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Abstract

In this paper we introduce the g-poly-tangent polynomials and numbers. We also
give some properties, explicit formulas, several identities, a connection with
poly-tangent numbers and polynomials, and some integral formulas. Finally, we
investigate the zeros of the g-poly-tangent polynomials by using a computer.
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1 Introduction

Many mathematicians have studied in the area of the Bernoulli numbers and polynomi-
als, Euler numbers and polynomials, Genocchi numbers and polynomials, tangent num-
bers and polynomials, poly-Bernoulli numbers and polynomials, poly-Euler numbers and
polynomials, and poly-tangent numbers and polynomials (see [1-11]). In this paper, we
define g-poly-tangent polynomials and numbers and study some properties of the g-poly-
tangent polynomials and numbers. Throughout this paper, we always make use of the fol-
lowing notations: N denotes the set of natural numbers and Z, = NU{0}. We recall that the
classical Stirling numbers of the first kind S; (7, k) and S, (#, k) are defined by the relations
(see [11])

@n=)_Simk)x* and &= S(n k) () (1L1)

k=0 k=0

respectively. Here (x), = x(x — 1) - - - (x — n + 1) denotes the falling factorial polynomial of
order n. The numbers S, (n, m) also admit a representation in terms of a generating func-

tion,

(¢ —1)" = m! Z Sy(n, m)%. (1.2)

n=m
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We also have

00 P .
my " Sin, m)— = (log(1+1)". (1.3)
We also need the binomial theorem: for a variable x,

1 S fcrn-1\ ,
(1—t)C=Z< ., )t. (1.4)

n=0

For 0 < g <1, the g-poly-Bernoulli numbers B were introduced by Mansour [6] by using

the following generating function:

Lik,q(l —e™) _ = B® ﬂ

TR . na (k e Z), 1.5)
where
. o "
Ligg(t) = 21: 7 (1.6)
is the kth g-poly-logarithm function, and [#], = == is the g-integer (cf. [6]).

The g-poly-Euler polynomials En,q(x) are deﬁned by the generating function

[e¢]

Licg(l =€) o ->E k>(x ' (k € 7). (17)

L
el +1
n=0

The familiar tangent polynomials T, (x) are defined by the generating function [7-9]

(6%1) ZT —‘ (12t < 7). (1.8)

When x =0, T,(0) = T, are called the tangent numbers. The tangent polynomials Tff) (%)
of order r are defined by

(ezt +1> ZT’ (12¢1 < ). (1.9)

It is clear that for » = 1 we recover the tangent polynomials T, (x).
The Bernoulli polynomials B’ (x) of order r are defined by the following generating

function:

t
el —

The Frobenius-Euler polynomials of order r, denoted by HY (4, x), are defined as

1-u\ nd " t"
et =Y HY(u,x)—. 1.11
(et—u> HX:(; n )n! (L11)

r o] ty,
t_ &)
1) é _26‘13; (x); (It < 27). (1.10)
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The values at x = 0 are called Frobenius-Euler numbers of order r; when r =1, the poly-
nomials or numbers are called ordinary Frobenius-Euler polynomials or numbers.

The poly-tangent polynomials T,(fq)(x) are defined by the generating function

le
eyl

=Tk (x) (ke z), (112)
n=0

where Lix(¢) = Y 0o} Z—Z is the kth poly-logarithm function (see [9]).

Many kinds of generalizations of these polynomials and numbers have been presented
in the literature (see [1-11]). In the following section, we introduce the g-poly-tangent
polynomials and numbers. After that we will investigate some their properties. We also
give some relationships both between these polynomials and tangent polynomials and
between these polynomials and g-cauchy numbers. Finally, we investigate the zeros of the

q-poly-tangent polynomials by using a computer.

2 g-Poly-tangent numbers and polynomials
In this section, we define g-poly-tangent numbers and polynomials and provide some of
their relevant properties.

For 0 < g <1, the g-poly-tangent polynomials T,(,Iz () are defined by the generating func-

tion:

2L1kq(1 e
e +1

e = Z T® (k). (2.1)

When x = 0, an(O) = nq(x) are called the g-poly-tangent numbers. Observe that
lim,_,; T,(,kq(x) = (x) By (2.1), we get

00 . ¢
> T - (72 Likg(l —¢ ))e’“
4 n! e +1

n=0
o) " 00
n=0 n=0

o0 n n t"
- (k) -1
_Z<Z(Z)men )E (2.2)
n=0 \ /=0
By comparing the coefficients on both sides of (2.2), we have the following theorem.

Theorem 2.1 For n € Z,, we have
" (n
(k) _ (k) .n-1
TH@x =" (1) Tx,
=0

The following elementary properties of the g-poly-tangent numbers T,(,If; and polynomi-

als T,(,]f,} (%) are readily derived form (2.1). We, therefore, choose to omit the details involved.
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Theorem 2.2 For k € Z, we have

(k) N () 70
W Theen =3 (7)rhwy
k) S
2) Tn,q(z—x)—g(—l) ( z) 2
Theorem 2.3 For any positive integer n, we have

n

W TOm)=3Y" <’;) IO -1 (= 1),
n-1
@ TO@+1) - T - (”) 796,
4 ,q ; l lq (2‘3)

®) 2T =T, )

X
@) TOw=TY +n /0 T\, () dt

From (1.6), (1.8), and (2.1), we get

i ¢ Liz,(1-e™) 2 (1-et)HL et
T( e A — =’ ==
HX: " ( e +1 )e ; (Z+10% e*+1

_i 1 li(lu)( 2e

- k

— ([+1]3 = et +1
> 1 s > ¢
-y kz( . )<-1>lzrn<x-i>—
=0 [l+1]q i=0 L n=0 nl

I+1 p
Z<Z u+1]kz< )( I)ZT”(’C“)> (24)

By comparing the coefficients on both sides of (2.4), we have the following theorem.

Theorem 2.4 For n € Z,, we have

00 1 I+1 I+1
= g (e
=0 ’110 J

By using the definition of tangent polynomials and Theorem 2.4, we have the following

corollary.

Corollary 2.5 For any positive integer n, we have

=S} I+1

" 1 [+1
The-n =0 g lkz( )V
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By (2.1), we note that

00 —t)l+1
l It

i+l 2( 1)l+} l(H'l)
[i + 1]’;

(oo I z+12 1)l+; z(l+1)(2l 2% — j+x)n>t”

ZZZ i+ 1]

(21-2i—j+x)t

n!’
Comparing the coefficients on both sides, we have the following theorem.

Theorem 2.6 For n € 7., we have
i+1 )l+/ L(Hl)

2222 [l+1 (20-2i—j+x)".

=0 i=0 j=0

By (1.7), (1.8), and (2.1) and by using the Cauchy product, we get

> W, tn 2Lig,(1—e)\ 2(e +1)
HZT - ( et +1 )62t+1
_ (ZE%(QC)%) (Z(Tn(l) . T,,)%)
n=0 n=0
:zo;elz(';) (Tn<1)+Tn>E;kzl,q<x>). 25
n= =0

By comparing the coefficients on both sides of (2.5), we have the following theorem related
the g-poly-Euler polynomials and tangent polynomials.

Theorem 2.7 Forn € Z,, we have

n

1
GOREDY <’Z> (T.(1) + T,)EY, ).

=0

By (1.5), (1.8), and (2.1) and by using the Cauchy product, we have
i 0 " (Ligg(1-e?)\2(1-e?) o
"4 1-et et +1

" (;BM, ,)(f} (Ta@) - Tulx - 1)) = )

n=0

= (Z (7) (Tu(x) - Tu(x - 1))BY, q). (2.6)
n=0

n=0

By comparing the coefficients on both sides of (2.6), we have the following theorem related
the g-poly-Bernoulli polynomials and tangent polynomials.
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Theorem 2.8 Forn € Z,, we have

n

0= () - T 1)EY,

1=0

By (1.2), (1.5), (1.8), and Theorem 2.8, we have the following corollary.

Corollary 2.9 Forn € Z,, we have

m+l 1 l,
T (x) = Z Z ( ) #ﬁm (Tys(6) — Ty - 1)).

=0 m=0

3 Some identities involving g-poly-tangent numbers and polynomials
In this section, we give several combinatorics identities involving g-poly-tangent numbers
and polynomials in terms of Stirling numbers, falling factorial functions, raising facto-
rial functions, Beta functions, Bernoulli polynomials of higher order, and Frobenius-Euler
functions of higher order.

By (2.1) and by using the Cauchy product, we get

= " (2Ligg(1-e€™) -
> T = (%)(1— (1-€)

2Lig,(1—e) o (x+1-1 N
- egt+1 Z( ) )(l—et)

=0

(¢ -1)! (2Lix,(1-€7")
:Z() I < I;Zf+1 el>

=0

Z Zsz(n l)—.Z (-Z)Z_n!
Z(ZZ( )Szll (=D {x >> (3.1)

=0 i=l

where (x); =x(x +1)---(x +[—1) (I > 1) with {(x)¢ = 1.
By comparing the coefficients on both sides of (3.1), we have the following theorem.

Theorem 3.1 Forn € Z,, we have

ZZ() 11520 DT, (1),

=0 i=l

By using the Jackson g-integral (see [1]) and Theorem 2.1, we get

/ x)dqx f Z( > nqux
_ " n k) 1
= ;): <l> T,y P (32)

By (3.2) and Theorem 3.1, we have the following theorem.
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Theorem 3.2 For any positive integer n, we have

IZ (7) T(k l+ I]q ZZ ( )Sz(l’ nqu( Z)( ) Clg»
=0 i=l

where ¢4 are q-Cauchy numbers of the second kind (see [5]).
By (2.1) and by using the Cauchy product, we get

2Lig,(1-e™)

SN : . x
ZTM(’C)E = 2 41 ((e _1) +1)
n=0
_ 2Lig,(1-e ) &
egt+1 Z( > ¢ _1

=0

ad (e —1)! [2Lix,(1-e™")
= LW ( ] )

=0

Z(x),nZs2 n, l)fz nq_'
Z(ZZ() )i$2(6, DT, );—n, (3.3)

=0 i=l

By comparing the coefficients on both sides of (3.3), we have the following theorem.

Theorem 3.3 Forn € Z, and 0 < q <1, we have

= Zi( )(x)lSZ(l’l)Tn iq

1=0 i=l

By (3.2) and Theorem 3.3, we have the following theorem.

Theorem 3.4 For any positive integer n, we have

5 ()i S5t

=0 i=l

where c4 are q-Cauchy numbers of the first kind (see [5]).

By Theorem 2.2, we note that

fyT x+ydyf Z() )y dy
no (n) nzq(")/ vl dy

I=

I
=
e
~ X
\_/
E
E
:
+
~
+
)—A
—
w
NS
=
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From (2.1) and Theorem 2.2, we note that

1 ,H (x+y) |
/ y”T,ilf;(x+y)dy lq Yy
0

/1 Tr(1+)1q(x+y)
ny'" —————dy
n+1 0 0

n+1

(k)
=Tn+1'q(x+1)_ n / n1 ik

n+1 n+1 n+1q(x+y)dy
T(k) (x+1) n+l 1
- n+lg _ n / n-1 Z n+ (k) ) n+1—ldy
n+1 n+1 Ty
T(k) (x + 1) n+l 1 1
_ n+lq _ n Z n+ Tl(k)(x)i (35)
n+l n+ll:0 l 17 2n—-1+1

Therefore, by (3.4) and (3.5), we obtain the following theorem.

Theorem 3.5 Forn € Z,, we have

n+l n
(k) _ n+1 (k) n n (k) n+1
T”+Lq(x+1)‘z( ! )Tlvq(")zn—lu+§(1)T"-lvq(x)n+z+1‘

1=0

By (1.2), (1.10), (2.1), and by using the Cauchy product, we get
i T oo (2L1kq(1 )>e"f
2
— n! et +1
( l)r I"‘ ’ Xt - n
T ¢ Z T 4 )

n=0
( t_l)r r " 00 ¢
i e r! (Z )(Z Tnkq)n‘)
n=0 n=0
() g e -
=3 (Y st Y ("B WTE,, )5
n=0 \ [=0 (r) i=0 l n:

By comparing the coefficients on both sides, we have the following theorem.

Theorem 3.6 Forn € Z, andr € N, we have

TH(x) = Z (( ))52(1+r,r)z( ) W ,_lqu’)( ).

1=0

From (2.1) and Theorem 2.2, we note that

1
n (k)
/0 V' Tqx+y)dy

_ J Tfl]ilq(x-"y)

n+l

1 n—1 (k)
_/-1 ny" 1T, 0 (x4 ) "
0 0

n+1

T(k) (x+ 1) I+1

_ _mlg __n /li 1 Z l N (x+y—i)y"'d
n+1 n+lJo 4= 1]% Tl +y 4

q i=0
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(x+1)
n+1

n+l,q

7%

oo I+l n+l l+1)(n+1)

S P s [0
i=0

® (x+1)

n+l,q
n+1

oo I+l n+l (1+1) (n+1) ‘
Z Z Z [+ 1]/( (- 1)n+1+lTn+l—j(1 —X+ i)B(nyj +1), (3.6)

where B(n,j) is the beta integral (see [1]).
Therefore, by (3.5) and (3.6), we obtain the following theorem.

Theorem 3.7 For n € Z,, we have

n+l nil lq(x) oo [+l n+l l+1 1) )
Z( I )2n I+1 ZZZ l+1 11—+ i)B(n,j +1).

=0 =0 i=0 j=0

By (1.2), (1.11), (2.1), and by using the Cauchy product, we get

[e¢] . —t
> T - (72 Likg(1 = )>e"'
47 ! ert+1

P
() ( 1-u )rethLik,q(l —e™)
e

T (1-u) \et-u et +1

t” 4 .1 2Lk ,(1-¢)
H (u,x) e(—u)™ A
Z .;(;) ) (I-uy e*+1
o0

r—. l r * tn
oo M), () u) H( (u, x) ZT,S’Z(;)E

'n0

(B (e £ (o)
n= i=0 =0

By comparing the coefficients on both sides, we have the following theorem.

Theorem 3.8 Forn € Z, and r € N, we have

4@ == ZZ( )( )( u) " H (4, )T, ().

=0 /=0

For n € N with n > 4, we obtain

T +9)
n+1

T+ mg ' 0w
el i T d
n+1 n+1/(;y ”1q(x+y) 4

1 (k)
[T
0 0 n+1

1
n (k) _antl
/oy Ty +y)dy=y"
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T,g’f,;(x +1) nTn 1q(x +1)
n+1 (n+1)(n+2)

/ yn+2 T(k (x +y) dy

n n-1
+(-1)——
n+ln+2

T,Slf,;(x +1) nT,, L+ 1)
" Ta ! “”M

17,7 (x+1)
b2 2
n+ln+2 n+3

k
s N n—ln—2T,(,_)3,q(x+1)
n+ln+2n+3 n+4

n n-1n-2n-3
_1)4 ned ik d
+ )n+1n+2n+3n+4_/(;y ,,4q(x+y)y

+(-1)

Continuing this process, we obtain

Tpgx+1)

1
/ YT +y)dy =
n+1

S n(n=1) - (n=1+2)(-1) g
+§ m+1)(n+2)---(n+1) T, i, +1)
n n! -
+(-1) (n+1)(n+2)~..(2n)/ T (x+y) y. (3.7)

Hence, by (3.4) and (3.7), we have the following theorem.

Theorem 3.9 For n € N with n > 2, we have

" (n 1
§ : T(k)
<l> "_l’q(x)n +1+1

=0

T,(,k;(x+ 1) < nm-1)---(m—1+2)(-1)
= 4 + Z

n+l m+1)n+2)---(m+1) n1+1q(x+l)

1=2

4 Zeros of the g-poly-tangent polynomials

This section aims to demonstrate the benefit of using a numerical investigation to support
theoretical prediction and to discover new interesting pattern of the zeros of the poly-
tangent polynomials T,(,IZ (x). The g-poly-tangent polynomials T,S,k,;(x) can be determined

explicitly. A few of them are

Too() =

k
Tig @) =1,

12 6 6
Té’f;(x)=4—@+@—(9 [2] )x+3x s
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38 60 24 < 48 24 )
-—+ x
k k
21k " B

(k) () — e _PY A
Ty,(x) =3+ 21 B + [al; +

12
- (18 - —k)xz +4a°,
(215

T(k)( ) 14 60 330 360 120 ( 190 300 120)
x)=-14 - —+ — - —— + — + t— =+ — |x
& 21 " BE Ak BR 21 B Ak

120 60 , 20\ 4 4
+ 40——k+—kx— 30+—kx+5x.
21 " 3]k 21k

We investigate the beautiful zeros of the g-poly-tangent polynomials T,(,’f;(x) by using
a computer. We plot the zeros of the g-poly-tangent polynomials T,(,]f;(x) for n =20, q =
1/2,-1/2,k = -3,3 and x € C (Figure 1). In Figure 1 (top-left), we choose n = 20,4 = 1/2,and
k = 3. In Figure 1 (top-right), we choose n = 20, g = -1/2, and k = 3. In Figure 1 (bottom-
left), we choose n = 20, g =1/2, and k = —3. In Figure 1 (bottom-right), we choose » = 20,
q=-1/2,and k = -3.

Stacks of zeros of T,(,lf,;(x) for 2 < n < 40 from a 3-D structure are presented (Figure 2).
In Figure 2, we choose k = 3, g = 1/2. Our numerical results for approximate solutions of

real zeros of T,(,]f;(x) are displayed (Tables 1, 2).

10 T 10
°
o | © ® e o
5k Sk 4
)
) ® )
°
) ® :
It 0 e8P8® | v O
® ) ‘
°
[ J Y [ J
Sl Sl [ ] 1
° ° ® o
®e
-40 =30 =20 -10 0 10 20 -40 =30 =20 -10 0 10 20
Re(x) Re(x)
10 T 10 T
..
o o
5 . 5 —
°
°
L4 @
@
m(x) (»4—* Imx) 0 ®
) ®
°
°
" ) st 1
C )
L)
o ‘ ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘ ‘
-40 =30 =20 -10 0 10 20 -40 =30 =20 -10 0 10 20

Re(x) Re(x)

Figure 1 Zeros of T,(,’f,),(x).
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Figure 2 Stacks of zeros of T,(,’f‘),(x) for2 <n <40.

Table 1 Numbers of real and complex zeros of T,(,k) (x)

q
Degree n k=3,9=1/2 k=-3,q=-1/2
Realzeros  Complexzeros  Realzeros = Complex zeros
2 1 0 1 0
3 2 0 2 0
4 3 0 1 2
5 4 0 0 4
6 1 4 1 4
7 2 4 0 6
8 3 4 1 6
9 4 4 2 6
10 5 4 1 8
1 4 6 0 10
12 3 8 1 10

Table 2 Approximate solutions of T,(q'ft),(x) =0,k=3,9=1/2

Degreen x

1.2037

0.24060, 2.1668

-0.47700, 1.2291, 2.8590
-0.96664, 0.23158, 2.2563, 3.2936
1.2308

0.23043, 2.2296

~N O W N

The plot of real zeros of T,(,lf,;(x) for the 2 < n < 40 structure is presented (Figure 3). In
Figure 3, we choose k = 3.

We observe a remarkable regular structure of the real roots of the g-poly-tangent poly-
nomials T,(,If;(x). We also hope to verify a remarkable regular structure of the real roots of
the g-poly-tangent polynomials T,(,I,Z (x) (Table 1).

Next, we calculated an approximate solution satisfying g-poly-tangent polynomials
T,(,]f(;(x) =0 for x € R. The results are given in Table 2 and Table 3.

By numerical computations, we will present a series of conjectures.
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. (k)
Figure 3 Real zeros of Tpg(x) for 2 < n < 40. R S I S I I I I P P K
: sesessiiiee
P sessesecsse”
0l e®e%e%c%o %
+ ..........
+ ........
+ .:.:.:.:..
"70: :.:.:.:.
-1 .:.:.:..
i etetose
r .:.:..
'Of :o:o.'
+ .:..
: i
-10 s ) 5 10

Table 3 Approximate solutions of T,(,'f,),(x) =0,k=-3,9=-1/2

Degreen x

2 1.3750

3 0.91289,1.8371
4 26383

5 -

6 1.8993

7 -

Conjecture 4.1 Prove that T,(,lf;(x), x € C, has Im(x) = 0 reflection symmetry analytic com-
plex functions. However, T,Yf,;(x) has no Re(x) = a reflection symmetry for a € R.

Using computers, many more values of # have been checked. It still remains unknown
if the conjecture fails or holds for any value # (see Figures 1, 2, 3).
We are able to decide if T,(,If,;(x) =0 has n — 1 distinct solutions (see Tables 1, 2, 3).

Conjecture 4.2 Prove that T,(,]f;(x) =0 has n — 1 distinct solutions.

Since n —1 is the degree of the polynomial T,Yf;(x), the number of real zeros R ® lying
mq

, where CT(k) denotes complex zeros.

on the real plane Im(x) = 0 is RTr(/Z w =" CT}%} ) ©)

See Table 1 for tabulated values of RT»(«]Z @) and CT,i’f; e The authors have no doubt that
investigations along these lines will lead to a new approach employing numerical method
in the research field of the poly-tangent polynomials T,glf; (), which appear in mathematics

and physics.
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