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1 Introduction

In recent years, the dynamical systems have often been characterized by both continuous
and discrete dynamics. Such systems are usually confronted in many engineering practical
processes and are referred to as hybrid systems [1-7]. Hybrid systems may have the prop-
erty that several discrete states are possible for some x(£) [5]. A switched system may be
obtained from hybrid systems with only one discrete state for some x(¢) [1, 4, 5]. This dis-
crete state is called the switching signal. Hence the system dynamics of switched systems
are comprised of a family of continuous or discrete subsystems and a signal handling the
switching among the subsystems. This class of systems is usually called switched systems.
Switched linear systems provide a framework that bridges the linear control systems and
the complex or uncertain feedback systems [4]. Switching among systems may produce
many complicated nonlinear system behaviors, such as multiple limit cycles and chaos
[4, 8]. Switched systems include automated highway systems, automotive engine control
systems, chemical process, constrained robotics, mutli-rate control, power systems and
power electronics, robot manufacture, water quality control, and stepper motors [4, 8—
10]. It is also well known that the existence of delay in a system may cause instability or
bad performance in closed loop control systems [11-13]. The phenomena of time delay are
usually confronted in many engineering systems, such as chemical engineering systems,
hydraulic systems, inferred grinding model, neural network, nuclear reactor, and rolling
mill. Hence stability and control for continuous and discrete switched systems with time
delay have been investigated in recent years [1, 4, 8, 14—23].
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The first interesting fact in a switched system is that the stability of overall system un-
der arbitrary switching cannot be guaranteed with all stable subsystems [4, 8, 16, 21-23].
Another fact is that the stability of a switched system can be achieved by choosing an
appropriate switching signal even when each subsystem is unstable [4, 8, 14—27]. Hence
the issue of a suitable switching signal design is important and interesting for the stabil-
ity and performance of switching systems. In [23], the switching signal is identified to
guarantee the stability of a discrete switched time-delay system. In [17-20], some switch-
ing signal design techniques are proposed to guarantee the stability and performance of
discrete switched systems with time delay. Hence it is interesting to develop a simple de-
sign scheme for switching signal which is suitable for continuous-time and discrete-time
switched systems. In this paper, the design scheme for switching signal is more flexible
than that in some recently published reports [17-20].

In recent years, the H,, performance criterion has been usually used to achieve this
minimization for regulated output under various disturbance inputs. In [17, 21], H con-
trols are investigated for discrete switched systems with perturbations under arbitrary
switching signal. H,, controls were proposed to identify the switching signal via dwell
time approach in [28]. In order to achieve better H,, performance of switched systems,
designs for switching signal and control will be a good choice [19]. In our past results in
[19], the developed switching signal design would depend on the parameters of a system.
The used nonnegative inequality approach in our past results in [16-19, 24] is efficient,
but this approach has more LMI variables and longer program running time. In this pa-
per, less LMI variables and shorter program running time will be achieved. In the past,
Wirtinger inequality approach was developed to improve the conservativeness of the pro-
posed results in [29]. It is interesting to note that Wirtinger-based inequality approach is
also less conservative than Jensen inequality one [30]. In this paper, Wirtinger-based in-
equality combined with some free-weighting variables is used to estimate the allowable
bounds of time delay and minimize the Hy, performance.

On the other hand, some perturbations of switched systems are also included in this
paper. A more general perturbed form than parameter perturbations in [16, 21, 22] is con-
sidered as linear fractional perturbations in [17-19, 31]. Hence a simple method to design
the switching signal in Hy, performance and switching control is proposed for discrete
switched systems with time delay and linear fractional perturbations. Some numerical ex-
amples are shown to demonstrate the use of proposed results. From the simulations, our

proposed approach illustrates those less conservative results.

Notations For a matrix A, we denote the transpose by A7, symmetric positive (nega-
tive) definite by A > 0 (A < 0). A < B (A < B) means that matrix B — A is symmetric
positive semi-definite (definite). I denotes the identity matrix. Define N =1{1,2,...,N},
A\B = {x|x € A and x ¢ B}, L»(0,00) = {w(k)| ¥_ro w (K)w(k) < 00}.

2 Problem formulation and the main results

Consider the following uncertain discrete switched time-delay system:

x(k+1) = [A(, + AA, (k)]x(k) + [Aw + AA;o (k)]x(k -T)
+ [Dy + AD, (k) |w(k), k>0, (1a)
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Z(k) = [Aza + AAZ(T (k)]x(k) + [Azra + AAZI(T (k)]x(k - T)
+[Da + ADL, (O]w(k), k>0, (1b)

x(0) =¢®B), 6=-1,-T+1,...,0, (1c)

where x(k) € R", x; is the state defined by xx(0) := x(k + 0), V0 € {-7,-t + 1,...,0},
w(k) € N is the disturbance input, z(k) € R4 is the regulated ouput, o is a switching sig-
nal in the finite set {1,2,...,N} and will be designed to preserve the performance of the
system, @(k) € RN" is an initial state function, delay 7 is a given positive integer. Matrices
A Aviy Dy Agiy Ageis Dy i = 1,2, N, are constant with appropriate dimensions. AA;(k),
AA(k), AD;(k), AAi(k), AA,i(k), and AD,(k) are some perturbed matrices satisfying
the following conditions:

(A Adu) AD] =M A0 [Nai Nawr Noi], (1d)
[A44(0) Adk) ADAR)| = Mai- 80 [Nott - Neawi Noi] (1e)
AK) = [I-TWE ] 'Tuk), EET <1, ar)
Ay(k) = [I - Ta(k)Ex] ' Tulk), ELEL <1, (1g)

where M;, M,;, Na;, Nazi, Npiy, Noai, Nyazi, and Ny, i =1,2,...,N, E; and E, are some
given constant matrices of appropriate dimensions. I';(k) and TI',;(k) are some matrices
representing the perturbations which satisfy

rrrik) <1,  TEELk) <1 (1h)
Define switching domains as

QiU ={xeW :x"Ux>0}, i=12,...,N, (2a)

where matrices U; = U] will be selected from the proposed results in this paper and

Ql = Ql, STZQ = Qz\Ql, Qg = Qg\Ql\Qz, ooy and
_ B _ (2b)
Qn = Qn\Q1\ -+ \Q2n-r
From the above definition, the switching signal can be chosen by
U(x(k)) =i, Vx(k) e, (2¢)

where Q; is defined in (2b).
The following lemmas will be used to derive the main proposed results in this paper.

Lemma 1 ([32]) Ifthere exist some constants 0 < a; <1,i€ N, Zﬁl o; = 1, some matrices
u; = LliT, i € N, such that

N
Zai . LI,' >0,
i=1
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we have

N
JQi=0" and QnQi=o, Vi#j

i=1
where ® is an empty set of W* and Q; is defined in (2a)-(2c).

Lemma 2 ([33], Schur complement) For a matrix S = [Sil gg] with Sy = S§, Sap = SL,, the
following conditions are equivalent:
(1) S<0;

(2) S22 <0, 811 — S125738% < 0.

Lemma 3 ([31]) Suppose that the matrix A;(k) is defined in (1f) and satisfies (1h), then the
following statements are equivalent for real matrices U;, W;, and X; with X; = Xl.T:

(I) The inequality is satisfied
X + U AW+ WEAT (U <0
(II) There exists a scalar &; > 0 such that

Xl' Ul' & W-T

13
x —g-1 -8B |<0,
* * —& -1

where the matrix 8; is defined in (1f).

Lemma 4 ([29], Discrete Wirtinger inequality) For a matrix R > 0, a positive integer T,
and a vector function x(k) € W, the following inequality is satisfied:

3(t-1)
(t+1)

a0 -sk-0] [-R 0 J[a®) -ak-1)
Lk 0 -38()-R nk |

where y(i) = x(i + 1) — x(i), n(k) = x(k) + x(k — 1) — () - Zf;,}_ﬂlx(i),

k-1
~r- > YT @RY) < ~[w(k) - x(k - 7)) Rx(k) 2k — 7)] ~ n(k)" Ry (k)

i=k-1

2/(t-1), t>1,
e(t) = () =(t =-1D)/(z +1).
0, T=1,

Proof For any positive integer t > 1, this proof is provided by [29]. For T =1, it is a trivial
result. O

Definition 1 ([18]) Consider system (la)-(1h) with the switching signal in (2c). Assume
the following:
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(i) With w(k) =0, system (la)-(1h) is asymptotically stable by the switching signal in

(2¢0).

(i) With zero initial conditions (i.e., (k) = 0, —rar < k < 0), the signals w(k) and z(k)

satisfy

£ £
Y T (kyzlk) < y* Y wlRw(k), Vw0,

k=0 k=0

for all integers £ > 0 and constant y > 0. Then we say that system (1a)-(1h) is

asymptotically stablizable with Hy, performance y by switching signal in (2c). If the

parameter £ is selected as 0o, the disturbance input w should be constrained in

L2(0, OO)

A delay-dependent condition is now provided to guarantee the H,, performance of the

considered switched system by the design of switching signal.

Theorem 1 Suppose that there exist some constants 0 <o; <1,i € N, and Zf\il o; =1, the

following LMI optimization problem:
minimize vy,

subject to

Py P
R+W>0, P:|:ll 12:|>0,
x Py

¥ I
= [ ! ’} <0, j=12,...,N,
*k F/
N
jz:(xi~LL'> O,
i=1
where ¥, I;, I'; are defined by
2/(r -1),

Y Xy
=Y ¥, e(r) =

* 23]'
Pp+S+t-WHtr Qi+l

0

’

21]' =

N o o

Py,

S O~ N~
S O ~ ~
|
S ~ ~ O

oS © O O

w
& 50, (3a)
*  Q
(3b)
(3¢)
T>1,
8(t)=(rt -1)/(r +1),
T=1,
0 0
0 0
—(S+7t-W) 0
0 -1
T T
A],T I I A,T
0 I I 0
P Pr
ar ™ lo| Tlo| 2 |ar
DT 0 0 DT
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— T T
I 0 0 I
0 I I 0
- P - P
ol ?|1 1720
K 0 0 0
r T
R 0 -1 0| [-R 0 I 0 -1 0
I —e(x)-I I O 0 -38(t)-R||I -e(x)-1 I 0
Y5 Tie Tiz
22._ , 23‘= 0 266' 0 )
J ] )
Y35 Y3 237
0 0 277]'
Yasi  Xaej 24y
T
T Tag O 0 Ik Ty O
0 0 0 0 0 0 =
W=lgr o w1 st o o 0|’
110j 3105 410j
Sy 0 X, %4, 0 0 0
—g-1 0 -8 0
- oﬁ —&-1 0 s,.sZTj ,
8} !:‘41' 0 —8/‘~1 0
0 Ej Ezj 0 —8}'-1
®=1>-(Q+R), S5 = (4;- D6, Ti6j=A] Py, T = AL

Tig = PLM;,

T
Y1105 = & - Nyj»

T T
21111' = 8}' . NzAj’ 228/' = P12Mi’

X355 = ATT,@, Y36 = ATT,'Pu, Y37 = AZT,;, X310/ = & ‘N,sz’

Tanj= & N;;Tj, Taj=—7 -1, Ty = D}.T@, Tu6j = Diju,

Y7 = DZTj, Y410/ = & ~N,§,, My = ¢ ~NZ,},, Y55 = -0,

Tssi = OTM;, Ye6j = —P11, Yegj = PuM;, X7 =, Y79 = My

£(r) = (2)/(’ T 1 5(r) = (r ~D/(x +1), (3d)
’ T=1

has a feasible solution with a 2n x 2n matrix P > 0, some n x n matrices Q; >0, Q2 > 0,

R>0,5>0,U= L[]-T, W = W7, and constants y >0, & >0, j=1,2,...,N. Then system

(1a)-(1h) is asymptotically stablizable with H, performance y =

(2¢).

v by switching signal in

Proof Define the following Lyapunov-Krasovskii type functional:

0 k-1
Vi) =T (Ps(k) + - Y Y 2" ()Qzli)
j=—t+li=k-1+j

0 k-1 k-1

FTo Y 3 YT ORY) + Y T ()Sx(0),

Jj=—t+li=k-1+4j i=k-t

(4)
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where P > 0, Q = diag[Q; Q2] >0, R >0, S$> 0, () = x(@ + 1) — x(), ¢(k) =
(k)T Zl . 717, and z(i) = [x(i)” y(i)T]". The difference of the functional in (4) along
the solutions of system (1la)-(1h) has the form
AV (xx) = V(xksa) = V(xk)
=[¢c"(k + D)Ps(k +1) - T (k)P (k)] + T2 - 2" (k) Qz(k)

k-1 k-1
—t- Y 2T ()Qzl) + T YT ORYK) — 7 - Y yT ()Ry(i)
i=k-1 i=k-t
+ 2T (k) Sx(k) — x7 (k — 7)Sx(k - 7). (5)

By the definitions (i) = x(i + 1) — x(i) and z(i) = [x(i)T y())T]7, we have

k-1 k-1 y
o3 )0 = Z [ (l} [%1 (3] ["@] (62)
2

i=k-1 i=k-1 y(l)
k-1
= [T (R Wak) - 2" (k- ) Walk - 1)] = 3 [y O Wr(D) + 267 O Wy(@] = 0. (6b)
i=k-t

From the previous derivations, we can obtain the following result:

AV(xg)+7- A+ [zT(k)z(k) —y2. wT(k)w(k)]

=xT(k +1)Ppx(k +1) + xT(k)[—Pu +S+T-W+1t. Ql]x(k)

k k k
+2x7 (k+ )Py Y x(i)+|: > xT(i):|P22|: > x(i)]

i=k+1-1 i=k+1-t i=k+1-1

k-1 k-1 k-1
—2x" (K)Py Y x(i) - [Z xT(l):|P22 [ > x(i)}

i=k-t i=k-t =k-1
k-1
+ [x(k +1) - x(k)]T[r2 (Qa + R)] [x(k +1)— x(k)] -7 YT ()[R + W1y(i)
i=k-1
- x(i) ! W | x(0)
—xT(k-0)[S+1-Wlx -T- @ )
@] [ x Q|0
+ [ (K)z(k) = y* - wh ()w(k)] @)
with
XMW =[x Y a0 ATh-1) W], (8a)
and from (1a)-(1h) and Lemma 4, we have
x(k+1) = [A(, +AA,(K) 0 A+ AAro(k) Dy +AD, (k)] X(k), (8b)

x(k +1) — x(k) = [AU “I+AA (k) O Ay +AArg(k) Dy +AD, (k)]X(k), (8c)
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20 = [Asy + ML) 0 Aceg + Mucg (k) Dag + AD ()| X(K), (8d)
k

> x@=[1 1 0 o]xw, (8¢)
i=k+1-1

k-1

Zx(i):[o I 1 O]X(k), (8f)
i=k—t

k-1 T
T/ . x(k) —x(k —7) -R 0 x(k) —x(k - 1)
7. Z v (()Ry(i) < |: () :| |: 0 -38(1) ~R:| |: (k) j|

i=k-t
T
:XT(k)[I 0 - 0] |:—R 0 }
I —e(t)-I I O 0 -38(t)-R

I 0 -1 0
X|:1 —e(t)-1 I Oi|X(k)' (8g)

where n(k) = x(k) + x(k — ) — e(t) - Zi;(l_ﬂl x(i). Assume o (x(k)) = j € N and from (3a)-
(3b), (3d), and (8a)-(8g), the following result can be derived:

AV(xe)+7- A+ [zT(k)z(k) -y wT(k)w(k)]

< —xT(k)L[,-x(k) + XT(k) - ij - X(k), (9a)
where
_ . T - - _T
215 LY 216f 216j
o _ 0 _ 0 0 _ 0
Yi=Xy-| ¢ Esé; S - Zeé/ S
X35 X355 X36; 236/
Y45 X455 Y46j X46;
- - _T
17 Y17
0 _ 0
-| = 771,» - , (9b)
Y37; Y37
Xa7j Yyzj
Ppn+S+t-W+t2-Q+U 0 0 0
5 0 0 0 0
Vo 0 0 —(S+z-W) 0
0 0 0 —y2.I
_ T - T
I I 0 0 (4 + AA)T I
1
+ Py ! Py, ! 0 Py !
0 0 I 1 (Agj+ AAL)T 0
| 0 | 1 0 0 0 (D; + AD)T 0
_ _ T T
I (4;+ AA)T I 0 0 I
1 0 0 1 1 0
+ PIT2 T Py - P1T2
0] L (Dj+AD)T 0 0 0 0
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+[1 0 -I 0 T[—R 0 M[ 0 I 0 }

I 0 I —¢(r)-1 0 -38(t)-R||I O I —e(r)-I

Ti5 = (4 + A4; - DO, Ti6 = (Aj + AA)T Py, Ty = (A + AAL)T,
T35 = (Ag + AAL)T O, Y36 = (Arj + AAL) Py, Y37 = (Agj + AAy)T,
Y45 = (Dj+ AD)T O, Y46 = (Dj + AD)T Py, Y47 = (D + ADy)T,

O©=12-(Q3+R).

Define
- T Iy T Xy _ _
=" V=TV kA 0v] + WA RK], (9¢)
* 23/' * 23/'
where
Pp+S+T-W+t2-Q+U 0 0 0
. 0 0 0 0
v 0 0 —(S+7-W) 0
0 0 0 —]/2 -1 |
_ I _ 7 T _ T
I I 0 0 Al I I Al
1 1 1 1 0 1 1 0
+ P - P + P + Pr
ol ?o 1721 AT o 0| ™AL
| 0 o] |o] | 0 Df 0 0] Df
_ T T
1 0 0 1
of, |1 1|0
ol |1 17 2o
o] |o] ol o]
- T
1 0 -1 0 -R 0 1 0 -1 0
+ 7
I —e(r)-I I O 0 -=-38(t)-R||I —-e(x)-I I O
[Ti5 T i | Xi5p X X
- 0 0 0 0 0 0
o= | - - ) Yo = ,
35 236 237 Y3si  Xzej 237
| 2457 Xgej 2475 Y45 Xaej  2d47j
_255; 0 0] T T T T T
Se=| 0 Se 0 |, K - Yigi 2pg 0 0 Xgg X O ’
! / 1o o o0 0o o =z
[0 0 Iy j

oo | [1-Tws o 1'[rw o
Nl 0 1T,k &y 0 [k

-1
_ [1 o}_[r,(k) 0 Ma, o“ [Fi(k) 0 } ©d)
0 I 0o ryk||lo &y 0 Tk

>
N
=
o
I
—— 1
>
(= IPN
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T
w_| N4 O Nag Np; 0 0 0
! NzA' 0 NzArj NzD' 0 0 0

By condition (3b) with Lemma 1 and switching signal in (2c), the following results can be

guaranteed from (9a):

cr(x(k)) =jeN and xT(k)(L[j)x(k) >0, Vx(k)e;, 0)
10
AV () + [zT(k)z(k) -y wT(k)w(k)] <XT(k)- ﬁlj - X (k).

By Lemmas 2 and 3 with (9d), the condition A; < 0 in (3b) will imply fl,' <0in (9¢). flj <0
in (9¢) will also imply f]j < 0 in (92)-(9b) and (10). Since f),- <0 in (10), we can guarantee
that system (1a)-(1h) with the switching signal in (2c) and w(k) = 0 is asymptotically stable.
Summing equation (10) from O to ¢, we have
¢
Vi(xe) = Vigo) + Z[ZT(k)Z(k) -y wl(kyw(k)] <0.

k=0

With zero initial condition (¢(k) = 0,-t < k < 0), we have
V(go) = 0.

By the definition of V'(xy) in (4), we have
Vixe) = 0.

From the previous derivations, the following condition can be guaranteed:

14

4
S L W2k) < v Y wlowlk),  Yw 0.

k=0 k=0
By Definition 1, system (1a)-(1h) is asymptotically stabilizable with H, performance y by

switching signal in (2c¢). This completes the proof. O

3 Robust H,, switching control for switched time-delay system
In this section, we will consider the following uncertain discrete switched time-delay sys-
tem with control input:
x(k+1) = [A<7 +AA, (k)]x(k) + [Am + AAy (k)]x(k -T)+ [DW,7 + ADy, (k)]w(k)
+ [Duo + ADyo (k) |u(k), k=0,1,2,...,k>0, (11a)
z(k) = [Aza +AAy (k)]x(k) + [Azrrr + AAzio (k)]x(k -1)
+ [Dawo + ADyo (k) Jw(k), k=0, (11b)
x0)=¢@®), 0=-1,-1+1,...,0, (11¢)

where x(k) € 0", x is the state defined by x4 (0) := x(k + 0), V0 € {-7,—-7 +1,...,0}, w(k) €
M is the disturbance input, u(k) € RV is the control input, z(k) € 07 is the regulated
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ouput, o is a switching signal in the finite set {1,2,...,N} and will be designed to achieve
the performance requirement of the system. ¢(k) € it” is an initial state function, delay ©
is a given positive integer. Matrices A;, Ari, Dywi, Dyi, Azis Azeis Dowir i =1,2,...,N, are con-
stant of appropriate dimensions. AA;(k), AA.;(k), AD,,;(k), AD,;(k), AA,(k), AA,;(k),
and AD,,;(k) are some matrices satisfying the following conditions:

[A4i0) A4 ADW(K)  ADy(K)]

=M 80 [Na Nawi Npwi Now (11d)
[A4R) Adeilk) ADu)] = Mai Ball) - [Noai Neari Now ] (11e)
AK) = [I-Ti0 B 'Tuk), EET <1, aif)
Au(k) = [ -Tu(k)E,] 'Tulk), E4EL<I, (11g)

where M;, My, Nai, Nazi, Npwis Npui» Nzais Nzari, and Ny, i=1,2,...,N, 8, and E; are
some given constant matrices of appropriate dimensions. I';(k) and I';(k) are some ma-
trices representing the perturbations which satisfy

rJritk) <1, TERTuk) <1. (11h)
Define the switching domains as

QiU =f{xeN :x"Ux>0}, i=12,...,N, (12a)

where matrices U; = U} will be selected from our proposed results in this paper and

Q =Q, Q= W\Qy, Q3 = Q3\ 2\ Q, vors
_ _ _ (12b)
Qn = N\ \ - \Q2n-1
From the above domain definition, the switching signal can be designed by
o(x(k)) =i, Vax(k)€Q;, (12¢)

where Q; is defined in (12b). The following state feedback switching control is used to
achieve the stabilization and H,, performance for the switched system in (11a)-(11h):

u(k) = —Kix(k) - Kzix(k — ),  when o (x(k)) =i, (13)
where the state feedback gains K;, K;; € V*” will be designed from our proposed result.

Lemma 5 ([34]) For some matrices X, Y, and Z with X = XT and Z = Z7, the following
conditions are equivalent:
(@) The inequality is satisfied

S= X Y <0.
% —Z1
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(b) There exists a scalar n > 0 such that

X n-Y 0
x =2n-1 Z |[<0.
* * -Z

Lemma 6 ([35]) Suppose that A;(k) is defined in (11f) and satisfies (11h), then for real
matrices V;, Wi, and X; with X; = XiT, the following statements are equivalent:

(a) The inequality is satisfied
X+ Vin(k)W; + WIAT (kv <o.
(b) There exists a scalar €; > 0 such that

X, &V, wl
* —g-1 &-BF|<0,

* * —&i -1
where the matrix 8; is defined in (11f).

Definition 2 ([19]) Consider the switched system (11a)-(11h) with switching signal in (12c)
and switching control in (13). Assume
(i) With w(k) =0, system (11a)-(11h) with switching signal in (12c) and switching
control in (13) is asymptotically stable.
(i) With zero initial conditions (i.e., (k) = 0, —ryr < k < 0), the signals w(k) and z(k)
satisfy

¢ 4
> T (R)zk) < y* Y wl(kwk),  Yw#0,
k=0 k=0

for all integers £ > 0 and constant y > 0.
Then we say that system (1a)-(1h) is asymptotically stablizable with H,, performance y by
switching signal in (12c) and switching control in (13). If the parameter £ is selected as co

in (ii), the disturbance input w should be constrained in L, (0, 00).

Theorem 2 Suppose that there exist some constants 0 < o; <1,i € N, and Zﬁl o; =1, the

following LMI optimization problem:
minimize vy,
subject to

R+ W >0, [Ql W} >0, (142)
*

5=V ZY|<0, i=1,2,...,pj=12,..,N, (14b)
* 23/'
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N
ZO[,‘ . Ul‘ > O, (14C)
i=1

where

Pu+S+1-W+t2-Q+lU; 0 0 0
~ 0 0 0 0
Elj =
0 0 —-(S+1-W) 0
0 0 0 -1
_ T T
1 1 0 0
1 1 1 1
+ P - p
ol21o 172
L0 0 0 0
- T
1 0 -1 0 -R 0 1 0 -1 0
+ ’ (14‘d)
I —(x)-I I O 0 -38(t)-R||I —-e(xr)-I I O
(S5 S5 Zi3 0 0 0 0 0 Xz Zng
$ 0 0 0 0O 0 0 0 O 0 0
% = )
" %35 Tz Ty 00 0 0 0 Tgy Zay
_245] 246] E47j 0O 0 0 0 O 2413]' 2414]'
(55, 0 0 s 0 0 Zsy O 0 0 ]
* 2661 0 0 269} 0 2611j 0 0 0
* * E77j 0 0 2710]‘ 0 2712]' 0 0
$ * * * * g9 0 0 0 0 0
T« * * * * X010/ 0 0 0 o |’
* * * * * * 21111]' 0 21113]‘ 0
* * * * * * * 212121' 0 21214/
* * * * * * * * 21313 0
| * * * * * * * * * 21414j_
®=12-(Q+R), 155 = (0 - 4 _Duji(j -n;- D7, Yiej = (mj - A; ‘Dujf(j)T’
X7 =0 'AZT,': Xz =1 'N/:xrj _f<jTNgu/’ Yi1aj = 1)j ~N§u,
235]' =1 AZ] - IA(TI;D,Z, 236/’ =1 AZ] - ng;/’ 237/ =1 'AZTU';
L3135 =1 - Nf{r/’ - IA(T];Nguj’ 23147 = 1)) 'Nzﬁw Yggj ==y -1,
Y5 =1 'DVTV;, Ya6j = 1 'D,Z,, X7 =1 'DZT,», a3 =7 'NDTWj,
a4 = ; 'NZW-, Yssj = Xeej = 277 = =205+ 1, Ysgj = O,
2511} = 8]« . M] 269]' = Pll} Eﬁllj = gj . M] 2710/ = I,
Y71aj = & - My Ysgg = -0, Xggj = =P, Yao10j = —1,

Xy = Y1o1zj = X313 = 214 = —& - L,

T

Yz =€ 8,

Y1214 = & -

]
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2/(t - 1),
0,

T>1,
() =(t=-1D/(r +1),
T=1,
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has a feasible solution with some n x n matrices P;; >0, Py, >0,Q1>0,Q,>0,R>0,5>0,
U= LI}-T, W = WY, matrices IA(, e U, IA(Tj e MV, j=1,2,...,N, and constants y > 0,
§>0,1;>0,j=1,2,...,N. Then system (11a)-(11h) is asymptotically stablizable with H,,
performance y = /'y by the designed switching signal in (12c) and switching control in (13)
with control gains K; = f(,'/m and K;; = A<”'/77,<.

Proof With P = [Pél PSZ
results can be provided in the derivations of (4)-(7):

] in the Lyapunov-Krasovskii type functional of (4), the following

AV () + T - &+ [27 (K)z(k) = y* - w! (K)w(k)]
=xT(k + 1)Ppx(k +1) + xT(k)[—Pu +S+T-W+1t?. Ql]x(k)

, [ 3 xna}pn[ 3 xm} . [Z xnﬂpn[i xm}

i=k+1-1 i=k+1-1 i=k—1 i=k-t
k-1
T N
+ [x(k +1) - x(k)] [‘L'2 (Qq + R)] [x(k +1) —x(k)] —T- Z T )Ry (i)
i=k—t
0] [a w][x0
—a"(k-T)S+T  Wl(k-7)-7- Y |7 ! ‘
S O] [ x Qf[y@)
+ [ (R)z(k) - y? - wT (Ryw(k)]
< —xT () Ujn(k) + X7 (k) - ;- X(K), (15a)
where X (k) is defined in (6a)-(6b), and
_ _ _T - - _T
2155 s X16) Yej
N _ 0 - 0 0 - 0
Lj=%y—| ¢ 5 | < e | %65 <
X355 pH X36; 36
Ys; Yys; 46 246
- - _T
X17j Y17
0 [yl 0
Ty s
Y7 Yy
S5 T T | e a1
15j 16/ 17j 255]' 0 0
=% o0 0 0 = 0
v T35 Tae L3y o
- - - 0 0 266/'
Yysji g 247
_ _ . _T
X5 Xiej Xy
0 0 0
x| - _ - , (15b)
Y35 X3 237
Yasi X4 g
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f)lj = f)lj is defined in (14d),

Aj=A;j-DyK,  AA;=AA;— AD,K;,

Ayj=Ay-DyKy,  AA=AA, - AD,Ky,

o5 = (A + A4 - )T, Tig = (Aj + AA)T, T = (Ay + AAT,
T35 = (Aqj + AAL)T, Y36 = (Agj + AAy)T, Y375 = (Azej + M),
Y45 = (Dyj + ADy)7, Y46 = (Duj + ADy))T, Y4 = (D + ADy)T,

255]' = —®_1, 266}' = —Pl_ll, 277]' =-I, ®= 1'2 . (Q2 + R)

Define

_ S
=" 7 (16)
* —24].

where fllj is defined in (15b),

Y5 Xiej 217

® 0 0 —Xs5; 0 0
) 0 0 0 ) 0 Py 0O 0 ) 0
J= | < S S ’ 4j = 11 = —2i66;
Y35 X36  237)
35j 36j 37j 0 0 I 0 0 _277j

Y45 gej Xazj

Consider the following matrices with constants n; >0, j=1,2,...,N:

_ By By 0 Xy Xy 0
S=| % Ty By |=|x Ty -Tyl+ A (W] + WA (on’,
% * —24]' * * 2:4]'
where
X5 Xie 2y
5 5 0 0 0
2 =7 oy = :
N D YP SR YEPTD Yo
Y45 Yaej Lay
-2-m;-1 0 0 -0 0 0
231. = 0 -2. ;- I 0 , 24] = —2_:41' = 0 -Py 01,
0 0 271 0 0o -I

T
H_OOOOM].TA/I]TOOOO
’_000000M§000’

-1
Ak = |:Aj(k) 0 } _ [1- T;(k)E 0 ] |:1",-(k) 0 ]
0 Azj(k) 0 I- Fz](k) EZ/' 0 th(k)

[z o] w0 ]z o T o
"o 1 0 Iyk||o &y 0 Tk

Page 15 of 22
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A ~ T
‘-I—’j _ 77]' . NAj _NDujI<j 0 77]' . NAT} _NDu/J(rj 7’]]' . Nij 0O 0 0 0 0 O )
nj 'NzA' 0 nj 'NzAtj nj 'Nzwj 0O 0 0 0 0 O

Ki=nj- K5, Kej=1;- Ky,

From Lemmas 2, 5, and 6, the conditions in (14b)-(14c) should be imposed to achieve the
asymptotic stablization with H,, performance of the considered system in Definition 2.

This completes the proof. d

Remark 1 The matrix uncertainties in (1d)—(1h) are often called linear fractional pertur-
bations [17-19, 31]. The parametric perurbations in [16, 21, 22] are the special conditions

of the considered perturbations with E; =0, E,,=0,i € N.

Remark 2 In recent years, there have been some schemes proposed to define the switch-
ing domains as listed in the following:

(a) In [20], the switching domains are selected as:
QP U A) = {x e N :x"[(rm =) - U -~ AP - PA;]x <0}, i=1,2,...,N,

where matrices P> 0, U >0, Q1 = Q1, Q2 = 2,\Q1, ..., and Qy = QN\(UZII Q).

(b) In [18], the switching domains are selected as:
Qi(P,U,A;) = {x e N : 2T (AT PA)x <x"Ux}, i=1,2,...,N,

where matrices P> 0, U >0, Q; = Q1, Qo = 0\Q1, ..., Qv = Qu\Q1\ - -\ Q-1

(c) In [19], the switching domains are selected as:
Qi(P,U,A;) = {x e N : 2" (A PA))x <x"Ux}, i=12,...,N,

where matrices P> 0, U;>0,i=1,2,...,N, and €; is defined in (b).
In this paper, the switching domains are defined in (2a)-(2b) and (12a)-(12b) with

Qi) = {x e N : 2" Uix > 0},

where matrices U; = U}, i=1,2,...,N. The proposed approach in this paper is
simple and more flexible. This approach can be applied to continuous switched

systems to design the switching signal in our future research.

Remark 3 For a given constant y, the H,, performance results in Theorems 1 and 2 can
be guaranteed by setting 7 = y? in LMI conditions in (3a)-(3d) and (14a)-(14d), respec-
tively.
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4 lllustrative examples
Example 1 Consider system (1a)-(1h) with the following parameters:

1 0.01 0 001 0 01
Al = ) AZ = ) A‘L’l = )
0 0 0.01 1.01 0 -01
01 0 01 0 02 0
Arz = ) Dl = ) D2 = )
01 0.1 0 01 01 01
001 0 003 0 002 0
Ay = ) Ay = ) A 1 = )
o [ 0 o.os} 2 [ 0 0.05} i [ 0 0.01}
002 0 01 01 02 0
Azrz = ) Dzl = ) Dz2 = )
0 0.02 0 02 0 01 17)
01 0 01 0
M1=M2=|: j|’ lezMz2:|: :|,

0 0.05

0.01 0
’ NArl = NArZ = |: :| ’

0. 1:| 0 0.02
0.01 0
Npy =Np = ) Na1 = Nzaz = Nan, Nac1 = Nzara = Nay,
0 0.01
N.p1 = N;p» = Np1, E1=8y=E,;=E,=001-1L

With 7 =12 and oy = a3 = 0.5, the optimization problem in Theorem 1 is feasible with
(some solutions for LMI variables are not shown here)

0.000297  0.07687

i -0.0327  0.000297
7=00631, U= :
~0.0003 —0.07686

[0.03272 ~0.0003 ]

System (1a)-(1h) with (17) is asymptotically stabilizable with H,, performance y = /7 =
0.2512 by the switching signal given by

1, x(k)ey
o= o, (18)
2, x(k) e R\

where Q; = {[x; x,]7 € "2 —0.0327x% +0.000594x; x5 + 0.07687x§ > 0}.

Under the disturbance inputs w(k) = [10 x (=0.8)F —10 x (0.85)¥]” shown in Figure 1 and
zero initial conditions, the regulated outputs z(k) € %? of switched system (1a)-(1h) with
(17)-(18) and without perturbations are shown in Figure 2. Under zero disturbance, the ini-
tial state function ¢(8) = [-1010]7, 0 = -12,...,-2,-1, 0, and without perturbations, state
trajectories x(k) € %2 of switched system (1a)-(1h) with (17)-(18) are shown in Figure 3.
Good disturbance attenuation effect is shown in these simulation figures.

The delay upper bound and switching signal in (18) that guarantee the asymptotic sta-
bility and H,, performance for system (la)-(1lh) with (17) are provided in Table 1 for
a1 = ap = 0.5. From these comparisons in Table 1, our proposed results may be less con-
servative than some published ones.
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10 1

10 .

Figure 1 Disturbance inputs of the system (solid line: wy (k), dashed line: w;(k)).

5k J

10k 4

r r r r r
0 10 20 30 40 50 60
k

Figure 2 Regulated outputs of the system (solid line: z; (k), dashed line: z; (k)).

Example 2 Consider system (11a)-(11h) with the following parameters:
1.2 0.01 0 0.01 1 04
Al = ) A2 = ’ Arl = )
0 0 0.01 1.2 0 -04
04 O 1 01 1 0
Ar2 = ) Dul = ’ DuZ = ’
04 1 0 1 01 1
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r r r r r

0 10 20 30 40 50
k

Figure 3 State trajectories for the system (solid line: x4 (k), dashed line: x3 (k)).

60

Table 1 Comparing our results in this paper with some published ones: The delay upper

bound and Hy, performance for switched system (1a)-(1h) with (17)

Results Number of LMI
variable
elements

4] Fail to justisfy the stability (when zero state feedback and -

perturbations)

[16] Fail to justisfy the stability (when zero state feedback and &; =0, -

E,=0,i=1,2)
[21] Fail to justisfy the stability (when zero state feedback and &; =0, -
E,=0,i=1,2)
[18] T =12, Ho performance y = 0.2546, 339 (Program
Q1 = {Ix x2]" € R?:0.244x7 — 0.0038x1x, ~ 04426x5 < O} running time
about 1 minute)
Our results T =12, Ho performance y =0.2512, 31 (Program
(Theorem 1) =D x]" € M? 1 -0.0327x7 +0.000594x; x5 + 0.07687x3 > 0} running time

1
=316, Heo performance y =0.254,

Q
T
Q1 = {[x1 x1" € R :-0.0487x2 - 0.00194x; x, + 0.0865x7 > 0}

about 1 second)

oo _[o1 0 5|0z o L _[oor 0
Tl o 01l "7 lo1 o01] 271 0 008

003 0 002 0 0.02
Ay = . A= . A=
2 [ 0 0.05] i [ 0 0.01} w2 [ 0

01 01 02 0
D w. = ) D w. = )
o [ 0 0.2] w2 [ 0 0.1}

01 0 0.02 0
My =My, = . Nu=Nu-= ,
z1l z2 |:0 005:| Al A2 |: :|

0.01 0 0.01 0
Nyr1 =Ny = |: 0 0'02] ) Npu1 = Npyp = |: :| ,

0.02} ’
} , (19)
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Npw1 = Npwa = Npui, N_a1 = Nzao = Nyq1, Nzar1 = Naara = Ny,

N1 = Naywo = Npyts E1=8y=E1=CE,=0.01-1

With t =15 and «; = ap = 0.5, the optimization problem in Theorem 2 is feasible with

(some solutions for LMI variables are not shown here)

7=0.0871, 1 =0.6819, 1 =0.7604,

[00235 -0.0192 [ 0007 -0.0335
"7 120.0192  0.0244 |’ >71-0.0335 0.0676 |’

& | 05228 0016 & _ | ~03156 ~0.0114
"7 120.0189 -0.1918 |’ 1 0.0325 06038 |’

. [o.6855 03009 . [0.3208 -0.00004
71 0.0116 02633 27102802  0.7629

System (11a)-(11h) with (19) is asymptotically stabilizable with H, performance y = /7 =
0.2951 by switching signal in (12¢) and switching control in (13). In this example, the gains

of switching control in (13) are given by

A 0.7667  0.0235 S -0.415 -0.015
I<1 = 1<1/771 = » 1(2 = 1(2/772 = )
-0.0278 -0.2813 0.0427 0.794

o _ Ry | 10052 04412 (20)
A =R 017 —0.3861
. 0.4219 —0.00005
Ky = Kglny = .
w2 = Re2li2 |:O.3685 1.0034 }
The switching signal in (12c) is given by
1, xe Ql,
. 1)

2, xeN\Q,
where
Q= {x e 2" thx >0}
_ { I:xl xz]T € R*:0.0235x% — 0.0384x,x, + 0.0244%2 > o} .
Some delay upper bounds for the design of switching control and switching signal that
guarantee the stabilization and H., performance for system (11a)-(11h) with (19)-(21) are

provided in Table 2 for o1 = @y = 0.5. From these comparisons in Table 2, our result pro-

vides major improvement on some previous published literature.

5 Conclusions
In this paper, the design scheme of switching signal for Hy, performance analysis and
switching control has been investigated for uncertain discrete switched systems with time
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Table 2 Comparing our results in this paper with some published ones: Some results to
guarantee the stabilization and H, performance of system (11a)-(11h) with (19)

Results Number of LMI
variable
elements

[16, 18] T =15, fail to guarantee the Hu, performance by switching signal design -

[19] T =1, Heo performance y =0.3048 460 (Program

(Switching signal design + switching control) running time
about T minute)

Ourresult T =15, Hy performance y =0.2951 (Theorem 2) 45 (Program

(Switching signal design + switching control) running time

about 1 second)

delay and linear fractional perturbations. The Lyapunov-Krasovskii type functional and
Wirtinger inequality approach are used to improve the conservativeness of the proposed
results. The obtained results are shown to be less conservative and more useful via numeri-
cal examples. The major improvements in this paper compared to [17-19] are summarized
as follows:
1. A Lyapunov-Krasovskii type functional in (4) is proposed to derive the main results.
2. Discrete Wirtinger inequality approach is used instead of nonnegative inequality
approach in [17-19]. Less LMI variables and shorter program running time are
proposed in the approach of this paper.
3. Simple design scheme in (2a)-(2c) and (12a)-(12c) for switching signal is more flexible
than that in [17-19].
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