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Abstract

In this paper, we introduce the binomial sequence spaces ng(V(m)), bQS(V(m)) and
bgg(V(””) by combining the binomial transformation and mth order difference
operator. We prove the BK-property and some inclusion relations. Also, we obtain the
Schauder bases and compute the a-, 8- and y-duals of these sequence spaces.
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1 Introduction and preliminaries
Let w denote the space of all sequences. By £, ¢ and ¢y, we denote the spaces of bounded,
convergent and null sequences, respectively. We write bs, cs and £, for the spaces of all
bounded, convergent and p-absolutely summable series, respectively; 1 < p < co. A Ba-
nach sequence space Z is called a BK-space [1] provided each of the maps p,, : Z — C
defined by p,(x) = x,, is continuous for all n € N, which is of great importance in the char-
acterization of matrix transformations between sequence spaces. It is well known that the
sequence spaces £, ¢ and ¢y are BK-spaces with their usual sup-norm.

Let Z be a sequence space, then Kizmaz [2] introduced the following difference sequence

spaces:
Z(A) = {(xk) ew:(Axy) € Z}

for Z € {€s,c,co}, where Axy = xx — xp41 for each k € N. Et and Colak [3] defined the
generalization of the difference sequence spaces

Z(A™) = {(x) e w: (A"xx) € Z}

for Z € {€oo,¢,¢o}, where m € N, Ax; =y, A"x = A" Ly — A" Ly, for each k € N,
which is equivalent to the binomial representation A™x; = Zfﬁo(—l)"(’?)xk”. Since then,
many authors have studied further generalization of the difference sequence spaces [4-8].
Moreover, Altay and Polat [9], Basarir [10], Basarir, Kara and Konca [11], Basarir and Kara
[12-17], Basarir, Oztiirk and Kara [18], Polat and Basarir [19] and many others have studied
new sequence spaces from matrix point of view that represent difference operators.

For an infinite matrix A = (a,x) and x = (xx) € w, the A-transform of x is defined by
(Ax), = > 1o anixx and is supposed to be convergent for all n € N. For two sequence
© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13662-017-1291-2
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-017-1291-2&domain=pdf
mailto:ms153106305@126.com

Meng and Song Advances in Difference Equations (2017) 2017:241 Page 2 of 10

spaces X, Y and an infinite matrix A = (a,), the sequence space Xy is defined by
X4 = {x:(xk)ew:AxeX}, (1)

which is called the domain of matrix A. By (X : Y), we denote the class of all matrices such
that X - YA.

The Euler means E” of order r is defined by the matrix £" = (e}, ;), where 0 <r <1 and

(Z)(l )k ifo<k<m,

e‘k_
8 0 if k> n.

The Euler sequence spaces e, e/ and e/, were defined by Altay and Basar [20] and Altay,
Basar and Mursaleen [21] as follows:

n
ey = {x = (xx) € w: lim Z (Z)(l — )" Rk = O},

n
n
e = [x = () e w: lim E (k) A - r)krkx exists},
n—00
k=0

and

n

Z (:) 1 - r)"

k=0

o } .
Altay and Polat [9] defined further generalization of the Euler sequence spaces ej(V), (V)
and e/ (V) by

el =1x=(x;) €w:sup
neN

Z(V) = {x = (xx) ew: (Vay) € Z}
for Z € {ep, e, €.}, where Vi = x; — %, for each k € N. Here any term with negative
subscript is equal to naught.
Polat and Basar [19] employed the technique matrix domain of triangle limitation
method for obtaining the following sequence spaces:
Z(V(”’)) ={x=(x) ew: (V(”’)xk) €Z}

for Z € (e}, ¢!, €’ }, where V") = (6’(1',73 ) is a triangle matrix defined by

(—1)n_k(;fk) if max{0,n —m} <k <n,

0 if 0 <k <max{0,n—m} ork>n,

for all k,n,m € N.
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Recently Bisggin [22, 23] defined another generalization of the Euler sequence spaces and
introduced the binomial sequence spaces bg’s, bl*, by and b;;s. Letr,se Rand r +s #0.
Then the binomial matrix B"* = (b%) is defined by

1 (n\n—k .k
br,s _ (s+r)" (k)sn r if 0 = k =n
nk —

ifk>n,

for all k,n € N. For sr > 0 we have
(i) 1B < o0,
(i) lim,_ o by =0 for each k € N,
(ifi) 1im, o0 Y b7 = 1.
Thus, the binomial matrix B™ is regular for sr > 0. Unless stated otherwise, we assume that
sr> 0.If we take s+ r = 1, we obtain the Euler matrix E”. So the binomial matrix generalizes
the Euler matrix. Bisgin defined the following spaces of binomial sequences:

7S . 1 — (n n—
bo' :{x=(Xk)€Winll>I§OWZ<k)s krkxk=0I,

k=0

1 n
by = {x = (@) ew: lim T > (Z>S”"‘rkxk existS},

k=0
<oo}.

The purpose of the present paper is to study the difference spaces b’ (V™), bi(V™))

and

1 . n n—k_k
(s+r) Z <’<)S "

b= :xz(xk)ew:sup
k=0

neN

and b7} (V) of the binomial sequence whose B"*(V")-transforms are in the spaces co,
c and £+, respectively. These new sequence spaces are the generalization of the sequence
spaces defined in [22, 23] and [19]. Also, we give some inclusion relations and compute
the bases and «-, 8- and y -duals of these sequence spaces.

2 The binomial difference sequence spaces
In this section, we introduce the spaces bG’S(V“”)), b?S(V(”’)), bg’g(VW)) and prove the BK-
property and inclusion relations.

We first define the binomial difference sequence spaces bg’s(V('”)), bZ’S(V("’)) and
bE(VI™) by

Z(V) = {x = () e w: (V") € Z)

for Z € {b’, b7, b3 }. By using the notion of (1.1), the sequence spaces b;°(V™), b75(V™)
and bgﬁ(V(”‘)) can be redefined by

(V) = B g BE(V) = (B ) g BE(V) = (B g @D

It is obvious that the sequence spaces bg’s(V("’)), bZ’S(V(”’)) and bgg(VW)) may be reduced
to some sequence spaces in the special cases of s, r and m € N. For instance, we take m = 0,
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then obtain the spaces by, b7* and b7 defined by Bisgin [22, 23]. On taking s + r = 1, we
obtain the spaces e{)(V(”’)), eZ(V(”‘)) and ego(V(”‘)) defined by Polat and Basar [19].
Let us define the sequence y = (y,,) as the B*(V")-transform of a sequence x = (xz) b

I =[B7(V™xi)], = - Zn: <Z)S”‘krk (V) (2.2)

n
(s+7) P

for each n € N, where

m

xk-Z( 1)’( )xkl- > (—1)’<-"(k”_qi>xi.

i=max{0,k—m}

Then the binomial difference sequence spaces b(r)’s(V(’”)), (v m)Y and b”( ™) can be
redefined by all sequences whose B*(V"))-transforms are in the spaces co, ¢ and £+,

Theorem 2.1 Let Z € {b;’, b, b7}. Then Z(V™) is a BK -space with the norm %]l 2wy =
(V)1 2.

Proof The sequence spaces bg’, b’ and b7% are BK -spaces (see [22], Theorem 2.1 and [23],
Theorem 2.1). Moreover, V" is a triangle matrix and (2.1) holds. By using Theorem 4.3.12
of Wilansky [24], we deduce that the binomial sequence spaces by*(V™), b7(V)) and
bg’g(V(”’)) are BK-spaces. O

Theorem 2.2 The sequence spaces bG’s(V(’”)), bZ’S(V(’")) and bg’g(V(’”)) are linearly isomor-

phic to the spaces ¢y, c and £, respectively.

Proof Similarly, we prove the theorem only for the space b*(V™). To prove b’ (V") =
o, we must show the existence of a linear bijection between the spaces b(’)’S(V(m)) and ¢g.
Consider T : bg’s(V(”’)) — ¢o by T(x) = B(V"xy). The linearity of T is obvious and
x = 0 whenever T'(x) = 0. Therefore, T is injective.
Let y = (y») € ¢o and define the sequence x = (xx) by

st)Z(WHk /- 1)(;) T (=s) My (2.3)
=0

for each k € N. Then we have

n—00 n— 00 (s +r)

lim [B”S(V(m)xk)]n lim —— Z( ) "Rk (V) = 1lim , =0,
k 0 n—0Q
which implies that x € b(r)’S(V(”‘)) and T'(x) = y. Consequently, T is surjective and is norm
preserving. Thus, by* (V™) = . O

The following theorems give some inclusion relations for this class of sequence spaces.
We have the well-known inclusion ¢y € ¢ C £+, then the corresponding extended versions
also preserve this inclusion.

Theorem 2.3 The inclusion by* (V™) C (V) C b3 (V™) holds.
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Theorem 2.4 The inclusions by (V™) C p*(V), prs(vimy < prs(vorD) and
B3 (VM) € b (V0D old,

Proof Let x = (x) € by*(V™), then the inequality

[ (v )] | - (57 )],
|[Br,s(v(m)xk)]n — [B"S(V(”’)xk)]

= [[B™ (V")) | + [[B™(V"x0)]

-

n—1|
holds and tends to 0 as # — 0o, which implies that x € b (V"+D). |

Theorem 2.5 The inclusions (V™) C b7 (V™), e (V™) C b7(V™) and e/ (V™) C
bs (V) strictly hold.

Proof Similarly, we only prove the inclusion e;(V) C b*(V). If r + s = 1, we have E" =
B, So €5 (V™)) C by* (V™) holds. Take 0 < r < 1 and s = 4. We define a sequence x = (xx)

by
Xk: m+k—j—1 3\
Xk = ——
, pan k—j r

for all m,k € N. It is clear that [E'(V"x)], = (=2 — r)") ¢ ¢o and [B(V™x)], =
((4#”)”) € ¢o. So, we have x € bi* (V™) \ e}, (V™). This shows that the inclusion e} (V) C
by (V) strictly holds. a

3 The Schauder basis and a-, #- and y-duals
For a normed space (X, || - ||), a sequence {x : xx € X}en is called a Schauder basis [1] if
for every x € X, there is an unique scalar sequence (Ax) such that |lx — Y ¢_j Axxll — 0
as n — 00. We shall construct the Schauder bases for the sequence spaces b;* (V") and
brs (V).

We define the sequence g®(r,s) = {gfk)(r, 8)}ien by

if0<i<k,
(s+ 0 i (" sy itizk,

i~j

&0,s) =

for each k € N.

Theorem 3.1 The sequence (g%(r,s))xen is a Schauder basis for the binomial sequence

space by (V™) and every x = (x;) € by* (V™) has an unique representation by

x=Y Mlr,9)g0(r,9), (3.1)
k

where i (r,s) = [B" (V"™ x;)]x for each k € N.
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Proof Obviously, B”*(V"" (r,s)) = ex € cg, where ¢y is the sequence with 1 in the kth
place and zeros elsewhere for each k € N. This implies that g®(r,s) € by* (V™) for each
keN.

For x € b’ (V") and n € N, we put

"=l s)g®s).

By the linearity of B"*(V"), we have
B” Zkk(r s)B” .k)(r,s)) = Zkk(r,s)ek

and

0 if0 <k<n,
[B"(V™x)]i  ifk > n,

[B(V" (xi = ")), =

for each k € N.

For every ¢ > 0, there is a positive integer n, such that

(B (V") ]| <

for all k > ny. Then we have

&
= gom, = s (B9 )| < sup |[B(9 )] | < <o

which implies x € by*(V™) is represented as in (3.1).

To show the uniqueness of this representation, we assume that
X = Z /Lk 7S r,S )

Then we have

[ ” vy ZW‘ 7,8 B” '")gi(k)(r,s))]k = Z,uk(r,s)(ek)k = pi(r,s),

k

which is a contradiction with the assumption that A(r,s) = [B(V"x;,)]; for each k € N.

This shows the uniqueness of this representation. g

Theorem 3.2 We define g = (g,) by

n-j

o= ("I ()
k=0 =k
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for all n € N and limy_, o A (r,s) = L. The set {g,g0(r,s),gV(r,s),...,g0(r,s),...} is a
Schauder basis for the space b*(V') and every x € b*(V"™) has an unique represen-
tation by

x=lg+ Y [mlr,s) - 1]gW(r,s). (3.2)
k

Proof Obviously, B”S(V(’”)gf‘(r,s)) =ex€cyCcandge bg’s(V(’”)). Forx € bg’s(V(’”)), we put
y = x—Ig and we have y € b (V). Hence, we deduce that y has an unique representation
by (3.1), which implies that x has an unique representation by (3.2). Thus, we complete the
proof. d

From Theorem 2.1, we know that bg'S(V(”’)) and bZ’s(V(”‘)) are Banach spaces. By com-
bining this fact with Theorem 3.1 and Theorem 3.2, we can give the following corollary.

Corollary 3.3 The sequence spaces bg’s(V(’")) and bZ’S(V(’”)) are separable.

Kothe and Toeplitz [25] first computed the dual whose elements can be represented as
sequences and defined the «-dual (or Kothe-Toeplitz dual). Chandra and Tripathy [26]
generalized the notion of Kothe-Toeplitz dual of sequence spaces. Next, we compute the
-, B- and y-duals of the sequence spaces by*(V™), b5 (V™) and b5 (V™).

For the sequence spaces X and Y, define multiplier space M(X,Y) by

MX,Y) = {u = (ur) e w:ux = (urxy) € Y for all x = (xy) € X}.
Then the «-, 8- and y-duals of a sequence space X are defined by
X% =M(X, ¢y), XP =M(X,cs) and X" =M(X,bs),

respectively.
Let us give the following properties:

sup Z Z“”v" < 00, (3.3)
Ker X

sup Y |anl < 00, (3.4)
neN P

lim a,; =a; foreachkeN, (3.5)
n—00

lim ;an,k =a, (3.6)

) (3.7)

lim 3 lanl = | lim a
n— 00 X P n— o0

where T is the collection of all finite subsets of N.

Lemma 3.4 ([27]) Let A = (aux) be an infinite matrix, then:
(i) Ae€(co:41)=(c:41)=loo:¥) if and only if (3.3) holds.
(i) A €(co:c)ifand only if (3.4) and (3.5) hold.

Page 7 of 10
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(ili) A €(c:c)ifand only if (3.4), (3.5) and (3.6) hold.
(iv) A € (b : ) if and only if (3.5) and (3.7) hold.
(V) A€e(co:loo)=(c:€oo) = (oo : Leo) if and only if (3.4) holds.

Theorem 3.5 The a-dual of the spaces by*(V"™), b* (V") and b3 (V™) is the set

k S
Z(s+r) Z(m+ T ] 1> (Jz) r7(=sY " uy <oo}.

ek

Uf’sz{u (ux) e w: supZ

Proof Let u = (uy) € w and x = (x¢) be defined by (2.3), then we have

k k
wse= 3600 S (" T () = (67),
i=0 j=i

for each k € N, where G = ,:f) is defined by

e NI (T O (=) if0 <<k,

k=j
0 ifi>k.

ki

Therefore, we deduce that ux = (uxx) € £, whenever x € bi*(V™), b5 (V™) or b7 (V™)
if and only if G"*y € £, whenever y € ¢y, c or £, which implies that u = (i) € [b]°(V™)]%,
[bZ'S(V(m))]"‘ or [bg’é(V(’”))]”‘ if and only if G™ € (co : 1) = (c: £1) = ({xo : £1). By Lem-
ma 3.4(i), we obtain

=) €[5 (7)) = [ (7)) = (7

if and only if
m+ k ] NG\ _
supZZs+r)Z r7(=sY " ui | < 00.
ieK i
Thus, we have [b5° (V™))% = [b75(VI)]* = [bL5(V)]* = U7, 0

Now, we define the sets U;”, U3*, Uy* and U." by

u,* = {u = () €w:sup Y [t < 00}

neN k

uy® = {u = (ux) € w: lim u,, exists for each k € N,
n— 00

I

u,” = {u = (ug) € w: lim E et x| = E ) lim 2,4
n—00 n— o0
k k
and

u: = {u = (ur) € w: lim Z Unk exists},
n—00 P
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where

unk—(5+r)kzz<m+l - 1)()"( sV .

i=k j=k

Theorem 3.6 The following equations hold:
(i) [By° (Vi) = Uy N Uy,
(i) (B(VO)P = Uy N Uy U,
(iii) [p2S(VONP = Uy® N Uy,

Proof Since the proof may be obtained in the same way for (ii) and (iii), we only prove (i).
Let u = (ux) € w and x = (x¢) be defined by (2.3), then we consider the following equation:

B Eul Lo 2 () ()]
Sleent 3 (") (el

k=0 i=k j=k

= (Urlsy)n’

where U™ = (u,) is defined by

k n i m+i—j-1\ (j\ ., —j i— .
. (s+r)* Yt ik ( H.’ V()7 (=Y u; if0 <k <n,
ifk>n.
Therefore, we deduce that ux = (uxx;) € ¢s whenever x € bg'S(V(’”)) ifand only if U™y € ¢
whenever y € ¢y, which implies that u = (i) € [bg’s(V(’”))]‘9 if and only if U™ € (¢ : ¢). By
Lemma 3.4(ii), we obtain [b;°(V!™)]? = U} N UL”. O

Theorem 3.7 The y-dual of the spaces by (V"™), b* (V™) and b5(V™) is the set U,".

Proof Using Lemma 3.4(v) instead of (ii), the proof can be given in a similar way. So, we
omit the details. a

4 Conclusion

By considering the definitions of the binomial matrix B = (b)) and mth order differ-
ence operator, we introduce the sequence spaces by (V™), b7(V"™)) and b75(V™). These
spaces are the natural continuation of 3, 19, 22, 23]. Our results are the generalization of

the matrix domain of the Euler matrix of order r.
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