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Abstract

In this paper, we introduce a new metric space to study the existence and uniqueness
of solutions to second order fuzzy dynamic equations on time scales. In this regard,
we use Banach's fixed point theorem to prove this result. Also, we see that this metric
guarantees an elegant and easier proof for the existence of solutions to second order
fuzzy dynamic equations on time scales.
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1 Introduction

Recently, one of the most interesting and significant discussions in the field of differential
equations is dynamic equations on time scales. The valuable applications of these equa-
tions in control theory, mathematical economics, mathematical biology, engineering and
technology have made it more impressive, see [1-5].

The theory of dynamic equations and the essential concepts in the calculus of time scales
were introduced by Bernd Aulbach and Stefan Hilger [5]. The dynamic systems on time
scales have gained impetus since they demonstrate the interplay of two different theories,
namely, the theories of continuous and discrete dynamic systems.

So far, many research papers have been done to investigate the existence of solutions for
first and second order, boundary value and other types of dynamic equations, see [5-8].

Authors in [9] presented the definitions of delta derivative and delta integral for fuzzy-
valued functions. So, as the second step, it is natural to investigate the existence and
uniqueness of solutions to fuzzy dynamic equations on time scales. The main aim of this
paper is to prove the existence and uniqueness of solutions to second order fuzzy dynamic
equations on time scales, and we put off discussing this problem to Section 5. Before that,
we introduce a new metric on the set of the fuzzy continuous functions on time scales and
use it to define another new metric space.

This work is generalized as follows: Section 2 contains a brief summary of the theory
of fuzzy sets and calculus of time scales. Section 3 deals with the fuzzy calculus on time
scales. Then in Section 4 we restrict our attention to two new metric spaces. Finally in the
last section the main results are stated and proved.

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13662-017-1296-x
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-017-1296-x&domain=pdf
http://orcid.org/0000-0003-1105-9676
mailto:osfard@du.ac.ir

Fard and Bidgoli Advances in Difference Equations (2017) 2017:231 Page 2 of 17

2 Preliminaries
In this section, we give some definitions and introduce necessary notations which will be

used throughout the paper.

Definition 2.1 ([10, 11]) Let X be a nonempty set. A fuzzy set u in X is characterized by its
membership function # : X — [0,1]. Then u(x) is interpreted as the degree of membership

of an element x in the fuzzy set u for each x € X.

Let us denote by R £ the class of fuzzy subsets of the real axis (i.e., u : R — [0,1]), satis-

fying the following properties:
(i) u is normal, i.e., there exists xg € R with u(xg) = 1;
(ii) u is fuzzy-convex set (i.e., u(tx + (1 — £)y) > min{u(x), u(y)}, Vt € [0,1], x,y € R);

(iii) u is upper semicontinuous on R;

(iv) cl{x € R;u(x) > 0} is compact, where ¢/ denotes the closure of a subset.

Then R £ is called the space of fuzzy numbers. Obviously, R C Rx. Here R C R £ is under-
stood as R = {(4; x is a usual real number}. For 0 < o <1, denote [1]* = {x € R; u(x) > o}
and [#]° = cl{x € R; u(x) > 0}.

Using the definition of fuzzy numbers, it follows that for any & € [0,1], [#]* is a bounded
closed interval. The notation [#]* = [u®, #”] denotes explicitly the «-level set of u. We refer
to u and u as the lower and upper branches on #, respectively.

Foru,v € Rrand A € R, the sum u+vand the product A - i are defined by [u1+v]* = [u]* +
V1%, & - u]® = A[u]%, Yo € [0,1], where [u]* + [V]* = {x + y: x € [u]*,y € [v]*} means the
usual addition of two intervals of R and A[u]% = {A - x: x € [4]¥} means the usual product
between a scalar and a subset of R.

Let D:Rr x Ry — R* U {0}, D(u,v) = sup,¢[o,1 max{|u® — v*|, [u" — V*[}, be the Haus-
dorff distance between fuzzy numbers, where [u]* = [u%,u"], [v]* = [v*,V*].

The following properties are well known, see [12-14]:

- D(u+w,v+w)=D(u,v), Vu,v,w € Rr,

- Dk-u,k-v)=|k|D(u,v),Vk e R, u,v e Rx

- D(u+v,w+e) <D(u,w)+D(v,e), Yu,v,w,e € Rr,

- Dwuew,uev)=Dwv),Yu,v,weRx,
and (R, D) is a complete metric space. Also we define for each x,y € C(I,Rx), D(x,y) =

sup,c; D(x(2), y(£)), where C(I,Rr) is a set of all fuzzy continuous functions on I.

Theorem 2.2 ([13])
(i) If we denote 0 = X0}, then 0 € R is the neutral element with respect to +, i.e.,
u+0=0+u=u,forallucRyr;
(i) Foranya,beR witha,b <0 ora,b> 0 andany u € Rr, we have
(@a+b)-u=a-u+b-u;forgeneral a,b € R, the above property does not hold;
(ili) Forany x e Rand anyu,ve Ry, wehave A - (u+v)=r-u+Ar-v;
(iv) Forany A, € R and any u € Ry, we have A - (0 - u) = (Ap) - u.

Definition 2.3 ([13, 15]) Letx,y € Rx. If there exists z € Rx such that x = y + z, then z is
called the H-difference of x and y and it is denoted by x © y.
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Definition 2.4 ([16, 17]) Given u,v € Ry, the gH-difference is the fuzzy number w, if it
exists, such that

i) u=v+w
USg V=W & @
or (ii) v=u+(-1)-w.

If u ©4n v exists, its « cuts are given by

byt by %2 yy0d

[u Ogry v]* = [min{g“ v u* -V },max{g"‘ v u —17"‘}]

and u © v =u Oy v if u © v exists. If (i) and (ii) are satisfied simultaneously, then w is a
crisp number.

Remark 2.5 ([16, 17]) In the fuzzy case, it is possible that the gH-difference of two fuzzy
numbers does not exist. If u Qg v exists, then v O gy u exists and v Ogy tt = —(U Oy V).

Proposition 2.6 [16,17] Let u,v € Rr be two fuzzy numbers; then
(i) if the gH-difference exists, it is unique;
(ii) 4Oy v=uOVorueuv=—(uSv) whenever the expressions on the right exist; in
particular, u Sy u=1uS u= 0;
(iil) if u ©gn v exists in the sense (i), then v Qg u exists in the sense (i) and vice versa;
(iv) (u+v)Oguv=u;
(v) 0 Ogrt (U Ogr V) =V Ogny 15
(Vi) © Qg v =V Ogn u=w ifand only if w=—w; furthermore, w = 0 ifand only ifu = v.

Definition 2.7 ([5]) A time scale T is a nonempty, closed subset of R, equipped with the
topology induced from the standard topology on R.

Definition 2.8 ([5]) The forward (backward) jump operator o (t) at ¢ for t < sup T (respec-
tively p(¢) at ¢ for ¢ > inf T) is given by

o()=inf{t >t:7 €T} (p(t):sup{r<t:1:e’]l‘}) forallteT. (2)

Additionally, o(supT) = supT if supT < oo, and p(inf T) = inf T if infT > —co. Further-
more, the graininess function i : T — R* is defined by u(t) = o (£) — ¢, and also the left-
graininess function v : T — R* is defined by v(¢) = £ — p(¢).

Definition 2.9 ([5]) If o(¢) > ¢, then the point ¢ is called right-scattered; while if p(¢) < t,
then ¢ is termed left-scattered. If t < sup T and o (£) = t, then the point ¢ is called right-dense;
while if £ > inf T and p(t) = ¢, then we say that ¢ is left-dense.

Definition 2.10 A mapping f : T — R is rd-continuous if it is continuous at each right-
dense point and its left-side limits exist (finite) at left-dense points in T. We denote the set
of rd-continuous functions from T to Rz by C,4[T, R £].

Definition 2.11 ([5]) Fixt € Tandf: T — R.Definef2(¢) to be the real number (provided
it exists) with the property that given € > 0 there is a neighborhood Ur of ¢ (i.e., Ut =
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(t-86,t+68)NT) such that

|(F(o(®) =f) =f2®) (o () = 5)| < |0 (@) - 5]
for all s € Urt. f2(¢) is called the A-derivative of f at £.

Definition 2.12 ([18]) We say that a function f : T — R is right-increasing at a point ¢, €
T\ {min T} provided
(i) if to is right-scattered, then f(ty) < f(o (%));
(ii) if ¢ is right-dense, then there is a neighborhood Ut = (to — 8, + 8) N T of £y such
that

f(t) >f(tp) forallte Uy witht>g.

Similarly, we say that f is right-decreasing if above in (i), f(o (£0)) <f(f0) and in (ii), f(¢) <
S (o).

Theorem 2.13 ([18]) Suppose f : T — R is differentiable at t, € T \ {minT}. If f2(¢y) > 0,
then f is right-increasing at the point ty. If f * (£0) < 0, then f is right-decreasing at the point
ty.

Here, we review some properties of the exponential function on time scales. For more
details, we refer to Definition 2.30 [5].

A function p: T — R is called regressive if 1 + u(£)p(t) # 0 for all £ € T, and the function
p is called positively regressive if 1 + u(¢)p(¢) >0 for all t € T. If p: T — R is a regressive
function and £, € T, then (see Theorem 2.33 [5]) the exponential function e,(-, ) is the
unique solution of the initial value problem

y2 O =pOy®),  yto) =L

The following properties of the exponential function will be used in the last section.
(1) eO(t) S) = 1: ep(tr t) = 17
(ii) ey(o(2),s) = [L+ n()p(D)ley(t, s);
(iii) ey(t, r)ey(r,s) = ey(t,s);
W)%%Q:aﬁ;
(v) ey (t, to) = p(t)ep(t, to).
The set TX is defined to be T\ {m} if T has a left-scattered maximum s, otherwise TX = T.

3 Fuzzy delta derivative and integral on time scales

Definition 3.1 ([9]) Assume that f : T — Rz is a fuzzy function, and let ¢ € TX. Then f
is said to be right fuzzy delta differentiable at ¢ if there exists an element A} f(t) of Rr
with the property that given any € > 0, there exists a neighborhood Ur of ¢ [i.e., Ut =
(t-6,t+8)NT for some § > 0 such that for all £ + & € Ur

D[f(t + ) S f (00, Ajf O (h - u(®))] < € (h - u®)),

with 0 < h <§$.
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Definition 3.2 ([9]) Assume that f : T — R is a fuzzy function, and let ¢ € T*. Then f is
said to be left fuzzy delta differentiable at ¢ if there exists an element A7 f(t) of Rr with
the property that given any € > 0, there exists a neighborhood Ur of ¢ such that for all
t—helr

D[f (o(0)) O f(& - ), Af @) ( + n(®))] < e(h + u(®)),
with 0 < h <§.

In the above definitions A} f(t) and A7 f(£) are termed, respectively, right fuzzy delta
derivative and left fuzzy delta derivative at .

Definition 3.3 ([9]) Let f: T — R be a fuzzy function and ¢ € TX. Then f is said to be
A-Hukuhara differentiable at ¢ if f is both left and right fuzzy delta differentiable at ¢ € T*
and A}, f(£) = Apf(¢), and we will denote it by Agf(¢).

We call Ayf(¢) the A-Hukuhara derivative of f at t. We say that f is Ay -differentiable
at t if its Ay-derivative exists at . Moreover, we say that f is Ay -differentiable on TX if its
Ap-derivative exists at each ¢ € TX. The fuzzy function Ayf : TX — Rz is then called the
Ap-derivative of f on T*.

Proposition 3.4 ([9]) If the Ay-derivative of f at t exists, then it is unique. Hence, the
Ap-derivative is well defined.

Lemma 3.5 ([9]) Assume that f : T — Ry is Ay-differentiable at t € TX, then f is contin-
uous att.

Theorem 3.6 ([9]) Assume that f : T — R is a function, and let t € T, then we have the
following:
(i) Iff is continuous at t and t is right-scattered, then f is Ay-differentiable at t with

At SO S ) “
u(t)
(ii) Ift is right-dense, then f is Ay-differentiable at t iff the limits
L S Su O () S fe— T
h—0* h h—0* h
exist and satisfy in this case

h —h

E&M - h@&% = Auf (D). (4)

Lemma 3.7 ([9]) Iff is Ay-differentiable at t € T, then f(o(t)) = f(t) + u(t) Apf(t) or
f@) =f(o(®) + (-D)() Anf(?).

Remark 3.8 Assume that f is Ay-differentiable, we say that f is Ay-differentiable in the
sense (i) or (i) Ay -differentiable if, in the definition of Ay -derivative, gH-difference is equiv-
alent to H-difference, and we say that f is Ap-differentiable in the sense (ii) or (ii)Ay-
differentiable if gH-difference is equivalent to another case.
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Definition 3.9 Letf: T — Ry and ¢ € T. We define the second order fuzzy delta deriva-
tive of f as follows: We say that f is fuzzy delta differentiable of the second order at ¢ if there
exist elements Ayf () and A%f(¢) such that given any € > 0, there exists a neighborhood
U of ¢t [i.e., Ur = (¢t = 68,t + 8) N'T] for some § > 0 such that for all £ + & € Ut

D[Auf(t+h) Ogr Auf (0(0), A3f0) (h — n(0))] < € (h— u(0)),

with 0 <k <6, and

Df(o(6)) ©gr f(t = 1), ALf (&) (h+ ()] < €(h + u(®),
with 0 < /1 <8, where A% () = Ap(Aw(:)).

In fact, the second fuzzy delta derivative, or second order fuzzy delta derivative, is the
fuzzy delta derivative of the fuzzy delta derivative of fuzzy function on time scales that we
denote by A% f(t). Higher fuzzy delta derivative can also be defined.

Lemma 3.10 Iff,g: T — Rx are Ay-differentiable at t € T, in the same case of Ay-

differentiability (both are (i) Ay-differentiable or (ii)Ay-differentiable), then f + g: T —
R is also Ay-differentiable at t and

Anu(f +@)(6) = Anf(t) + Ang(t). (5)
Proof It can be easily proved using Theorem 3.6. O

Lemma 3.11 Iff : T — Ry is Ay-differentiable at t € TX, then for any nonnegative con-
stant . € R, Af : T — R is Ay-differentiable at t with

Ap(Af)() = AAnf(2).
Proof It follows easily from Theorem 3.6. g

Now, we present the definition of integral on time scales and give some properties of
integrals on time scales for fuzzy-valued functions. Let T be a time scale, 4 < b be points
in T, and [a, b]r be the closed (and bounded) interval in T. A partition of [a, b]r is any
finite ordered subset

P={t,t,...,t,} Cla,bly, wherea=ty<t;<---<t,=b.
The number # depends on the particular partition, so we have n = n(P). The intervals
[£i-1,t;) for 1 < i < n are called the subintervals of the partition P. We denote the set of all

partitions of [, b]T by P = P(a, b).

Lemma 3.12 ([19]) For each § > 0, there exists a partition P € P(a, b) given by a =ty < t; <
-+ <ty =bsuch that foreach i€ {1,2,...,n} either

ti—tiq <4
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or
ti—ti1 > § and ,O(ti) =tiq.

Definition 3.13 ([9]) A function f : [a,b]r — Ry is called Riemann A-integrable on

[a,b]7 if there exists Iz € Rr, with the property Ye > 0, 36 > 0, such that for any divi-

sion of [a,b]r, d:a =xy < -+ <x, = b with x; € [a, b]r, and for any points & € [x;,x;,1)T,

i=0,n—-1,we have
n-1
D[ E f(&).(xie1 — xi)JR:| <e.
i=0

Then we denote by I = f: f(x)Ax the fuzzy Riemann A-integral.
Definition 3.14 ([9]) Let f : [0,¢]r — Ryr. We define levelwise the A-integral of f in
[0,¢]r (denoted by f[O,t]Tf(t)At or fotf(t)At) as the set of the integrals of the measur-

able selections for [f]*, for each « € (0,1]. We say that f is A-integrable over [0, ]y if
f[O,t]Tf(t)At € R 7, and we have

I tf(t)m]a -/ o [ 7 ] ©)

for each « € (0,1].

Theorem 3.15 Iff,g: [a,blr — Rr are A-integrable on [a, b]t, then af + g, where a, B €
R is A-integrable on [a,b]r and

b b b
/ (af(t)+ﬂg(t))At=a( / f(t)At)+ﬁ( / g(t)Ar). %

Proof 1t easily follows from Definition 3.13. O

Theorem 3.16 Iff :[a,blr — Ry is Ay-differentiable on [a,b]r and a € T, then Ayf(t)
is A-integrable over [a, D]t and

fs)=f(a) + / Anf(t)At,

or
Fl@) =£(s) + (-1) / " AfOAL

forany s € [a, b]r.

Proof By setting the functions §; and 8z defined in Definition 15 [9] as the same constant

functions, the proof immediately follows from Theorem 18 [9]. O
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Theorem 3.17 Letf € C,y[T,Rx], and lett € T. Thenf is A-integrable from t to o (t) and

o(t)
/ F(5)As = (O 0) ®)

4 New metric space
Now, we are ready to define a new metric for the fuzzy continuous functions on time
scales.

Definition 4.1 Let D denote the Hausdorff metric on the space Rx. Let y > 0 be a con-
stant. We define the space of all fuzzy continuous functions on time scales C([%o, o +
alt; Rr) along with y -metric d, (x, y) which is defined as

dy(x,y):= sup M N

te(to to+alT e]/ (t! t())
for all ¢ € [£y,t0 + alr and x,y € C([¢to, to + alm; RF);

Also, since eq(t,8) =1, so d is defined as

do(x,y):= sup  D(x(£),(t)) (10)

telto.to+alt

for all £ € [to, tp + a]T and x,y € C([to, tp + a]T; R £), that is the same Hausdorff metric on a
fuzzy continuous functions space.
In addition, we consider

D(x(t),0)
llxll, == sup ————+

telto,to+alT ey (t! tO)

for all £ € [y, £y + alr and x € C([to, to + alT; RF). Also, ||x]¢ is defined as

lxllo:= sup D(x(¢),0),

te(ty,to+alT

the d, map is a new generalization of Bielecki’s metric in [20]. The following two lemmas
describe some important properties of d, and || - ||,

Lemma 4.2 Ify > 0 is constant then:
(i) dy is a metric and it is equivalent to the sup-metric dy;
(ii) (C([to,to + alT;RF),d, ) is a complete metric space.

Proof We note that y € Cy([to,%o + alr;Rx) as any constant function is always rd-
continuous. Since w(t) > 0, we have 1+ u(¢)y > 0 forall ¢ € [y, to +alr. Hence, y € R* (aset
of positive regressive functions and rd continuous) and e, (¢, ty) > 0 for all ¢ € [to, £y + alT
(see [5]). It follows that for each x,y € C([ty, £y + a]T; Rx) we have

(i) Since y > 0, e, (t,to) > 0, thus d,, > 0. d,,(x,y) = 0 if and only if D(x,y) = 0, and we
know that D(x,y) = 0 if and only if x = y.

Since D is a metric, so d,, (x,y) = d,, (y,%).
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Also we have

D(x,z
dy(x,z) = sup (,2)
teltoto+alt €y (t, tO)
3 D) D(2)
< +
telto.to+aly €y (¢, to) telto.to+aly €y (t, %)
=d,(x,9) +d,(y,2).

We know that eﬁ(t, to) = ve,(t, o) > 0, then e, (¢, £y) is right-increasing, so we have

1 1
<

< <1
e, (to +a,tp) ~ eyt to)

=4

it follows

1

- dyx, d, (x,y) <dy(x,y).
oG ai) o(x,y) <d,(x,y) < do(xy)

(ii) Now we show that (C([to, to + a]1, RF),d, ) is a complete metric space. We show that
every Cauchy sequence in (C([ty, ty + alt,Rr),d,) converges to a function in C([y, ¢y +
alt,Rx). Let x;(¢t) be a Cauchy sequence in C([to, £y + a]1; Rr). This means that for every
€ > 0 there is a positive integer N, such that

D(xi(2), x;(£))

<e foralli,j> N forallte [ty Ly + alr.
ey(t> tO)

Thus, according to part (i),
D(xi(t),xj(t)) <e€ey(ty+a,ty) foralli,j> N, forallte [ty ty +alr.

Since (C([to,to + alT,Rr),dy) is a complete metric space (see [21]), there exists x €
C([to, to + alT, RF) such that

lim D(x,-(t),x(t)) =0 forallte[ty,ty+ alr,
1—> 00

and as a result of (i), we have lim,_, o d,, (x;(¢),%(¢)) = 0. Hence the Cauchy sequence x; in
C([¢0, to +a]r, R r) is convergent and the limit is a fuzzy continuous function on [#y, £y +a]r.
Thus (C([to, to + al1;RF),d,) is a complete metric space. |

Note that we show || - ||, has properties similar to the properties of a norm in the usual
crisp sense, without being a norm. It is not a norm because C([a, b]1, R ) is not a vector
space (see part (ii) of Theorem 2.2) and, consequently, C([a, b]T, Rr) with || - ||, is not a
normed space.

Lemma 4.3 The mapping || - |, : Rx — [0, 00) has the following properties:
(i) lxlly =0 if and only ifx = 0;
(ii) IA-xll, = [Alllxlly for all x € C([to, to + alT,RF) and A € R;
(i) %+l < Ixll, + Iyll, for all x,y € Rx.
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Proof
@i Il -1l, = 0 and it is obvious that ||x||,, = 0 if and only if x = 0.
(ii) for A € R and x € C([to, %y + alT;RF),

D(rx(t),0)
telto,to+alT €y (tr tO)
D(x(2),0)

telto,to+alt €y (t) tO)

llAxll, =

= Al
=My,

and
(iii) for x,y € C([to, to + alm;RF),

D((x + y)(t), 0)

te(to,to+alT €y (t’ tO)

D(x(t),0) D(y(t),0)

telto,to+alr ey(trtO) telto,to+alr ey(t:tO)

lle +yll, =

<

= llxlly + lylly-
d

So far we have proved that C([¢o, ty + a]T; R ) is a complete metric space with the dis-
tance

Ay = sp CEOIO)

telto,to+alt €y (t’ tO)

Let C'([to, o + a]T, R 7) denote the set of continuous functions x : [£y, £y + @]t — Rz whose
derivative Apx : [£y, to + a]lT — RF exists as a continuous function. For x,y € C'([to, to +
alt, Rr), consider the following distance:

d,(x,9) = dy (x,y) + dyy (Apx, Apy).
It easily follows from part (i) of Lemma 4.2 that d; is also a metric.
Lemma 4.4 The couple (C*([to, to + alT; RF), d)l,) is a complete metric space.

Proof Let {x,}p2, C C'([to, o + alr, R7) be a Cauchy sequence in (C([to, & + alr, R7),d)),
that is,

di,(x,,,xm) =dy, (%n,%m) + dy (A%, Apxy,) = 0,  1n,m — 00,

o0

Then the sequences {x,,}5°;

and {Apx}i°; are Cauchy sequencesin (C([to, to +alt, R 7), d, ),
which is complete. Then there exist x,y € C([to,to + alr,RF) such that {x,} — x and
{Apx,} — yas n — +00. We have to prove that x € C([£y, o + a]T, RF) and that Ayx = y.

In this case,

d}, (%, %) = dy (%0, %) + dyy (Apxy, Apx) = dyy (x4, %) + d) (Apxs,y) = 0, 1 — 00,
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which proves that {x,} — x in (C'([to,to + a]T,Rf),d},) is a complete metric space. If
we check that x(¢) = x(¢to) + ftf) y(s)As, the continuity of y and application of Theorem 7
[9] provide that x € C}([ty, £y + alt, RF) and Apx = y. We will use that x,(¢) = x,(ty) +
i Auxa(s)As. Let (1) = x(to) + [, ¥(s)As, then

D(x(2), x(t0) + [, ¥(s)As) }

dy,(x,¥)=sup { o)
'y b

telto.to+al

{(D(x(t) 1%, (2)) + D(x,(£), x(20) L y(S)AS))}
< sup

te(ty,to+alT €y (t¢ tO)

- { (D(x(8),%,(8)) + Dl (t0) + [ Arn(s) A5, x(20) + [,y y(5)As)) }

te[t,to+alT €y (t’ tO)
(D (£0),2(t0)) + D(J}. Aryea(s) s, [} y(9)As)
<d,(xx,)+ sup
telto,to+alr ey (t¢ tO)
(D(x4(to), ft (Anxn(s),y(s)) As))
<d,(xx,)+ sup
te(tg,to+alT ey(t’ tO)
(Plaolttol 4 [ D(Ana(s),7(5)) As))
<d,(xx,)+ sup
telto,to+alr €y (t: tO)
t D(Apxn(s)y(s))ey (s:to)
dy(xnx) o e oro) S
<d,(xx,)+ sup
telto,to+alr ey(t: tO) ey(t) tO)
ft D(Agxn(s).y(s))ey (s,to) As
to ey(s,t())
<d,(xx,) +d,(x,,%) + sup
telto,to+alT €y (t, tO)

t
d, (Apx,,y)e, (s, to) As
<dy(x) +dy (6, %)+ sUP Jo Bz ey }
te(to,to+alT €y (t! t())

e,(tto) — 1 }

<d,xx,) +d,(x5,%)+ sup dy (Apxy,y)

te(to,to+alT Vey (t! tO)
d,(Agx,,
:dy(x,xn)+dy(xn,x)+M {1— }
Y telto,to+alT ey (tr tO)
d, (Apx,, 1
=d, (%, %) + dy, (%, %) + y (A y){l— }—>0, n— 00.
14 e, (to + a, tp)

This proves that d(x,v) = 0, and therefore x(¢t) = ¥ (¢), t € [to, to + alr, or x(¢) = x(¢) +
f;) y(s) ds, t € [to, to +alT, and the complete character of C!([ty, ty + alt, R ) is achieved. [J

Before starting the main discussion, we give a definition that is necessary to continue.

Definition 4.5 Let T be a time scale. A function f : T x R — R is called
(i) rd-continuous if g defined by g(¢) = f(¢,x(¢)) is rd-continuous for any continuous

function x: T — Rx;
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(i) Lipschitz continuous with respect to the second variable on aset S C T x R if
there exists a constant L > 0 such that

D(f(t, 1), f(t;%2)) < LD(x1,%,) forall (£,%1), (¢,x2) € S.
Consider the following fuzzy dynamic equations:
Apx(t) =f(6:x(2)),  x(to) =x0, tE€ [to,to +alr. (11)

Lemma 4.6 For ty € T, the fuzzy dynamic equation Apx(t) = f(t,x(t)), x(ty) = %o € R,
where f : T x Rr — R is rd-continuous, is equivalent to one of the following integral
equations:

x(t) = x0 + ftgf(s,x(s))As, t € [to, to + alr
or 12)

xo = x(t) + (-1) - [, f(s,%(s))As, t € [to, b0 +alr

on the interval [ty,to + alr, depending on the Qg considered in the definition of delta
derivative, (i) Ay or (ii) Ay, respectively.

Proof Let us suppose that x is a solution of the fuzzy dynamic equation Agx(t) = f (£, x(£)),
x(tp) = x9 € Rr. Then, by integration, we get

/t Apx(s)As = /tf(s,x(s)) As.
So,

x(t) = xo + ft;f(s,x(s))As,

or

xo = x(t) + (1) - f, fls,x(5))As,

where in both cases we have a solution x of the Ay-integral equation.
In fact, a solution to the integral equations in (12) is a continuous function satisfying the
conditions in (12). Now, if x is a solution to one of A-integral equations (12), we can write

t+h
x(t+h) =x + / S(s,x(5)) As
and
x(o () =0 + f f(s,x(5)) As,

or

t+h
x(t+h) =x00 (-1) - / S(s,x(5)) As,
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and
(o(t)) x0 O (-1) - / s X s))

Therefore, if ¢ is a right-scattered point o (¢) > ¢

#(0(£) Sgu (8
) o) / floa9)A

Since f;m f(s)As = u(t)f (¢), it follows

x(0(£)) Ogn %(t)

0 =f(£,x(t)).

And if ¢ is a right-dense point o () = ¢, we have (in the metric D)

A OO i L[ o),

i =1
h—0* h -0+ h J,

and we observe that
t+h
D[f f(s,x(s)) As, hf(t,x(t)):|
t+h t+h
= D|:/ f(s,x(s)) As, / f(t,x(t))As]

t+h
< / D(F (5,(5)). £ (6:2(6)) As

Since f is continuous at ¢ (¢ is right-dense), it follows that for each € > 0 there exists a
neighborhood Ur such that for each s € Ur, D(f(¢,x(t)),f (s, x(s))) < €. Hence, by taking

limit as # — 0%, we have

t+h
lim 1 / f(s,x(s)) As =f(t,x(t)), in the metric D,
t

h—0+ h
therefore
i x(t + h) Ogrr x(t)
D20 )

Similarly, the left fuzzy delta derivative of f in ¢ is f (¢, x(¢)). This means that x is a solution
to the fuzzy dynamic equation Agx(t) =f (¢, x(2)). O

From the proof of Lemma 4.6, it is deduced that from the first expression in (12) we have
a (i) Ay differentiable solution and from the second expression in (12) we have a (i) Ay -
differentiable solution. Based on Lemma 4.6, every first order fuzzy dynamic equation
on time scales can be equivalent by one of two integral equations (12), so we have the

following theorem for second order fuzzy dynamic equations.
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Consider the following second order fuzzy dynamic equations:
Apx =f(tx, Apx),  x(to) = ki, Apx(to) = ko, (13)
where ki, k, € Rx.

Theorem 4.7 Assume that f : [to, to + alr — R is rd-continuous. A mapping x : [to, to +
a] — R is a solution to initial value problem (13) if and only if x and Ayx are continuous
and satisfy one of the following integral equations:
(1) x(t) = kot = to) + ftg (ftf)f(s,x(s), Apx(s))As)Az + ky, where Apx and A2x are
(i) A -differentials, or
(i) x(¢) = o(-1)(ky(t - to) © (-1) ftg (f;)f(s,x(s), Apx(s))As)Az) + ki, where Ayx and
A?x are (ii) Ap-differentials, or
(i) x(t) = (=1)(ko(t - to) + f;; (f:)f(s,x(s), Apx(s)As)Az) + ki, where Agx is (1) Ay
differential and A¥x is (i) Ay-differential, or
(iv) x(t) = ks (t = tp) © (1) fzf, (f:)f(s,x(s), Apx(s)As)Az + ki, where Apx is (i) Ay
differential and A%x is (i) Ay-differential.

Proof It can be proved easily using Lemma 4.6. d

Theorem 4.8 Letf : [to, ty + alr X Rr X Rr — Rx be continuous, and suppose that there
exist L1,L, > 0 such that

D(f(t,xlyxZ))f(t;yl,yZ)) =< LID(xl,yl) + LZD(eryZ)

forall t € [ty, Ly + alt, x1,%2,Y1,y2 € Rr. Then the initial value problem (13) has a unique
solution on [ty, ty + alt for each case.

Proof We only prove it for case (ii) of Theorem 4.7, the proofs for other cases are similar.
Now, consider the following operator:

(T9)(0) = 9(—1)<k2(t )& (-1) / ( / F o x(5), AHx)As> Az) o (14)
Also note that

(AuT®)(@) =k © (-1) / f(5,%(5), Apx(s)) As. (15)

Now we will show that by choosing a big enough value y, T map is a contraction, so
Banach’s fixed point theorem provides the existence of a unique fixed point for 7T, that is,
a unique solution for (13) in case (ii).

d)l/(Tx, Ty)
=d,(Tx, Ty) + d, (Au(Tx), Ay (TY))

{ 1
sup —_—
teltoto+alt L €y (t7 tO)
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X D(k1 o (-1) <k2(t — 1) © (—1)/ (/Zf(s,x(s), AHx(s)) As) Az),

ko (—1)(k2(t )6 (1) / ( f F(5,5(6) Ay(s)) As) Az)) }

D(kz e (—1)/ S (5,%(s), Apx(s)) As,

+ sup
telto,to+alT { e)/ (t’ t())

ky©(-1) / F(s,(9), Apy(s)) AS> }

= te[t:’ltlgah{ —ey (tl, tO)D<(_1) (kz(f - t()) (2] (_1) ‘/t: (/t‘ozf(s’x(s), AHx(S))AS) AZ),

(—1)(/@@ —t) & (-1) / ( f f(5.56) AHy(s))As) Az)) }

+  sup {mD(/; S (5,%(s), Apx(s)) As, v/ﬁ()f(s,y(s), Apy(s)) As) }

telto,to+alT 0

1 Ly pz
te[t:};(ga]?{ e, (t, tO)D((/to (/to f(S,x(s), AHx(s)) AS) AZ)»
(/ (/zf(s’y(s), AH}/(S))AS> Az))}

+  sup { ! D(f S (s,x(s), AHx(s))As,/ f(s:509), AHy(s))As>}

telto,to+alT e)/ (t, t())

<

: </ (/ " D(f (5,409, Ax(9).f (56), Any(s) As> Az) }

sup —_—

te(to to+alT { e}/ (t! t()) to
{ 1

sup

telto,to+alT €y (t) tO)

< te[t:,ltloga]qr{ —ey (tl’ o </t: </t: (L1D(x(s), (5)) + LaD(Apx(s), AHy(s)))As) Az) }

</ (L1D(x(s), y(5)) + LaD(Apx(s), AHy(s)))As> }

+

( / D(f (5,(s), Apx(s)).f (s, 9(6), AHy(s»)As) }

+ sup {—
telto,to+alt ey(trtO)

1
< sup { EEEE—
telto,to+alt €y (t) tO)

x (/ (/ (Lidy, (x(5), 5(5)) + Lady, (Apx, Apy))e, (s, to)As> Az)}

+  sup {; </ (ley (%,9) + Lod,, (Apx, AHy))ey (s, to)As> }

te(to,to+alT e)/ (tr tO)

1 t z
= (ley(x,y) + Lydy, (Apx, AHy))( sup {— (/ (/ e, (s, to)As) Az)}
te(ty,to+alT e]/(t’ tO) to to
1 t
+ su _ e, (st )As)})
te[to,t(R-a]T{ e, (t,to) </to riee

1 tre,(z,t) —1
= (ley (%,9) + Lod, (Apx, AHy))( sup { (/ (1’(70)> Az)}
te(ty,to+alT €y (t, tO) to 14
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v s {ey(t,to)—l}>
te[to,t(ga]qr vey (t,t0)
= (Lidy (%, y) + Lody, (Apx, Apy)) ( sup { L (ey(t, )-1_ (t— t0)> }

te(ty,to+alT ye)/ (t’ tO) Y
{ e, (t,to) —1 })
+ sup e —
te(ty,to+alT vey (t’ tO)

= (Lid, (x,y) + Lod, (Agx, Agy) ( sup {—
( ’ 4 ) te(to,to+alT yzey(t7t0)

b 0-aa)))
+ sup — - .
telto,to+alT Y ey (tr tO)

i 1 . — A_ iz l-_1L A_ 1
Since (y2ey(t,t0)(ey(t’ ty) - 1-y(t—ty)))" = & 0 ®m) >0 and (y (1 ey(t‘to))) = oGO >0,
hence the suprema of two sets above is attained at point £y + a. Therefore,

(ey(t»to)—l—)/(t—to))}

dl (T, Ty)

< max{Ly, L,}d), (my)( (e, (to + a,t0) =1 -y (a))

y2e,(ty + a,ty)

(- caam)
+—(1-———)),
14 e, (ty +a,tp)

according to

lim

1 1
yeoo(iyzey(to ot (ey(to +a, ) —1—y(a)) + ;(1— 7>> —0, (16)

e, (to + a, tp)

we can choose y > 0 such that

1 1
max{L;, L — (e, (to+a,ty)-1-yv@))+—(1-———
th 2}<)/2€y(t0 +art0)( }/(0 ) V( )) V( ey(tO"'a’tO)))
<1
thus T is a contractive mapping. 0

5 Conclusion

In this paper, we introduced the second order fuzzy dynamic equations on time scales
and defined a new metric. We proved the existence and uniqueness of solutions to first
order fuzzy dynamic equations on time scales in [22]. But in this work we proved the
existence and uniqueness of solutions to second order fuzzy dynamic equations on time
scales. Although we apply this method for fuzzy dynamic equations, we can apply the

presented method for crisp ordinary differential equations.
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