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Abstract
In this paper, we consider a discrete model of the marital status of the family
dynamics. It is assumed that individuals in the society can be classed in one of the
eight compartments: virgin men, virgin women, married men, married women,
divorced men, divorced women, widowed men and widowed women. The objective
of this work is to treat the modeling and control the system that describes the case of
monogamous marriage. We determine two controls which allow to reduce the
number of virgin, divorced individuals and increase the number of married
individuals. The first control is the benefits of an awareness campaign to educate
virgin men and women about the benefits of marriage for the individual and for the
society, the second control characterizes the legal procedures, administrative
complications and the heavy financial and social consequences of divorces. The
optimal control problems are procured based on a discrete version of Pontryagin’s
maximum principle and determined numerically using a progressive-regressive
discrete schema that converges following a convenient test related to the
Forward-Backward Sweep Method (FBSM) on the optimal control.

Keywords: discrete marital status model; monogamous marriage; Pontryagin’s
maximum principle; optimal control

1 Introduction
There are different categories of marriage. The most recognized one is the monogamous
marriage, when a man marries a single woman. The second type of marriage is polygamy, it
is the fact that a man marries several women. Lately another type of marriage has emerged,
it is the marriage of homosexuals, it is the union of two people of the same sex. In this work
we will treat the modeling and control of a system that describes the case of monogamous
marriage.

Mathematical models are tools for understanding the functioning of natural systems and
for predicting their evolution. Among these models, there are those that study the dynam-
ics of populations and ecosystems. Many researchers have studied models of population
dynamics: prey and predator dynamics [–], epidemic dynamics in a population [–],
molecular systems [–], etc.

During longitudinal studies [–] and [], changes in mental, physical, moral and so-
cial functioning were assessed of married, unmarried and widowed women. These studies
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have determined that health effects differ between never-married women, divorced and
separated women. Marriage can be beneficial to health because many spouses monitor
and attempt to control their spouses’ health behaviors. There is support for social behav-
ior and health behavior among married couples.

Following the modeling of the dynamics of the population and inspired by population
census studies in different countries, and in particular by the official results of the 
population census in Morocco prepared by the High Commissioner for Planning (HCP,
public institution) [], which provided statistical data on the evolution of the demo-
graphic and socio-economic situation of women, we are interested in this work in defining
a model that presents the evolution of the civil state of a population.

Civil status is the situation of a person in the family and society. A person’s marital status
is positioned in one of four categories: virgin, married, divorced or widowed. The model
VMDW to be studied classifies the marital status of the family dynamics of a population
into eight compartments: virgin men V M , virgin women V W , married men MM , married
women MW , divorced men DM , divorced women DW , widowed men W M and widowed
women W W .

The official results of Morocco’s population census for , presented by HCP, show
that the so-called final celibacy rate, i.e., those who did not get married even though they
reached the age of , is .% of the total number of singles, while in  it was only
%. The results of . million Moroccans, including , foreigners, showed that the
percentage of women who never married, despite their age-old proportion, was .%,
while men’s rate was .%. The phenomenon of celibacy at the age of  appears more
in urban areas than cities. However, the news of spinsterhood or celibacy did not all rise.
The results showed that the proportion of single and married women who reached or
exceeded the age of  (the official marriage age in Morocco is  years old) declined from
.% in  to .% in . In contrast, the proportion of married couples rose to
.%, and the proportion of divorced persons rose to .%, after not marrying % in
. The results indicated the age at the first marriage, which was . years for women
and . years for men. In the case of persons with special needs, there was a clear rise
up to .% in the number of widows among them, considering that the proportion of
married persons among them was .%, and the percentage of divorcees was .%.

According to the official data of the HCP, in Morocco, . million young people aged 
to  are unmarried, this rate varies according to the age groups, for the  to  years
(.%) and  to  years (%). Regarding the divorce rate, the HCP indicates that
it decreased between % and % during  and , and varies according to the
duration of marriage. Thus for couples with  years of common life, the divorce rate
decreases to %, and for those with  years of marriage, it is more than %.

Among the key numbers, % of married women to distant cousins or relatives have
at least one divorce. .% of women who have no family ties with their spouses are di-
vorced. .% of women without children experienced divorce. Women with at least one
boy divorce half as much as the others (.%). .% is the divorce rate among uneducated
women. .% of educated women know about divorce.

Using these statistical studies and the evolution of marital status, we define a discrete
model VMDW which defines the evolution of the marital status of the marriage in a popu-
lation. In this article we are interested in the control of this system. The controls have been
established to reduce the number of unmarried and divorced individuals and to increase
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the number of married individuals. The first control was considered as an accompaniment
to the sensitization of the individuals to the benefit of marriage for the psychic and social
stability of persons and also for the society. The second control is determined for the per-
sons who have initiated the divorce proceedings. This control is considered as a long and
costly legal procedure. As we know, mathematics is an abstract tool that is used to solve
real problems. In our work we assume (but we are not obliged to do so) that the control
theory is more appropriate to solve our problem. In recent years, many attempts have been
made to develop the control strategy for different systems [, –] and []. There are a
number of different methods for calculating the optimal control for a specific mathemat-
ical model. For example, Pontryagin’s maximum principle [] allows the calculation of
the optimal control for an ordinary equation model system with a given constraint.

In this paper, we investigate an approach that determines an optimal control relative
to a discrete marital status model which allows to inoculate a control (awareness), which
allows to reduce the virgin individuals and to increase the number of married individuals
with a minimal cost. The optimal control problem was subject of an optimization criterion
represented by the minimization of an objective function. The optimality system is solved
based on an iterative discrete schema that converges following an appropriate test similar
to the one related to the Forward-Backward Sweep Method (FBSM).

The paper is organized as follows. In Section , the model VMDW is described. In Sec-
tion , we give some results concerning the existence of the optimal control, and we use
Pontryagin’s maximum principle to perform the analysis of control strategies and to de-
termine the necessary condition for the optimal control. Numerical simulations are given
in Section . Finally, we conclude the paper in Section .

2 Model description
We consider a discrete-time model VMDW of the marital status of the family dynamic
within a domain of interest �, which represents a country, a city, a town, or a small do-
main. The population marital status associated to a domain � is noted by the state V M

i ,
V W

i , MM
i , MW

i , DM
i , DW

i , W M
i and W W

i . The unit of i can correspond to days, months
or years, it depends on the frequency of the survey and demographic studies as needed.
However, demographic statistics are generally done annually, so the unit of i can be con-
sidered as years. The following system describes a discrete model of the marital status of
the monogamous marriage case:

V M
i+ = V M

i –
αV W

i + βDW
i + αW W

i
Ni

V M
i , ()

V W
i+ = V W

i –
αV M

i + βDM
i + αW M

i
Ni

V W
i , ()

MM
i+ = MM

i +
αV W

i + βDW
i + αW W

i
Ni

V M
i +

βV W
i + βDW

i + βW W
i

Ni
DM

i

+
αV W

i + βDW
i + αW W

i
Ni

W M
i – (λ + λ)MM

i , ()

MW
i+ = MW

i +
αV M

i + βDM
i + αW M

i
Ni

V W
i +

βV M
i + βDM

i + βW M
i

Ni
DW

i

+
αV W

i + βDW
i + αW W

i
Ni

W M
i – (λ + λ)MW

i , ()
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DM
i+ = DM

i –
βV W

i + βDW
i + βW W

i
Ni

DM
i + λMM

i , ()

DW
i+ = DW

i –
βV M

i + βDM
i + βW M

i
Ni

DW
i + λMW

i , ()

W M
i+ = W M

i –
αV W

i + βDW
i + αW W

i
Ni

W M
i + λMW

i , ()

W W
i+ = W W

i –
αV M

i + βDM
i + αW M

i
Ni

W W
i + λMM

i , ()

where V M
 , V W

 , MM
 , MW

 , DM
 , DW

 , W M
 and W W

 are the given initial states. In equations
()-(), all parameters are nonnegative and defined in Table . Schematically, the flow be-
tween compartments VMDW is represented in Figure .

For equation () of the model, virgin men can contact a virgin, divorced or widowed
woman with α, β and α rates respectively, and this contact can result in a marriage.
Thus the number of virgin men decreases and the number of virgins at the instant i is

Table 1 The description of parameters used for the definition of discrete time systems (1)-(8)

Parameter Description

α1 Marriage rate of a virgin man to a virgin woman
α2 Marriage rate of a widower to a virgin woman
α3 Marriage rate of a virgin man to a widow
α4 Marriage rate of a widower to a widow
β1 Marriage rate of a virgin man to a divorced woman
β2 Marriage rate of a divorced man to a virgin woman
β3 Marriage rate of a divorced man to a divorced woman
β4 Marriage rate of a widower to a divorced woman
β5 Marriage rate of a divorced man to a widow
λ1 Divorce rate of married men
λ2 Widow rate of married women
λ3 Widow rate of married men

Figure 1 The flow between the eight compartments VMDW.
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substituted for the number α
V M

i V W
i

Ni
+ β

V M
i DW

i
Ni

+ α
V M

i W W
i

Ni
and this number is added to

the number of men marrying at the time i + .
Similarly, in equation () the number of virgin women decreases at the instant i +  by

substituting the number of virgin women at the instant i with the number α
V M

i V W
i

Ni
+

β
DM

i V W
i

Ni
+ α

W M
i V W

i
Ni

which represents the number of married women after the contact
with a virgin, divorced or widowed man with the α, β and α levels respectively.

In equation (), a divorced man can contact a virgin, divorced or widowed woman with
β, β and β rates respectively, so this contact can result in marriage. Then the number
β

DM
i V W

i
Ni

+ β
DM

i DW
i

Ni
+ β

DM
i W W

i
Ni

is decreased by the number of divorced men at the time
i +  and added to the number of married men. In addition a married man can divorce with
a rate of λ, and as a result, the number of divorced men increases from λMM

i . The same
principle applies to equations (), () and ().

For equation () the number of married men increases at the instant i +  by the number
of virgin, divorced and widowed men who are married by contacting virgin, divorced or
widowed women and decreases the natural mortality with λ and the divorce rate with λ

rate. The same principle can be applied to equations ().
In equations () and () from the model, the natural mortality of married men and

women was considered. The mortality rate for married men is λ and the mortality rate
for married women is λ. These rates appear in equations () and () which correspond
to widowed men and women, respectively, so the number of mortalities, which is λMM

i
for married men, is added to the number of widowed women, and similarly the number
λMW

i is added to the number of widowed men.

3 An optimal control problem
Optimal control approach has been applied to models ()-() to reduce the number of vir-
gin, divorced individuals and increase the number of married individuals along the con-
trol strategy period. For this, we introduce a control variable (ui, vi) that characterizes the
benefits of an awareness campaign to educate virgin men and women about the benefits
of marriage for the individual and for the society, especially the legal procedures, adminis-
trative complications, the heavy financial and social consequences of divorces respectively
in the above mentioned model ()-(). Then the model is given by the following equations:

V M
i+ = V M

i –
αV W

i + βDW
i + αW W

i
Ni

V M
i – uiV M

i , ()

V W
i+ = V W

i –
αV M

i + βDM
i + αW M

i
Ni

V W
i – uiV W

i , ()

MM
i+ = MM

i +
αV W

i + βDW
i + αW W

i
Ni

V M
i +

βV W
i + βDW

i + βW W
i

Ni
DM

i

+
αV W

i + βDW
i + αW W

i
Ni

W M
i – (λ + λ)MM

i + uiV M
i + viDM

i , ()

MW
i+ = MW

i +
αV M

i + βDM
i + αW M

i
Ni

V W
i +

βV M
i + βDM

i + βW M
i

Ni
DW

i

+
αV W

i + βDW
i + αW W

i
Ni

W M
i – (λ + λ)MW

i + uiV W
i + viDW

i , ()

DM
i+ = DM

i –
βV W

i + βDW
i + βW W

i
Ni

DM
i + λMM

i – viDM
i , ()
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DW
i+ = DW

i –
βV M

i + βDM
i + βW M

i
Ni

DW
i + λMW

i – viDW
i , ()

W M
i+ = W M

i –
αV W

i + βDW
i + αW W

i
Ni

W M
i + λMW

i , ()

W W
i+ = W W

i –
αV M

i + βDM
i + αW M

i
Ni

W W
i + λMM

i . ()

The model ()-() fulfils the constant population through time constraint, i.e.,

Ni = V M
i + V W

i + MM
i + MW

i + DM
i + DW

i + W M
i + W W

i = N > .

Note that this assertion proves that the constant population through time is independent
of the control strategy.

3.1 Characterization of the optimal control
For an initial state (V M

 , V W
 , MM

 , MW
 , DM

 , DW
 , W M

 , W W
 ), we consider an optimization

criterion defined by the following objective function:

J(u, v) =
N∑

i=

(
AV W

i + ADW
i – AMW

i
)

+
N–∑

i=

(
τ


(ui) +

τ


(vi)

)

subject to system ()-(). Here A, A and A are positive constants to keep a balance in
the size of V W

i , DW
i and MW

i , respectively. In the objective functional, τ and τ are the
positive weight parameters which are associated with the controls ui and vi.

In other words, we seek the optimal controls (u∗, v∗) such that

J
(
u∗, v∗) = min

{
J(u, v)|(u, v) ∈ Uad

}
, ()

where Uad is the set of admissible controls defined by

Uad =
{

(u, v)|umin ≤ ui ≤ umax, vmin ≤ vi ≤ vmax, i ∈ {. . . . , N – }},

where (umin, umax, vmin, vmax) ∈ ], [.
The sufficient condition for the existence of an optimal control (u∗, v∗) for problem ()

comes from the following theorem.

Theorem  There exists an optimal control (u∗, v∗) such that

J
(
u∗, v∗) = min

(u,v)∈Uad
J(u, v)

subject to the control system ()-() with initial conditions.

Proof There are a finite number of time steps, V M = (V M
 , V M

 , . . . , V M
N ), V W = (V W

 , V W
 ,

. . . , V W
N ), . . . , W W = (W W

 , W W
 , . . . , W W

N ) are uniformly bounded for all (u, v) ∈ Uad. Thus
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J(u, v) is uniformly bounded for all (u, v) in the control set Uad. Since J(u, v) is bounded,
inf(u,v)∈Uad J(u, v) is finite, and there exists a sequence (uj, vj) ∈ Uad such that limj−→∞J(uj,
vj) = inf(u,v)∈Uad J(u, v) and corresponding sequences of states V Mj, V W j, . . . , W W j. Since
there is a finite number of uniformly bounded sequences, there exist (u∗, v∗) ∈ Uad

and V Mj, . . . , W W j ∈ R
N+ such that on a subsequence, uj −→ u∗, vj −→ v∗, V Mj −→

V M∗, . . . , W W j −→ W W ∗. Finally, due to the finite dimensional structure of system ()-
() and the objective function J(u, v), (u∗, v∗) is an optimal control with corresponding
states V M∗, V W ∗, . . . , W W ∗. Therefore inf(u,v)∈Uad J(u, v) is achieved. �

In order to find an optimal solution, first we find the Hamiltonian for the optimal control
problem (). In fact, the Hamiltonian H of the optimal problem is given by

H = AV W
i + ADW

i – AMW
i +

τ


u

i +
τ


v

i

+ ζ,i+

[
V M

i –
αV W

i + βDW
i + αW W

i
Ni

V M
i – uiV M

i

]

+ ζ,i+

[
V W

i –
αV M

i + βDM
i + αW M

i
Ni

V W
i – uiV W

i

]

+ ζ,i+

[
MM

i +
αV W

i + βDW
i + αW W

i
Ni

V M
i +

βV W
i + βDW

i + βW W
i

Ni
DM

i

+
αV W

i + βDW
i + αW W

i
Ni

W M
i – (λ + λ)MM

i + uiV M
i + viDM

i

]

+ ζ,i+

[
MW

i +
αV M

i + βDM
i + αW M

i
Ni

V W
i +

βV M
i + βDM

i + βW M
i

Ni
DW

i

+
αV W

i + βDW
i + αW W

i
Ni

W M
i – (λ + λ)W M

i + uiV W
i + viDW

i

]

+ ζ,i+

[
DM

i –
βV W

i + βDW
i + βW W

i
Ni

DM
i + λMM

i – viDM
i

]

+ ζ,i+

[
DW

i –
βV M

i + βDM
i + βW M

i
Ni

DW
i + λMW

i – viDW
i

]

+ ζ,i+

[
W M

i –
αV W

i + βDW
i + αW W

i
Ni

W M
i + λMW

i

]

+ ζ,i+

[
W W

i –
αV M

i + βDM
i + αW M

i
Ni

W W
i + λMM

i

]
,

where ζ, ζ, . . . , ζ are the adjoint functions to be determined suitably.
At the same time, by using Pontryagin’s maximum principle [], we derive necessary

conditions for our optimal control. We obtain the following theorem.

Theorem  (Necessary conditions) Let V M∗, V W ∗, MM∗, MW ∗, DM∗, DW ∗, W M∗ and
W W ∗ be optimal state solutions with an associated optimal control (u∗, v∗) for the optimal
control problem (). Then there exist adjoint variables ζ, ζ, . . . , ζ, that satisfy

�ζ,i = –ζ,i+ + αV W
i (ζ,i+ + ζ,i+ – ζ,i+ – ζ,i+)

+ αW W
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)

+ βDW
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+) + ui(ζ,i+ – ζ,i+),
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�ζ,i = –A – ζ,i+ + αV M
i (ζ,i+ + ζ,i+ – ζ,i+ – ζ,i+)

+ αW M
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)

+ βDM
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+) + ui(ζ,i+ – ζ,i+),

�ζ,i = –ζ,i+ + λ(ζ,i+ – ζ,i+) + λ(ζ,i+ – ζ,i+),

�ζ,i = A – ζ,i+ + λ(ζ,i+ – ζ,i+) + λ(ζ,i+ – ζ,i+),

�ζ,i = –ζ,i+ + βV W
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)

+ αDW
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+)

+ βW W
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+) + vi(–ζ,i+ + ζ,i+),

�ζ,i = –A – ζ,i+ + βV M
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)

+ αDM
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+)

+ βW M
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+) + vi(–ζ,i+ + ζ,i+),

�ζ,i = –ζ,i+ + αV W
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)

+ αW W
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+)

+ βDW
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+),

�ζ,i = –ζ,i+ + αV M
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)

+ αW M
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+)

+ βDM
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+)

with transversality conditions

ζ,N = , ζ,N = A, ζ,N = , ζ,N = –A,

ζ,N = , ζ,N = A, ζ,N =  and ζ,N = .

Furthermore, the optimal control (ui
∗, vi

∗) is given by

ui
∗ = min

{
max

{
V M

i (ζ,i+ – ζ,i+) + DW
i (ζ,i+ – ζ,i+)

τ
, umin

}
, umax

}
, ()

vi
∗ = min

{
max

{
DM

i (ζ,i+ – ζ,i+) + DW
i (ζ,i+ – ζ,i+)

τ
, umin

}
, umax

}
()

for i = , . . . , N – .

Proof Using Pontryagin’s maximum principle [] and setting V M∗, V W ∗, MM∗, MW ∗,
DM∗, DW ∗, W M∗, W W ∗ and (u∗, v∗), we obtain the following adjoint equations:

�ζ,i = –
∂H

∂V M
i

= –
[
ζ,i+

(
 – αV W

i – αW W
i – βDW

i – ui
)

– ζ,i+αV W
i

+ ζ,i+
(
αV W

i + βDW
i + αW W

i + ui
)

+ ζ,i+
(
αV W

i + βDW
i
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+ αW W
i + ui

)
– ζ,i+βDW

i – ζ,i+αW W
i

]

= –ζ,i+ + αV W
i (ζ,i+ + ζ,i+ – ζ,i+ – ζ,i+)

+ αW W
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)

+ βDW
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+) + ui(ζ,i+ – ζ,i+),

�ζ,i = –
∂H

∂V W
i

= –
[
A – ζ,i+αV M

i + ζ,i+
(
 – αV M

i – βDM
i – αW M

i – ui
)

+ ζ,i+
(
αV M

i + βDM
i + αW M

i
)

+ ζ,i+
(
αV M

i + βDM
i

+ αW M
i + ui

)
– ζ,i+βDM

i – ζ,i+αW M
i

]

= –A – ζ,i+ + αV M
i (ζ,i+ + ζ,i+ – ζ,i+ – ζ,i+)

+ αW M
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)

+ βDM
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+) + ui(ζ,i+ – ζ,i+),

�ζ,i = –
∂H

∂MM
i

= –
[
ζ,i+( – λ – λ) + ζ,i+λ + ζ,i+λ

]

= –ζ,i+ + λ(ζ,i+ – ζ,i+) + λ(ζ,i+ – ζ,i+),

�ζ,i = –
∂H

∂MW
i

= –
[
–A + ζ,i+( – λ – λ) + ζ,i+λ + ζ,i+λ

]

= A – ζ,i+ + λ(ζ,i+ – ζ,i+) + λ(ζ,i+ – ζ,i+),

�ζ,i = –
∂H
∂DM

i

= –
[
–ζ,i+βV W

i + ζ,i+
(
βV W

i + βDW
i + βW W

i + vi
)

+ ζ,i+
(
βV W

i + βDW
i + βW W

i
)

+ ζ,i+
(
 – βV W

i – βDW
i

– βW W
i – vi

)
– ζ,i+βDW

i – ζ,i+αW W
i

]

= –ζ,i+ + βV W
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)

+ αDW
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+)

+ βW W
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+) + vi(–ζ,i+ + ζ,i+),

�ζ,i = –
∂H

∂DW
i

= –
[
A – ζ,i+βDM

i + ζ,i+
(
αV M

i + αDM
i + βW M

i
)

+ ζ,i+
(
αV M

i + βDM
i + βW M

i + vi
)

– ζ,i+βDM
i

+ ζ,i+
(
 – βV M

i – βDM
i – βW M

i – vi
)

– ζ,i+βW M
i

]

= –A – ζ,i+ + βV M
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)
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+ αDM
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+)

+ βW M
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+) + vi(–ζ,i+ + ζ,i+),

�ζ,i = –
∂H

∂W M
i

= –
[
–ζ,i+αV W

i + ζ,i+
(
αV W

i + αDW
i + αW W

i
)

+ ζ,i+
(
αV W

i + βDW
i + αW W

i
)

– ζ,i+βDW
i

+ ζ,i+
(
 – αV W

i – βDW
i – αW W

i
)

– ζ,i+αW W
i

]

= –ζ,i+ + αV W
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)

+ αW W
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+)

+ βDW
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+),

�ζ,i = –
∂H

∂W W
i

= –
[
–ζ,i+αV M

i + ζ,i+
(
αV M

i + βDM
i + αW M

i
)

+ ζ,i+
(
αV M

i + βDM
i + αW M

i
)

– ζ,i+βDM
i

+ ζ,i+
(
 – αV M

i – βDM
i – αW M

i
)

– ζ,i+αW M
i

]

= –ζ,i+ + αV M
i (ζ,i+ – ζ,i+ – ζ,i+ + ζ,i+)

+ αW M
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+)

+ βDM
i (–ζ,i+ – ζ,i+ + ζ,i+ + ζ,i+)

with transversality conditions

ζ,N = , ζ,N = A, ζ,N = , ζ,N = –A,

ζ,N = , ζ,N = A, ζ,N =  and ζ,N = .

To obtain the optimality conditions, we take the variation with respect to control (u∗
i , v∗

i )
and set it equal to zero

∂H
∂ui

= τui – ζ,i+V M
i – ζ,i+V W

i + ζ,i+V M
i + ζ,i+V W

i = ,

∂H
∂vi

= τui + ζ,i+DM
i + ζ,i+DW

i – ζ,i+DM
i – ζ,i+DW

i = .

Then we obtain the optimal control

ui
∗ =

V M
i (ζ,i+ – ζ,i+) + DW

i (ζ,i+ – ζ,i+)
τ

,

vi
∗ =

DM
i (ζ,i+ – ζ,i+) + DW

i (ζ,i+ – ζ,i+)
τ

.
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By the bounds in Uad, it is easy to obtain (ui
∗, vi

∗) in the following form:

ui
∗ = min

{
max

{
V M

i (ζ,i+ – ζ,i+) + DW
i (ζ,i+ – ζ,i+)

τ
, umin

}
, umax

}
,

vi
∗ = min

{
max

{
DM

i (ζ,i+ – ζ,i+) + DW
i (ζ,i+ – ζ,i+)

τ
, umin

}
, umax

}
,

for i = , . . . , N – . �

4 Numerical simulation
We present now the obtained numerical simulations in the case when the studied domain
represents cities or towns. We use data from Table . The HCP gives different statistics
according to the age groups of the population. For example, the percentage of divorce is
% for couples with less than  years of marriage and % for married couples who have
exceeded  years of marriage. There are .% of single people for the age group  to
 and % for the group of  to  year-olds. Generally, the HCP gives the average sum
of marriage rates between different population categories α,α, . . . ,β. One of the main
objectives of our work is to estimate the values of the parameters α, . . . ,λ as precisely
as possible, for example, by using the least squares method and adjusting results coming
from a statistical study that is planned to be done in subsequent work. The multi-points
boundary value problems are solved using an iterative method where at instant i, the states
V M

i , V W
i , MM

i , MW
i , DM

i , DW
i , W M

i and W W
i with an initial guess are obtained based on

a progressive schema in time, and their adjoint variables ζk,i, k = , , . . . , , are obtained
based on a regressive schema in time because of the transversality conditions. Then we
update the optimal controls values (), () using the values of state and costate variables
obtained in the previous steps. Finally, the previous steps are executed until we reach a
tolerance criterion.

Considering the critical level of control, we give an optimal control sufficient to reduce
the number of virgin and divorced individuals and to increase the number of married
individuals.

In the following, we can see that the optimal control function has a very desirable effect
upon the population of virgin and divorced which decreases, while the married population
increases for almost the entire length of process.

The graphs below allow us to compare changes in the number of virgin, divorced and
married individuals before and after the introduction of control. The time evolution of the
respective populations with and without control is displayed in Figures  and , respec-
tively.

In a population of , individuals, the number of uncontrolled virgin men decreases
to  virgin men. On the other hand, by applying the control law, this number decreases

Table 2 The description of parameters used for the definition of discrete time systems (9)-(16)

VM0 VW0 MM
0 MW

0 DM
0 DW

0 WM
0 WW

0 α1

450 460 250 200 40 80 20 30 0.1

α2 α3 α4 β1 β2 β3 β4 β5 λ1

0.003 0.002 0.008 0.03 0.04 0.02 0.008 0.01 0.005

λ2 λ3 A1 A2 A3 τ1 τ2
0.001 0.003 0.5 0.1 0.1 1.6.1014 1.2.1013
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Figure 2 Time evolution of the individual
populations without controls.

Figure 3 Time evolution of the individual
populations with controls.

Figure 4 Time evolution of the virgin men with
and without control.

rapidly to reach out the end of the companion awareness of  virgin men. This result is
similar to virgin women as shown in Figures  and .

Figures  and  show that the number of married men and women grows after  years
and reaches a maximum value of about  for married men and  for married women,
then it declines to  for men and  for women. This decline is due to the fact that
the number of divorced men and women develops after five years, but it is still quite high
as far as the uncontrolled number of married men and women, with a maximum value of
 for men and  for women.

Figures  and  also show the effect of applying the control law by indicating that the
number of divorced individuals decreases faster at the beginning of treatment. Then we
notice that the number increases and we can justify it by the fact that the number of di-
vorced individuals is proportional to the number of married individuals. Since the number
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Figure 5 Time evolution of the virgin women
with and without control.

Figure 6 Time evolution of the married men
with and without control.

Figure 7 Time evolution of the married women
with and without control.

Figure 8 Time evolution of the divorced men
with and without control.



Lhous et al. Advances in Difference Equations  (2017) 2017:339 Page 14 of 16

Figure 9 Time evolution of the divorced women
with and without control.

Figure 10 Time evolution of control u∗ .

Figure 11 Time evolution of control v∗ .

of married individuals increases along the treatment, it is normal that the number of di-
vorced individuals also increases.

Finally, Figures  and  display the time evolution of the optimal control (u∗, v∗).

5 Conclusions
In this paper, we consider a discrete-time marital status model, we treat the modeling and
control of a system that describes the case of monogamous marriage. An optimal control
is investigated to reduce the number of virgin, divorced population and to increase the
married one. The first control introduced the benefits of an awareness campaign to ed-
ucate virgin men and women about the benefits of marriage for individuals and for the
society, and the second control characterized the legal procedures, administrative com-
plications and the heavy financial and social consequences of divorces. A discrete version
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of Pontryagin’s maximum principle is used to analyze the optimal control problem, and a
numerical simulation is given to illustrate the obtained results.
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