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Abstract

In this paper, we deal with a class of Gilpin-Ayala ecological models with discrete and
distributed time delays. By employing a fixed point theorem of strict-set-contraction
and inequality techniques, some sufficient conditions for the existence of periodic
solutions are established. As an application, one example is given to illustrate the
validity of our main results.
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1 Introduction
In this paper, we mainly study the following Gilpin-Ayala-like functional differential sys-
tem with discrete and distributed time delays:

x;(t) = %) [ri(t) - Fi(t, 2(6), (1)), i=1,2,...,m,

~ 1.1
30 =5 O050 + B6sOp@), j=12,...m, D

where x(2) = (x1(2),%2(2), ..., %)), ¥(t) = (Y1), y2(E)5 . .., Y (1)),

Fi(t,x( Zalk )k (£ — T (£)) szl £y, (t - ou(t))

k=1 I=1

n 0 m 0
+ Y cult) / Ki()ag (¢ +5)ds + Y du(t) / La(s)y) (¢ +5) ds,
k=1 - =1 o

Ei(tx0),50) = Y agx (£ - 250) + Y_ by(e)y," (¢ - 64(0))
k=1 =1

n 0
+ Z Cri(t) / Kk,(s)xk (t+s)ds+ Z dy(2) / ilj(s)y}?l(t +8)ds,
k=1

I=1 -

Tiy ;A/y Aik; &kj; bih él]! Cik> 2k/’) dih 211] € C(Rx (07 OO)) (l¢ k = 1,2,...,m j7 [ = 12,..., WI) and
Tikr Oit Thjy 0 € CR,R) (4,k = L,2,...,m; j,l = 1,2,...,m) are w-periodic functions.
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6; >0 (i=12,...,n) and 9 > 0 (j = 1,2,...,m) are all constants. Kik,l%kj,Lil,ilj €
C((=00,01,(0,00)) with [°_ Ky (s)ds = [°_Ki(s)ds = [°_ Lu(s)ds = [°_ Ly(s)ds = 1.

The importance of system (1.1) is due to the wide application of functional differential
equations in the ecosystem. It is well known that functional differential equations are mod-
eled by mathematical models to describe interactions and changes among species in many
ecosystems or biological systems. One of the most famous and important population dy-
namics models is the Lotka-Volterra predator-prey model proposed by Lotka and Volterra
in [1, 2]. This rudimentary and important model of mathematical ecology is expressed in
the form of

X' (t) = x(t)(r — ay(t)),
¥ () = y(t)(—d + bx(t)),

where x(t) is the density of the prey species at time ¢, y(¢) is the density of the predator
species at time ¢. r is the intrinsic growth rate of the prey, a is the per-capita rate of pre-
dation of the predator, d is the death rate of the predator, b denotes the product of the
per-capita rate of predation and the rate of converting the prey into the predator.

The Lotka-Volterra model and its various generalized forms have successfully described
the interactions among species in a population dynamics. There have been many papers
dealing with its various dynamical properties, and one has seen great progress [3—21].
However, regardless of this fact, the Lotka-Volterra system has a disadvantageous prop-
erty, that is, the rate of change in the size of each species is a linear function of the sizes of
the interacting species. It is worth noticing that Ayala and Gilpin et al. [22] conducted ex-
periments on fruit fly dynamics to test the validity of competitions. The model accounting
best for the experimental results is given by

() = a1 - ()" - zy,i—;)],
¥ (£) = ray(8)[1 - flz1 t) )92]

where r; is the intrinsic rate of growth of species, K; is the environment carrying capacity
of species i in the absence of competition, 6; provides a nonlinear measure of interspecific
interference, and a;; provides a measure of interspecific interference. Compared with the
Lotka-Volterra system, this model called Gilpin-Ayala competition system is somewhat
more complicated and accurate. As soon as it was put forward, the Gilpin-Ayala model
received extensive attention. Many scholars have studied the dynamics of the Gilpin-Ayala
system and its various generalized forms and obtained a lot of good results (see [23-31]).

To the best of our knowledge, there are few papers dealing with the existence of positive
periodic solutions of system (1.1) by the theory of strict-set-contraction. Our main purpose
of this paper is to establish some new existence conditions of positive periodic solutions
for system (1.1) by using a fixed point theorem of strict-set-contraction.

2 Preliminaries

For convenience, we introduce the notation

8= e tilorimdr 5 [T My {f(t)}

te[O ]

0, [ %
Fi:l—éi/o |:Z(ﬂik(3)+cik(s) +12:1: (bus) + du(s)) }d&
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5 w n m
] a zk(s + Clk(s) + Z zl(s + dll(S) dS,
5 - 1 0 1 o
0,57 52 @ & 1
I; = [ S (ans) + culs)) + Y = (bals) + dil(s)):| ds,
0 [ k=1 .

1)/ |: Sk (aix(s) + Cu(s)) +Z(§lz (buls) +dz1(S)):| ds,

0 L k=1 I=1
1 1 1 } {1 1 1 1 }
e [M=maxy—,..., =, == (>
r, m’n a7,
wherei=1,2,...,n,j=1,2,...,m and f(¢) is a continuous w-periodic function on R.

Let x?i(t) = u;(t), y?j(t) =vi(t),i=1,2,...,n,j=1,2,...,m, then system (1.1) changes into
the following system:

{1
I' =min{ —
r

i u(t) = Oiu;(t)[ri(t) — Fi(t, u(t),v(t))], i=L2,...,n, 1)

V() = OO -70) + Bt w@,v©)), j=12,...,m,

where u(t) = (u1(2), uz(t), ..., u,(t), v(t) = Vi), v2(t), ..., vu()),
Fi(tu(),v(t) = > aa®u(t - ta(®) + Y ba(t)vi(t - ou(t))
k=1 I=1

n 0 m 0
o) [ Kahnlerds+ Y duo) [ Lo +s)ds,
k=1 - =1 -

Bi(t,u(e), v()) = > ani(Busc(£ = 25(8) + Y by(e)vi(t — 641(2)
k=1 I=1

n 0 m 0
+ Z Cri(t) / kkj(s)uk(t +58)ds + Z dj(t) / iy(s)v;(t +5)ds
k=1 i =1 -

Obviously, if (1(8), ..., u,(2), f/l(t) ...,f/m(t)) is a positive w-periodic solution of system
1

(2.1), then (ul1 ®),..., L_tne” @), 1 ®),.. ,Vm (t)) is a positive w-periodic solution of system
(1.1). Hence, we only need to argue the existence of a positive w-periodic solutions of sys-
tem (2.1). To do this, we introduce the following lemma.

Lemma 2.1 Let r € C(R,R), a € R and y, € R, the unique solution of the initial value
problem

Y (&) =r(®)y(©) + h(t),  y(a) =ya
is given by
3 ¢ S
Y(t) = ygela O 4 / e O () dis.
The existence of periodic solutions of system (2.1) is equivalent to the existence of peri-

odic solutions of the corresponding integral system. So the following lemma is important
in our discussion.
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Lemma 2.2 x(¢) = (u(®), v(t))T = (1 (), ..., 1w, (), vi(2), ..., V()T is an w-periodic solution

of (2.1) is equivalent to x(t) is an w-periodic solution of the following integral system:

u;(t) = 6; f”w Gi(t, s)u;(S)Fi(s,u(s),v(s))ds, i=1,2,...,n,

LA - 2.2
vi(t) = 0 f;m Gi(t,s)vi(s)Fi(s, u(s), v(s))ds, j=1,2,...,m, @2)
where
6—0,' fts ri(t)dt
G,‘(t,S)Z W, s e [t,t+a)],l=1,2,...,n, (23)
and
R el?j jts ;‘i(‘r)d‘r
Gi(t,s) = , seltt+w],j=12,...,m. (2.4)

eﬁ]féul/;}(‘[)dl’ _ 1

Proof If (u(t), v(t)) is an w-periodic solution of (2.1), by applying Lemma 2.1 and the first
equation of (2.1), for & > ¢, we have

. § s
() = ()i 9% / e O () F (5, 14(5), V()) dis.

t

Let & =t + w in the above equality and notice that u;(¢) = u;(¢ + w), r;(t + w) = r;(t), we have
t+w tro S
wi(t) = wi(t + o) = u ()l Ji b _ 9,-/ e 0ilivo ATy (O, (s, u(s), v(s)) ds
t
© t+w w s
= uy(t)e’i o 9 g, / i Jo AT g0 [y ity () (s, u(s), v(s) ) ds,
t

which implies that

o o0 [Frit)d
u;(t) = Qi‘/t WW(S)FL' (S, u(s), V(S)) ds

=6 ftw Gi(t, $)ui($)Fi(s, u(s), v(s)) ds.

Similarly, we get

vi(t) = l?,/t Gj(t, s)v,»(s)lA-"j (s, u(s), V(s)) ds.

Thus, we conclude that (u(z), v(¢)) satisfies (2.2), and vice versa. The proof is complete. (]

Lemma 2.3 Ifr;(¢),7i(t) >0,Vt € R, and 6;,9;>0,i=1,2,...,n,j=1,2,...,m, then G(t,s)
(i=1,2,...,n) and @j(t,s) (7=1,2,...,m) defined by (2.2) and (2.3) satisfy the following:

(1) % < Gi(ts) < o5, Vs € [t,t + w], where §; & et ri@dr 12 n;

(2) ﬁ <Gj(t,s) < %,Vs €t,t +w), where §; 2 " D9 12 m;
7 7
(B) Gi(t+w,s+w) =Gi(t,s),i=1,2,...,n, Gt + w,s + w) = Gj(¢,5),j = 1,2,...,m.
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. 0 'S . . . . SA. . . .
Proof Since e /i {94 js monotone decreasing and e’ 704 i monotone increasing

on the variable s in [t, £ + ], respectively, we have

8 e—Gi ff“‘) ri(t)dt e—@,- ftt ri(t)dt 1
= = Gi(ts) < = )
1-4; 1-4; 1-4; 1-6;
1 QUi Fde Vi [ R de (§j
~ = ~ < G](t; S) =< ~ == .
51 5—1 5i—1 5—1

Thus, assertions (1) and (2) hold. Now we show that assertion (3) holds too. Indeed, by the

integration by substitution, we have

et Jik i@ de e~0i J; riErw) di e~0i J7 ri€) dt
Gilt + ;s + ) = 1 e i Jo rin)dr = 1 - et Jo rin)dr = 1 e tiJo ri(v)de = Gilt,s).

It is similar to prove that @/(t +w,$+w) = Gj(t, s). The proof of Lemma 2.3 is complete. [

For the sake of obtaining the existence of a periodic solution of system (2.2), we need
the following preparations.

Let X be a real Banach space and K be a closed, nonempty subset of X. Then K is a cone
provided

(i) ke +IBeK forall o, 8 € K and all k,/ > 0;

(i) o, —a € K imply « = 6, here 6 is the zero element of X.
Let E be a Banach space and K be a cone in E. The semi-order induced by the cone K
is denoted by <. That is, x < y if and only if y — x € K. In addition, for a bounded subset

A CE, let ag(A) denote the (Kuratowski) measure of non-compactness defined by

ap(A) = inf{8 > 0: A admits a finite cover by subsets of A; C A

such that diam(4;) <35},

where diam(A;) denotes the diameter of the set A;.
Let E, F be two Banach spaces and D C E. A continuous and bounded map ®: Q — F

is called k-set contractive if, for any bounded set S C D, we have

® is called strict-set-contractive if it is k-set-contractive for some 0 < k < 1. Particularly,
completely continuous operators are 0-set-contractive.

The following lemma is useful for the proof of our main results of this paper.

Lemma 2.4 ([32, 33]) Let K be a cone in the real Banach space X and K,p = {x € K :
r < |lx|| < R} with R > r > 0. Suppose that ® : K, g — K is strict-set-contractive such that
one of the following two conditions is satisfied:

(i) ®x £x, VxeK, x| =rand ®x # x,Vx €K, ||x] = R.

(ii) P 7,)_4 x,Vx € K, ||x|| = r and ®x j{ x,Vx e K, ||x|| =R.
Then ® has at least one fixed point in K, g.
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Let C(R,R™™) be a set of the continuous function x : R — R"*", Define X = {«x :
x € C(R,R"™™), x(t + w) = x(t)} endowed with the norm defined by || x| = maxi<j<um |%ilo
where |x;lo = sup,co ), {I%:()[}, i =1,2,...,n + m. Then X is a Banach space. In view of
Lemma 2.3, we define the cone K in X as

1
K= {x: (ulx-uyunivlv-wvm) E)('ul(t) > 8[|ui|0,Vj(t) > S_|V]'|0rtE [0,6{)]}
j

Let the map ® be defined by

(@x)(1) = (@1)(®), .., (@ux)(B), (W12) (D) ..., (W) (1)) (25)

wherex € K, t € R,
t+w
(Px)(t) = Qif Gi(t,s)u,-(s)Fi(s, u(s),v(s)) ds, i=12,...,n,
t
t+w R R
(Wix)(2) = 1?,»/ Gi(t, s)vj(s)F,'(s, u(s),v(s)) ds, j=1,2,...,m,
L

and G;(t,s) (i=1,2,...,n), Gj(t, s) (j=1,2,...,m) defined by (2.2) and (2.3), respectively.
Lemma 2.5 ©: K — K defined by (2.5) is well defined, that is, ®(K) C K.
Proof For any x € K, it is clear that ®x € C(R, R"*"). In view of Lemma 2.3 and (2.5), we
obtain

t+2w

(Px)(t+w) =06; / Gi(t + w, s)u;(s)F; (s, u(s), v(s)) ds

t+w
t+ow
= Gi/ Gi(t+w, T +wu(t + w)Fi(t +w, u(t + w), v(t + a))) dr
t

n

=0; /Hw Gi(t+w, T+ w)u(t + w) |:Z ag(t + a))uk(r +w—Tp(T + w))

k=1
+ Zbﬂ(r + o)1 + 0 —0y(t + )
=1

0

+ Zcik(r + w)/ K (s)ur(t + w +s)ds
k=1 -0
m 0

+ Zdﬂ(f + w)/ Ly(s)vi(t + o +5) ds:| dr
I=1 -

=6, f Gilt, r)ui(r)[Zaik(r)uk(r — (1)) + Y bu(t)vi(T - 0u(T))

k=1 =1

0

n 0 m
Do) [ Kau(r ss)ds+ Y du(o) [
k=1 %

I=1 o0

Li(s)vi(t +5) ds:| dr

- / Gt O (£, (o), )t = (@)(0),
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that is, (®x)(t + @) = (Px)(t), YVt € R, i = 1,2,...,n. Similarly, we have (Wx)(¢ + w) =
(Wx)(1), Vte R, j=1,2,...,m. So ®x € X. For any x € K, we have

Dixlp < —
|l|0_1—8i

/w u;(s)F; (S, u(s), v(s)) ds, i=12,...,n,
0

v v .
el = 2 | o s us ) ds, j=1,2m
i — 0

and

3:0;
1-6;

8,0,
“Tos

(B)(0) = f " WO (5,u(s), ) ds

/ § ui(s)Fi(s, u(s), v(s)) ds > 8;|®x|o,
0

(W)(£) > ;" n /t " vi($)Ej (s, uls), v(s)) ds

7

ST 1
= —— [ v(s)Ei(s, u(s),v(s)) ds > = |Wxlo.
5]* - 1 0 (S/

So ®x € K. This completes the proof of Lemma 2.5. d
Lemma 2.6 ®:K — K defined by (2.5) is completely continuous.

Proof 1t is easy to see that ® is continuous and bounded. Now we show that & maps
bounded sets into relatively compact sets. Let  C K be an arbitrary open bounded
set in K, then there exists a number R > 0 such that ||x|| < R for any x = (uy,...,u,,
Vs V) € Q. We prove that D(Q) is compact. In fact, for any x € Q and ¢ € [0, w],

we have

[(®@ix)(t)| = 6; /”“’ Gi(t, s)ui(s)F(s, u(s), v(s)) ds

1-6; /O“’ ui(8)F; (s, uls), v(s)) ds

0;

= / wils)| Y a($)ui(s = ta(s)) + Y bals)vi(s — ouls))
1-3: Jo k=1 -1

n 0 m 0
+ ) culs) / KDz +s)dv + ) dy(s) / Lu(t)vi(z +5) dr] ds
k=1 - I=1 -

Oiwluilo | — -
i i10 M M
= i |urlo + Zbil lvilo
1-6;
k=1 I=1

n 0 m 0
ot [ Ko+ o at [

k=1 I=1 B

Giwllx | o =
i M M
< > ailllxll + Y byl
1-6;
k=1 I=1

Ly(™)vilo dfi|
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n 0 m 0
+ c{;f/ K () ||| dr+2d{,”/ Lil(f)”x”dt:|
_ -1 —00

k=1 ©

k i
k=1 =1

S ey S| 24 12
and
(@) (2)| = 6:] ri(e)(@ix) (£) — wi(O)Fi (¢, u(e), v(2)) |

i i
k=1 I

geir{”AﬁR{Z(aAgH’.‘gp (by+d{‘f)}é3,-, i=1,2,...,n.
=1

Similarly, for any x € Q and ¢ € [0, w], we have

S00R” | G~ ot sty NG, iy |25
|(Wx)(8)| < = do@ e+ > @ vdi) |24, j=12...,m,
-1 k=1 =1
and
|(\I/,x)’(t)| Sl?l;;MA]+R2|:Z(&%+2i¥)+ (Z)y+£{f\l/1):| ég], ]:1,2,,1’}’1
k=1 =1
Hence,

||(d>x) || < max{Al,...,An,Al,...,21,,,}, ||(d>x)/|| <max{Bi,...,BuB,..., B,

It follows from Lemma 2.4 in [34] that ®(Q) is relatively compact in X. The proof of
Lemma 2.6 is complete. g

3 Main results
In this section, we shall give our main results.

Theorem 3.1 IfT <1, then system (1.1) has at least one positive w-periodic solution.

Proof Take 0 < r < T and R > I1. Noting that 0 < §; <1 and 3,» > 1, we have I'; > IT; and
f‘j > f[j. Then we obtain 0 < < I" < I1 < R. It follows from Lemmas 2.5-2.6 and I" <1 that
® is strict-set-contractive on K, z. By Lemma 2.2, it is easy to see that if there exists x* € K
such that ®x* = x*, then x* is one positive w-periodic solution of system (2.1). Now, we
shall prove that condition (ii) of Lemma 2.4 holds.

First, we prove that ®x # x, Vx € K, ||x| = r. Otherwise, there exists x € K, ||x|| = r such
that ®x #x. So, ||x|| > 0 and ®x — x € K, which implies that

(Px)(t) —ui(t) = 8| Pix —uilo =0, Vte[0,w],i=12,...,1, (3.1
and

1
(W0 = () = =1 Wx =yl =0, VE€[0,0]j=12,...,m. (3.2)
j
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Moreover, for t € [0, w], we have

|(<1>,-x)(t)| =0; /Hw Gilt, 8)ui(s)Fi(s, u(s), v(s)) ds < T 918 /w ui(s)F;(s, u(s), v(s)) ds

—0iJo

0;

153 / i(s) [Z aik(s)ux (s — Tik(s)) Zblz(S)Vz s —ouls))

n 0 m 0
+ ) cils) / Ki(Du(r +5)dt + Y dls) / Ly(t)vi(t +5) dr] ds
k=1 - I=1 -

Oi U; @ " "
< 1' 8|0/ |:Zﬂik(s)|”k|0+Zbil(5)|vl|0
TOI0 ] g I=1
m
+chk f Ky (z Iuklodr+2d / |V;|0dt:|d
I=1
0,12 /w ¢ -
< l 1 2 dl
=15 ), > (auds) +ci(s)) +; (bis) + duls))

k=1

2 Fi .
=Lillxll” < Fllell = Nl =7, i=1,2,...0m. (33)

Similarly, for ¢ € [0, w], we have

t+w R N 193 w N
|(\Iljx)(t)| = z?,/t Gj(t,s)vj(s)Fj(s, u(s),v(s)) ds < R ! 11 /0 V,(s)l-"j(s,u(s),v(s)) ds

i~
V6 "

= S,j— ’1 /0 Vj(s)[;&ik(s)uk(s_fik(s) + Y bulsyvi(s - ou(s))

=1

n 0 m 0
+ > Culs) / KDz +s)dv + Y di(s) / Lu(t)vi(t +5) dr:| ds
k=1 o I=1 o

IA]—/ [Zﬁﬂ((s)luklo+Ziﬂil(s)lwlo
§=1 Jo |5 I=1

0
+Zc,k / K luglode +3 ) [ e )|V1|odf:|d5
=1 o0
%dllxl> (| ¢ -
< L/ D (@ils) + &u(s)) + Y (Bals) + du(s))
§-1 Jo '3 I=1
- 2 f‘1' ;
=yl <F||x||§||x||=r, j=12,...,m. (3.4)

From (3.1)-(3.4), we get || x| < ||®x]|| < r = ||x]|, which is a contradiction. Next, we prove
that ®x £ x, Vx € K, ||x|| = R also holds. Indeed, we only need to prove that ®x £ x,
Vx € K, ||x|| = R. For the sake of contradiction, suppose that there exists x € K and ||x|| = R
such that ®x < x. Thus x — &x € K\ {6 = (0,0,...,0)T}. Furthermore, for any ¢ € [0, w], we
have

ul(t)_(q)x)(t) 28i|ui_q)ix|0 207 i=1,2,...,l’l, (35)
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and
| -—\Iljx|020, j:1,2,...,m. (36)

\00>| —

vi(t) — (Wx)(2) =

For any ¢ € [0, w], we have
w

@0 =01 [ Gt o o) 15) ds =

Z ba(s)vi(s — oa(s))

u;(s)F; (s, u(s), V(s)) ds

0;6; @
=1 i 5 u;(s) |:k21: aik s)uk s — T s)

+ Zc,k s)/ Ky (t)ur(t +s8)dt + Zdll / Ly(t)vi(t +5) dr:| ds

0:82|uilo ] < -’ 1
> 0 / Zﬂik(s)5k|uk|0 + Zbil(s)7|vl|0
0 | k21 I=1 i

- 1-6;

n 0 m 0 1
e [ Kasudode + Y dis) [ Luw)s o |ds
k-1 B -1 N 8

0:82 010> (] — - 1
= PO S a9+ x9) + 3 () + ) |
I Ry o1 o

- 1=
i=12,...,n

:R,

2 I;
= IL[l»)” > Hllxll > ||l

Similarly, for ¢ € [0, ], we have

t+w 9 w N
|(\lljx)(t)| = ﬁjf G; (L, s)v,(s)F (S, u(s), v(s)) 8 _’1 / V/(S)Fj(s, u(s),v(s)) ds

19 m
[Za,k uk s—Tils Z S)vy S—Uzl ))

8—1

n 0 m 0
+> euls) / Ki(Dyu(r +5)dr + Y duls) / Lu(t)vi(t +5) dt:| ds
1 - I=1 e

>

k=
%ilv
[vilo / [Zﬂlk(s Siluiclo +Zb,;(s)A [vilo

§;8-1)
+Zc,k(s f R @elidodz + 3 duts) / ,l(r)wvnodr}
=1
;1)) / N - 1
> L Se(an(s) + ea() + Y = (buls) + da(s)) | d
8]‘(5}—1) 0 ; ;51
=R, j=1,2,...,m (3.8)

2 2 H/’
= Il * > Hllxll > |lxll =

From (3.5)-(3.8), we obtain ||x|| > || ®x|| > R, which is a contradiction. Therefore, condition

(ii) of Lemma 2.4 holds. By Lemma 2.4, we see that ® has at least one positive nonzero
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fixed point in K, z. Therefore, system (2.1) has at least one positive w-periodic solution
(U5 (t), ..., u(£),vi(t),...,v},(t). Thus, system (1.1) has at least one positive w-periodic so-
lution ((uf(t))%, oo (uﬁ(t))é, (VT(I))%, oo (v’:n(t))ﬁ). The proof of Theorem 3.1 is com-
plete. 0

System (1.1) contains the following n-species Gilpin-Ayala competitive population dy-
namics model:

n n 0
x;(t>=xf(t>[n(r)—Zaik(nxik(t—nk(t))—Zc,-ku) / Ick(s)xik(m)ds} (3.9)
k=1 k=1 -

where i = 1,2,...,n, ryaig,cx € CR,(0,00)) (5,k = 1,2,...,n) and 14 € CR,R)
(i,k =1,2,...,n) are w- periodic functions. 6 > 0 (k = 1,2,...,n) is a constant. Ky €
C((-=00,0],(0,00)) with f Ki(s)ds = 1. There exists a posmve integer p such that
Lik+p =tk + @, k € Z. Without loss of generality, we also assume that [0, @) N {tx 1k € Z} =
{ti,t,. .., ).

Similar to the previous arguments, we conclude the existence of a positive w-periodic

solution for system (3.9) as follows.

Theorem 3.2 If A = mln{A , A eees i”} <1, where A; = % Y i f(;”[a,»k(s) + cik(s)] ds,

then system (3.9) has at least one posztive w-periodic solution.

4 lllustrative example

Consider the following two-species Gilpin-Ayala population model:

& (t) = x(t)[r(t) — a®)x’ (t — () - b(t)y’ (t — o (1))

— () [ K(s)x (¢ + 5)ds — d(2) [°_ L(s)y” (¢ + 5) ds],
y () = YO [7(t) + a2’ (¢ - £() + b(e)y” (t - 6 (¢)

+&(t) [° K($)x (¢ +5)ds+d(e) [°_L(s)y’ (¢ +5)ds],

(4.1)

where 0 = l g = 2 I"(t) _ 2+cost)1n2, ;‘(t) _ (2+sié1t)ln2’ (l(t) 3+c052t b(t) 2-sin3¢t sm3t (t)

2 T
1+rr|§1nt\ d(t) _ 2+cos5t,a(t) — 3— cos2t b(t) _ 2+sm4t, e(t) — 1+ |sint| d(t) 2+0053t’ T(t) — |§1;t|,

247 247 247 247
o(t) Lt 2(e) = 192, 5(¢) = ESE el K(s) = K(s) = ¢, L(s) = L(s) = \/ge'%.
Obv1ously, (1), #(2), a(t), bt), ct), d(t), at), bt), &), A1), T(t), o (£), £(t) and 6 (¢) are

all positive 27 -periodic functions. By a simple calculation, we have

/:ZOK(S)dS:/_Zok(S)dS:/—ZoL(S)dS:/:Zoz(s)dszl’

5= e_ngZ” rs)ds _ l, S _ el?foz” i(s)ds _ 2,
2
9 2
r- / [a(s) + b(s) + c(s) + d(s)]
1-68 Jo
Q 27
I = Az?S / [ () + b(s) + ¢(s) +d(s)]
§-1Jo
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Thus, all the assumptions of Theorem 3.1 are satisfied. Hence, system (4.1) has at least one

positive 27 -periodic solution.
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