) = s2 + C1s% + Cy, Ez(s) = Cs + Cy8%, E3(s) = Cs.
By multiplying e on both sides of (16), we get

Ei(s)e” + E>(s) + E3(s)e™ = 0. 17)

Let A, and B, be the real and imaginary parts of E,(s) (r =1,2,3) and A,, B, (r = 1,2, 3) are
defined as

% o (%4 %4
A1 =W COSUT + Cjjw COS 7 — Clp™ SIn 7 + C21,
o %4
Ay = c310% COS — — c300% sin — + ¢4y,
2 2
2 - o . 0T %4
A3 = Cs51, Bl =" SINOTT + ;1w SIn 7 + Cijpw™ SIn 7 + C22,
o . O o (%4
Bj = c310w” sin > + c3ow% COS > + C42, B3 = cs9,

and

cn = Re(Gy), ¢ =Re(Cy), cz1 = Re(Cy),
ca1 =Re(Cy), cs1 = Re(Gs),

(18)
¢z =Im(Cy), 22 = Im(Cy), ¢z = Im(G;3),
cap = Im(Cy), cs2 = Im(Cs).
Then by using A,, B, and substituting (18) in (17) we get
(A1 +iB1)e” + (Ay +iBy) + (A3 + iB3)e™™ = 0. (19)

Further, we will analyze stability and bifurcation properties; for this we consider the real
number » > 0, there exists s = wi = w(cos 7 +isin 7), then we substitute the expression of

s into (19), which gives

(A1 +iB)e™ + (Ay + iBy) + (A3 + iB3)e™™” = 0,

(20)
(A1 +iBy)(coswy +isinwy) + (A + iBy) + (A3 + iB3)(cos wy —isinwy) =0,
then separating the real and imaginary parts of (20) and squaring both sides we get
(A + B} - A} — BS — A} — B) — 2cos wy (A»A3 + ByB3)
(21)

=-25sin Lt)]/(Ang - Ang).
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According to sinwy = +,/1 — cos? wy, this leads to following two cases.
Case (a): If sinwy = /1 — cos? wy, then it takes the following form:
(A} + B} - A3 - B} — A] - Bj) — 2coswy (A2As3 + ByB3)

= -24/1-cos?wy(A3B; — AyB3).
It can be concluded that
cos? wymy + coswyms + msz =0, (22)
where

my = —4A5A5 — 4A3B; — 4A5B3 — 4B3B3,
my = 4ATA) A3 — AA3 A3 — 4ALAS + 4A2A3B; — 4A3A3B5 + 4ATB,B;
—4A5B,Bs + 4B ByB3 — 4B3B3 — 4A,A3B; — 4B, B3,
my = —A} + 2A7A5 — A3 + 2A7A] — 2A5A3 — A5 — 2A1B] + 2A3B] + 2A3B; - B}
+2A}B5 — 2A3B5 + 2A3B5 + 2B1B; — B; — 8A2A3B,B; + 2A3 B3 + 2A3 B3
+2A%B —2A%B —2B2B2 - Bj.
As we know quadratic equation (22) has roots. We can obtain the expression of cos wy
can be deduced from (22) and is denoted as fi (w), that is, cos wy = fi(w), Then substituting

coswy = fi(w) into equation (21) we get the expression of sinwy and it is represented as
fao(w). Both fi(w) and f,(w) are functions with respect to @ and

_ 2coswy(AsAs + ByBs) — (A} + B — A3 — B} — A5 — B3)
2(A3B; — AyB3)

sinwy

Moreover, f2(w) + f(w) = 1. We obtain
w_ 1
n = —[arccosfi(w) + 2kn], k=0,1,2,.... (23)
(0]

Case (b): If sinwy = —/1 — cos? wy, similar to Case (a), we can obtain coswy = gi(w)
and sinwy = g&(w), where g1(w), g&2(w) is a function with respect to w. Here w is the root
of the equation gZ(w) + g5(w) = 1. If we take g (») = cos wy, we have

1
yz(k) = —[arccos gi(w) + 2k ], k=0,1,2,.... (24)
)

We will take that f*(w) + f7(w) = 1 or gZ(w) + ga(w) = 1, having at least one positive real
root, thus the bifurcation point is defined as

vo=min{y”, "}, k=012,..., (25)

where yl(k), yz(k) are defined in (23) and (24).
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Now, we examine the stability of system (7) for y = 0, the characteristic equation (15)

becomes

f()»):)L2+C1)L+C2+C3)\+C4+C5:O. (26)
Equation (26) can be converted to

A2 +Dih+Dy =0, (27)
where

Dy =C; +Cj, Dy =Cy+Cy+Cs.

It is defined as

D 1 D 1 0
W=D, W= ., Ws=|D;y Dy Di|, ..., W,=¥,,D,
D3 Dy
0 D, D

from the above we make the following hypotheses:
(H3) ¥;>0(i=1,2).

Lemma 4 If W, > 0 and WV, > 0 holds, then the zero equilibrium point of the fractional-
order system (7) is asymptotically stable when y = 0.

Remark 2 The conditions ¥; > 0 and ¥, > 0 are sufficient condition for Lemma 4. If the
conditions are retrieved by another method which entails that all the roots of equation
(13) satisfy |arg(A)| > % then Lemma 4 may still hold.

In order to achieve the transversality condition for the occurrence for Hopf bifurcation,
the following further hypothesis is needed:

(H4) Re[j—;] l(y=yo,0=00) # 0, Where yy and wy are bifurcation point and critical frequency,
respectively.

By using the implicit function theorem and taking the derivative of s with respect to y in

(16), then
ds  X(s)
Here

X(S) = S{(C3s°‘ + C4)€_Sy + 2C56—2sy }’

Y(s) = {2087 + Cras® ™ + [ Cas™ ™ =y (Cas” + Cy) |e™ — 2y Cse 7 |

It can be deduced from (28) that

ds _ X1Y1 +X2Y2 + l(X2Y1 — Y2X1)

dy Y?+ Y3

’



Rakkiyappan et al. Advances in Difference Equations (2017) 2017:225 Page 12 of 25

then we take

_ X1Y1 +X2Y2

, 29
Y+ Y3 (29)

(y=y0,w=wo)

where X, X; are the real and imaginary parts of X(s) and Y7, Y, are the real and imaginary
parts of Y(s), which are defined as

N %4 . o . am .
Xi =wo| | Csw, cos N + Cy | sinwgyy — Cawy sin 3 cos wo Yo + 2Cs sin2wp Yy |,

am o
X5 =wy |:(C3a)8’ cos > + C4> cos wo Yo + Cswg sin 5 sinwgyp + 2Cs5 cos 2wy y01|,

oa—1)r (%4
Y, = |:aC3a)g_1 cos ( 5 ) - y0Cswg cos - + C4] COS Wy Yo
a-1: (a-Dm o . 0T
+ | aCywy  sin — Y0 C3wy sin 3 sin wo Yo — 29 Cs cos 2wo Yo
20— 1) oa-1)mr
+ Zaa)(z)“_l cos ; + Claw* ' cos ( ) s
2 2
et (¢ =) o o .
Y, = | aCsw, " cos 5 — Y0 Cswy cos > + Cy | sinwoyp
w1 . (@=1m o . QT i
+ | aCswy ™ sin - YoCswy sin > coswo Vo + 2Y0Cs sin 2w ¥
20— 1) oa-1)mw
+ 20w ' sin % + Ciaw® ' sin ( 5 )

From the above investigation we can state the following theorem.

Theorem 1 Assume that (H1)-(H4) are satisfied for system (7), the following results hold:
(1) The zero equilibrium point is asymptotically stable for y € [0, yp).
(2) The system (7) exhibits a Hopf bifurcation at the origin when y = yy, that is, the
system (7) has a branch of periodic solutions bifurcating from the zero equilibrium
point neary = yp.

Remark 3 The results on stability and Hopfbifurcation of fractional-order CVHNNSs with
hub structure and time delays have not been attained before. The determined conditions
on bifurcation are very straightforward, detailed and impressive and simple to be verified
in the present work by applying Hopf bifurcation theory. Our work is to develop the study
of the theory of nonlinear dynamics.

3.2 Fractional-order CVHNNs with ring structure and time delays
In this section we consider the fractional-order CVHNNs with ring structured network
and time delay as

oDfz1(t) = —a1z1(t) + antfi(21(2) + arnfo(22(2)) + bufi(zi (£~ y))
+ biofa(za(t - y)),

0D} z2(t) = —c2z(2) + anafa(22(2)) + anfi(z1(8)) + bufa(za(t - ¥))
+bfi(zi(t - y)),

(30)
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where the order « € (0,1), z,(£) (p = 1,2) are complex states, ¢, > 0 (r = 1,2) are real values,
y is the time delay, f is the nonlinear activation function. A neural network with the ring
connectivity structure is in (30), in which every neuron in the network is connected only
to its closest neurons. It is clear that the Z* is an equilibrium point of (30). We generate

the following hypothesis on the nonlinear activation functions to the system in (30):
(A1) f, € CY(R,R), /,(0) = 0,

we may consider steady state Z* with equal complex scalar components Z; = Z} = Z*.
Obviously, from (A1) Z* = 0 is a solution of this equation as the trivial solution is a steady
state of (30), then

—az} + anfi(2}) + anfa(zy) + bufi(e}) + biafa(23) = 0,
=22y + anfi(Z) + axfa(23) + bafi(z]) + baofa(z}) = 0.

(31)

Linearization of the above system with respect to the equilibrium state of the system (30)

leads to

ngzl(t) = —clzl(t) +dadn [ﬁ (ZT) + g_];ll (ZT) (21 — Zf)j| + a1 |:f2 (Z;)

)] )+ L) a2
%

b ) + 12 25) e -1 - ) |
22
¢ o * sz * * *
6D 2y(t) = —c220(8) + ann |:f2(z2) e, (25) (22 - zz)} +ay [ﬁ (z})
ad a
+ a—ﬁ(zik)(zl —ZT)] + b2 [fz(zﬁ) + B—Z(ZE)(Zz(t -y) —23)}
bR (20) + 2 ) - -0) |
21
Then it can be written in the following form:

oD zi(t) = —c1z1(t) + anzi + arnzs + buzi(t—y) + bpz(t—y), (32)

ED%zy(t) = —Cozo(t) + @nnzy + @nz + bonza(t —y) + byzi(t - y), (33)

where a,,, = a,,,f'(0) and by = brf'(0), r,m=1,2.

The system parameters d,,, by, (r,m = 1,2) are connection weights of the neural net-
work and we have the complex domain. We take the Laplace transform on both sides of
(32) and (33),

B 0
$%Z4(8) = s*1(0) = —1Z1(8) + @nZa(s) + @aZa(s) + be™” (Zl (s) + /

-v

ety (t) dt)

. 0
+ be™™ (Zg(s) +/ eIy () dt),

14
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8" Zy(s) — s*M2(0)

B 0
= —C2Z5(8) + anZi(s) + 2 Zs(s) + by e (Zl(S) + /

-v

ey (t) dt)

0
+ bye™™ (Zz(s) +/ ey () dt),

14

where Z;(s), Z,(s) are the Laplace transforms of z,(£), zo(£), that is, L[z,(t)] = Z,(s), p = 1,2,
and v, (t), Y2 (¢), are the initial values of the (30). Then it can be written as

$*Z1(8) + C1Z1(8) — anZa(s) — @nZo(s) — bue " Zy(s) — brae™" Zo(s) = Ly,

- - (34)
$%Z(8) + €2Z5(S) — an Zi(S) — azaZy(s) — byre™ Z1(s) — byae™" Zy(s) = Lo,

where
B 0 B 0
Ly = 13 (0) + be™” / Y0 dt + brae™ / eyt
-y -y
~ 0 B 0
L, = Sa_ll/fz(()) + by e / e_Stlﬁl(t) dt + bye™* / e_“wz(t) dt.
-y -y

We will study the behavior of dynamical system by using two feasible equilibria. The char-
acteristic equation for system (34) is

o (_ P B —sy = —lj) —sy
Det N ( fl + 61}1 +be) ag ) 12€ B _ (35)
—ay — bye™ 5% —(=Cy + ag + bype™)
By (35), we can obtain the characteristic equation
Ei(s) + Ex(s)e™™ + E5(s)e™>" =0, (36)

where E;(s) = s%* + C1s% + Cy, Ex(s) = C35% + Cy, E5(s) = Cs.

The coefficients are defined by C; = —ay; — aay + ¢1 + €3, Co = —a@pdn + ands — 22¢; —
ancy +c1¢y, Cy = by — by, Cy = @by —byycr —byicy + gy 11 —ag byy —arabay, Cs = —biabyy +
bubsyy and

e = Re((y), a1 =Re(Cy), c31 = Re(C3),
ca1 = Re(Cy), cs1 = Re(Cs),
c12 = Im(Cy), 22 = Im(GCy), 3 = Im(Gs),

(37)
cap =Im(Cy), 52 = Im(Cs).

The characteristic equation (36) determines the local stability of the equilibrium solution;
the system (30) is stable iff all the eigenvalues of (35), having the solutions of

Ei(s) + Ex(s)e™™ + E5(s)e™ > =0, (38)

have negative real parts. It is well known that the equilibrium state Z* is stable if all roots of
(36) have negative real parts, and unstable if one root has a positive real part. Multiplying
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€V on both sides of (38), it is obvious that
Ei(s)e” + Ex(s) + Es(s)e™> = 0. (39)

If s = iw = w(cos 5 +isin %), w > 0 is a root of (39) iff w satisfies the following equations,

we obtain
Ei(s)e™” + Ex(s) + E5(s)e™¢7 =0, (40)

A, B, (r = 1,2,3) are the real and imaginary parts of E,(s) (r = 1,2, 3), respectively. Then

(40) can be written as follows:

(A1 +iB1)e™” + (Ay + iBy) + (A3 + iB3)e 27 =0,

(A1 + iBy)(coswy + isinwy) + (A + iBy) + (A3 + iB3)(cos wy — isinwy) = 0.
Separating the real and imaginary parts of the above leads to

Ajcoswy — By sinwy = —(Azcoswy + Bgsinwy + Aj),

Ajsinwy + Bjcoswy = —(Bzcoswy — Az sinwy + By),
where
o . am
Aj = 0** cosar + cjy@w® cos — — ¢1p@® sin — + ¢o1,
2 2
o .o
Ay = c310% COS — — c300% sin — + ¢4y, Az =c51.
2 2
. 711 . am
By = 0¥ sinam + ¢jjo® sin - + cppw* sin - + ¢,
o . O N o
B, = c310% sin - + c3pw” cos 5 + €42, B3 = cs5.

Accordingly sin? wy + cos? @y =1 leads to the following two cases.
Case (a): If we take sinwy = /1 — cos? wy, then we have

(A? + B} —= A} — B3 — A3 — B) — 2cos wy (A»A3 + ByB3)

=-2/1-cos?2 wy(A3By — A3B3).
It can be concluded from that
cos? wymy + coswyms +msz = 0, (42)
where

my = —4A5A5 — 4A3B; — 4A3B3 - 4B3B3,
my = 4ATA) Az — AA3 A3 — AALAS + 4A2A3B; — 4A5A3B5 + 4ATB,B;

—4A5B,Bs + 4B} ByB3 — 4B3B3 — 4A,A3B; — 4B, B3,
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Figure 1 State trajectories of the real and imaginary parts of the fractional-order CVHNN with hub
structure (50). o = 0.9 for yp =0.32 in (a) and (b) and y =0.45> y = 0.32 in (c) and (d).

mz = —A} + 24243 — A + 2A2A% — 2A2A2 — A} - 2A2B? + 2AB? + 2A%BI - B}
+2AB% — 2A2B% + 2A2B3 + 2BIB% — By — 8AyA3B,B; + 2AB3 + 2A%B3
+2A2B% - 2A%B% - 2B2B: - B;.
From this we can obtain the interpretation of the cos wy and denote cos wy = d;(w). Using
the expression of cos wy in (41) then we get sinwy and it is denoted sin wy = dy(w), where
dy(w) and d,(w) is functions with respect to w.

We know that sin? @y + cos? @y = 1, from this identity we obtain d?(w) + d?(w) = 1.

Hence, we get
M _ l d ; P
" = ” [arccos 1(w) + 2}71], j=0,1,2,.... (43)

Case (b): Now consider sinwy = —/1 —cos? wy, in the same way as Case (a), we can
obtain cos wy = h(w), where h;(w), hy(w) is a function with respect to w. It is the roots
of the polynomial equation /?(w) + h3(w) = 1, where hy(w) = sinwy. In a similar way to

Case (a) we find the value of w in view of 41 (w) = cos wy, we have
o_1 , .
Yy = [arccos h(w) + 2]71], j=0,1,2,.... (44)
1)

Here d?(w) + d3(w) = 1, which has at least one positive real root, thus the bifurcation point

is defined as
Yo :min{yl(j),yz(j)}, j=0,12,..., (45)

where yl(j), yz(j) are defined by (43) and (44).

Page 16 of 25
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Figure 2 Curve of the imaginary parts of z;(t) in (a), z2(t) in (b), z4(t) in (c) and z3(t) in (d) and
imaginary parts of z4(t) in (e) and z,(t) in (f) of fractional-order CVHNN with hub structure (50) with
=09,y =031<y9=0.32and y =0.45 > yp = 0.32, respectively.

Now, we analyze the stability of system (30) when y = 0, so the characteristic equation
(40) becomes

q(B)=p>+Cip+ Cy+ C3B + Cy + C5 = 0. (46)
Then (46) can be written as

B>+ p1B+p2=0, (47)
where

p1=C1 +Cs, p2=Cy+Cy+Cs.

It is defined as

i 1 0
o1
X1= P15 X2 = ’ X3=1|P3 P2 pP1)» (ER) Xn = Xn-1Pn-
P3 P2
0 ps p3

(A2) x>0 (i=1,2).
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Figure 3 Curve of the imaginary parts of z3(t) in (a), z4(t) in (b) and real parts of z; (t) in (c), z2(t) in (d),
z3(t) in (e) and z4(t) in (f) of fractional-order CVHNN with hub structure (50) with & = 0.9,
Y =0.45 > 5 =0.32and y =0.31 < yp = 0.32, respectively.

Lemma5 If x1 > 0and x2 > 0, then the equilibrium point of the fractional-order CVHNNs
with ring structured and time delay system (30) is stable when y = 0.

Now, considering the transversality condition of the occurrence for a Hopf bifurcation,

it is given by
(A3) Re[F]ly-yom-00) # 0,

where wy and y, are the critical frequency and the bifurcation point. Taking the derivative

of s with respect to y in (39), we have

ds  X(s)

E = % (48)

coming by the same procedure as in the hub structure of earlier section, we have the con-
dition for the Hopf bifurcation

_ M1N1 + M2N2

, 49
M3+ M3 (49)

(v =v0,0=w0)

where Nj, N are the real and imaginary parts of X(s) and M;, M, are the real and imag-
inary parts of Y(s). The terms in M;, My, N; and N; have the same meaning as where
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Figure 4 Curve of the real parts of z,(t) in (a), z1(t) in (b), z3(t) in (c) and z4(t) in (d), and (e), (f) are
phase portraits of the real and imaginary parts of z; (t), z2(t), z3(t) and z4(t) of fractional-order CVHNN
with hub structure (50) with « =0.9, ¥ =0.45 > 5 =0.32 and y =0.31 < yp = 0.32, respectively.

we mentioned Y3, Y3, Xj and X; in Section 3.1. The above analysis leads to the following

theorem.

Theorem 2 Assume that (H1)-(H2) and (A1)-(A3) are satisfied for fractional-order system
(30), the following results hold:
(1) The zero equilibrium point is locally asymptotically stable for y € [0, yo).
(2) The fractional-order system (30) exhibits a Hopf bifurcation at the origin when
Y = Yo, that is, the system (30) has a branch of periodic solutions bifurcating from the

zero equilibrium point near y = yy.

4 Numerical examples

In this section, numerical examples are given to verify the effectiveness of the analyti-
cal results. The simulation results are based on the Adams-Bashforth-Moulton predictor-
corrector scheme for considered examples. The step length is taken in all the examples as
h=0.01.

Examplel Inthis example, the occurrence of Hopfbifurcation problem is investigated for
the fractional-order CVHNNS with the hub structure and time delay system (7). Consider
the following fractional-order CVHNNS (for arbitrary order o = 0.9) of four neurons with
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Figure 5 Phase portrait of the real and imaginary parts of z(t), zx(t), z3(t) and z4(t) for
fractional-order CVHNN with hub structure (50). « =0.9 and y =0.31 < = 0.32in (a), (b), (c) and (d)
and y =045 > yo=032in (e), (f).

hub structure and time delay:

§D%71(8) = =3z1(8) + (=1 + L50)fi (z1(8)) + (=2.4 + 3.20)f2(22(2))
+(3 - 0.30)f(z3(2) + (1.6 — 1.50)f3(z4(t))
+2-Dhilzat-y)),

ED%7z5(t) = —2.825() + (2 + 0.20)f5(22(2)) + (=2 = 20)fa(za(t — ¥)),

EDY7z3(t) = —2.823(8) + (2 + 0.2)f3(22(2)) + (=2 = 2i)f3(za(t — ¥)),

ED%924(2) = —2.824(¢) + (2 + 0.20)fa(22(£)) + (=2 — 20)fa(za (£ — ¥)).

(50)

Here the activation function is f(z) = tanh(z), it is obvious that system (50) admits a zero
equilibrium point with the complex derivative f'(0) = 1. The considered fractional-order
CVHNN:Ss (50) is compared to (7), we have ¢; =3, cp =¢c3 =¢34 =2.8, by =2 —i, b= -2 - 2i,
an =—-1+1.50, a0 =aszz3 =dag =2 +0.2i,a19 = -2.4+3.2{,a;3 = 3-0.3i,and a4 = 1.6 — 1.5},
the initial values of the activation function are chosen as z;(0) = 0.1 + 0.6i, z5(0) = 0.2 +
0.4i, z3(0) = 0.3 + 0.5i, z4(0) = 0.1 + 0.3i. We derive the critical frequency wy = 0.42 and
the bifurcation point yy = 0.32. Figure 1 shows the occurrence of a bifurcation point at
vo = 0.32 and the system is unstable when y = 0.45 > y;, = 0.32. According to Theorem 1,
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Figure 6 Phase portrait of the real and imaginary parts of z(t), zx(t), z3(t) and z4(t) for
fractional-order CVHNN with hub structure (50) with @ =0.9 and y =0.45 > y5 =0.32.
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Figure 7 State trajectories of the real and imaginary parts of the fractional-order CVHNN with ring
structure (51) with & = 0.9, o =0.32 in (a), (b) and y =0.45 > y, = 0.3 in (c), (d).

the zero equilibrium point (0,0,0,0) is asymptotically stable when y = 0.31 < y, = 0.32,
which is depicted in Figure 2. In Figure 3, we show that the curve for the imaginary parts
of z3(t) and z4(t) are unstable for y = 0.45 > y = 0.32 and real parts of zj, z, z3, z4 are
stable for y = 0.31 < y = 0.32. In Figure 4, we show the curve for the real parts is unstable
for the system (50) for y = 0.45 > y = 0.32 and a stability phase portrait is depicted in
Figure 4 and Figure 5, for y = 0.31 < y, = 0.32. Figure 6 illustrates the phase portrait of the
instability for (50), when y = 0.45 > y, = 0.32.
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Figure 8 Curve of the real and imaginary part of z,(t), z (t) for fractional-order CVHNN with ring
structure (51). ¢ =09, y =045 > 15, =0.3in (b), (@), (c), (d) and y = 0.45 > yp = 0.3 and real and imaginary
parts of z; (t) witha = 0.9, y =0.2 < Yo =0.3'in (e), (f).

Example 2 Consider the following fractional-order CVHNNS of two neurons with ring

structure and time delay:

6Dz (t) = —c1z1(t) + anfi(z1(8) + arnfalza(8) + bufi(z (- )
+bifi(z(t - y)),

6D z5(t) = —caz2(8) + anafo(22(1)) + anfi(z1 () + bufa(za(t - v))
+bofizi(t - ).

(51)

The values for (51) are chosen as ¢; = 0.2, ¢, = —0.3, a1 = —=0.3 — 0.44, ayy = —0.5 — 0.4,
a1y =—0.6+0.2i, a5 =0.5-0.3i,and by = —-1-1i, byy = —0.3+1i, b1 =0.1+0.3i, by = 0.5-
0.3i. The activation functions are defined as fi(z1(£)) = tanh(z;), f2(z2(¢)) = tanh(z;) and the
initial values are chosen as z;(0) = 0.4 + 0.3, z2(0) = 0.2 + 0.5i. The critical frequency wp =
1.25 and the bifurcation point y, = 0.3 is obtained in Maple by simple calculations. The
occurrence of the bifurcation point y, = 0.3 is shown in Figure 7 and also the system (51)
is unstable for y = 0.45 > y = 0.3. According to Theorem 2, the zero equilibrium point is
locally asymptotically stable when y = 0.2 < y = 0.3, which is illustrated in Figure 8 and
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Figure 9. The phase portraits of stable and unstable versions of system (51) are represented

in Figure 10.
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5 Conclusions

In this paper, the class of fractional-order CVHNNSs with hub and ring structured system
is considered in a time delay sense. In this paper we use the Laplace transforms to the
system of linearized equation to get the characteristic matrix for further stability analy-
sis of the equilibrium which has been completely characterized. The critical frequency of
the fractional-order « for which the corresponding bifurcation point may occur has been
identified and the transversality condition is verified for the corresponding w and yy.
Moreover, the obtained conditions are simple, precise, effective and easy to verify. Numer-
ical examples are given to verify the effectiveness of the theoretical results. Future work
will focus on the analysis of stability and Hopf bifurcation of high-dimensional fractional-
order ring structure CVHNNs with multiple delays.
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