Huang and Xie Advances in Difference Equations (2018) 2018:29 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-017-1441-6 a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Searching for traveling wave solutions of
nonlinear evolution equations in
mathematical physics

Bo Huang'?" and Shaofen Xie'-

“Correspondence:
huangbo0407@126.com
"LMIB-School of Mathematics and
Systems Science, Beihang
University, Beijing, 100191, China
2Guangxi Key Laboratory of Hybrid
Computation and IC Design
Analysis, Nanning, 530006, China

@ Springer

Abstract

This paper deals with the analytical solutions for two models of special interest in
mathematical physics, namely the (2 + 1)-dimensional generalized
Calogero-Bogoyavlenskii-Schiff equation and the (3 + 1)-dimensional generalized
Boiti-Leon-Manna-Pempinelli equation. Using a modified version of the Fan
sub-equation method, more new exact traveling wave solutions including triangular
solutions, hyperbolic function solutions, Jacobi and Weierstrass elliptic function
solutions have been obtained by taking full advantage of the extended solutions of
the general elliptic equation, showing that the modified Fan sub-equation method is
an effective and useful tool to search for analytical solutions of high-dimensional
nonlinear partial differential equations.
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1 Introduction

Nonlinear partial differential equations (NLPDEs) are important mathematical models to
describe physical phenomena. They are also an important field in the contemporary study
of nonlinear physics, especially in soliton theory. The research on the explicit solution and
integrability is helpful in clarifying the movement of the matter under nonlinear interac-
tion and plays an important role in scientifically explaining the physical phenomena. See,
for example, fluid mechanics, plasma physics, optical fibers, solid state physics, chemical
kinematic, chemical physics and geochemistry. In the present paper, we will consider the
following two high-dimensional nonlinear equations:

Ot + PUylhyy + SUylyy + Uyxry = 0 (1.1)
and
Upxxy — 3(uxuy)x = 2uy; + 3uy, = 0. (1.2)

Equation (1.1) [1] is the (2 + 1)-dimensional generalized Calogero-Bogoyavlenskii-Schiff
(GCBS) equation, where the parameter « # 1, 8, § are arbitrary nonzero constants. It con-
tains the following famous NLPDEs:

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-017-1441-6
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-017-1441-6&domain=pdf
mailto:huangbo0407@126.com

Huang and Xie Advances in Difference Equations (2018) 2018:29 Page 2 of 15

(i) Bogoyavlenskii-Schiff equation
Aty + AUy + 20y Uy + Uyny = 0. (1.3)
(ii) Breaking soliton equation
Uyt — Slhyly — 2Uyliy + Uy = 0. (1.4)
(iii) Calogero-Bogoyavlenskii-Schiff equation
Atk + SUlhy + AUhyUy + Uprry = 0. (1.5)

So it is very meaningful to further study equation (1.1). In particular, we can also get the
solutions of (1.3)-(1.5).

Equation (1.2) is a generalization of the Boiti-Leon-Manna-Pempinelli (GBLMP) equa-
tion. If we take z = ¢, equation (1.2) is reduced to the following BLMP equation [2, 3]:

Usxxy + Uyr — SUyxlly — ltxllyy = 0.

Searching for traveling wave solutions of NLPDEs acts a pivotal part in the study of non-
linear physical phenomena. In the past decades, much effort has been spent on the con-
struction of exact solutions of NLPDEs, and many powerful methods have been developed
such as inverse scattering transform [4], Bicklund and Darboux transform [5-7], Hirota
bilinear method [8], tanh-function method and extended tanh-function method [9-11],
Fan sub-equation method [12, 13], G'/G method [14, 15], F-expansion method [16] and so
on. Among these methods, the Fan sub-equation method not only gives a unified forma-
tion to construct various traveling wave solutions, but also provides a guideline to classify
the various types of traveling wave solutions according to five parameters.

Yomba [17] and Soliman and Abdou [18] extended the Fan sub-equation method to
show that the general elliptic equation can be degenerated in some special conditions
to the Riccati equation, first-kind elliptic equation, and generalized Riccati equation. Re-
cently, Zhang and Peng [19] proposed and used a modification of the Fan sub-equation
method with symbolic computation to construct a series of traveling wave solutions for
the (3 + 1)-dimensional potential YTSF equation. These methods show the effectiveness
of the modified Fan sub-equation method in handling the solution process of NLPDEs.

Motivated by the work described in the above three papers, in this paper, using Zhang
and Peng’s modification of the Fan sub-equation method, we construct the exact traveling
wave solutions for the above mentioned two high-dimensional nonlinear equations by
taking full advantage of the extended solutions of the following general elliptic equation:

d(/)(é:) 2_h ]’l h 2 h 3 ]’l 4 16
% ) T o0+ m@(E) + oo™ (€) + h39° (&) + hap™(&). (1.6)

In some special cases, when /&y # 0, h; #0, hy #0, h3 #0 and sy # 0, there may exist three
parameters 7, p and g such that

d 2
< Zé—g)) = h() + h1§0(§) + h2§02(§) + hSWB(E) + h4§04(§) = (r +p¢(g) + q(DZ(E))z. (1'7)
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Equation (1.7) is satisfied only if the following relations hold:
ho =17, h1 =2rp, hy = 2rq + p*, hs = 2pq, hy=q’. (1.8)

When /3 =0and /o #0, iy #0, k3 #0 and /4 # 0, there may exist three parameters 7, p
and g such that

(dco(é)

2
0] =+ gle) +ag €+ i) =+ pote) + aE)). 19)

Equation (1.9) requires for its existence the following relations:
ho =1, hy =2rp, hs3 = 2pq, hy =%, pt=-2rq, rq<O0. (1.10)

Thus, for (1.7) and (1.9), the general elliptic equation is reduced to the generalized Riccati
equation [20].

When kg = h; = 0, the general elliptic equation is reduced to the auxiliary ordinary equa-
tion [21]

d 2
(%) =mw@ @)+ hi'®) (1L.1)

When /; = h3 = 0, the general elliptic equation is reduced to the elliptic equation

2
(dZ—?) — o+ (€ + e ), (112)

Equation (1.12) includes the Riccati equation

2
(dfl—f)) - (A+¢%®), (1.13)

when kg = A2, hy = 2A, hy, = 1, and solutions of (1.13) can be deduced from those of (1.12)
in the specific case where the modulus m of the Jacobi elliptic functions (solutions of
(1.12)) is driven to 1 and 0.

When &y = hy = 0, the general elliptic equation is reduced to the following:

2
(d‘:;—f)) — o + g (&) + (). (L14)

The rest of this paper is organized as follows. In Section 2, we describe and further
develop Zhang and Peng’s modification of the Fan sub-equation method by making good
use of the extended solutions of the general elliptic equation. In Section 3, we apply the
modified Fan sub-equation method to solve the above mentioned two high-dimensional
nonlinear equations, and more new exact traveling wave solutions are explicitly obtained.

In Section 4, some conclusions are given.
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2 Modification of the Fan sub-equation method
For a given NLPDE with independent variables x = (xy = £,x1,%,...,%,,) and dependent
variable i,

F(u, u;, Uy Uz - - -)» (2.1)

where F is in general a polynomial function of its argument, and the subscripts denote the
partial derivatives. By using the traveling wave transformation, (2.1) possesses the follow-

ing ansatz:
m
u=uE), E=) kax (2.2)
i=0
where k; (i =0,...,m) are undetermined constants. Substituting (2.2) into (2.1) yields an
ODE
Q(u,u,u™V,..) =0, (2.3)
where u® = €8 4D - 4 > 1, and r is the least order of derivatives in the equation.

= W’ = dér+l ’
To keep the solution process as simple as possible, the function Q should not be a total

&-derivative of another function. Otherwise, taking integration with respect to & further
reduces the transformed equation.
Further introduce

uE) =v(E) =) g’ +a, (2.4)

i=1

where ¢ = ¢(&) satisfies (1.6), while ag, «; (i = 1,2,...,n) are constants to be determined
later.

To determine u(£) explicitly, one may take the following four steps:

Step 1. Determine the value of n by balancing the highest-order nonlinear term(s) and
the highest-order partial derivative in (2.3).

Step 2. With the aid of Maple, substitute (2.4) along with (1.6) into (2.3) to derive a
polynomial in ¢. Set all the coefficients of the polynomial to zero to derive a set of algebraic
equations for k; (i =0,...,m),xpand o; (i = 1,...,n).

Step 3. Apply Wu-elimination method [22] to solve the above algebraic equations de-
rived in Step 2, which yields the values of k; (i =0,...,m), xp and o; (i = 1,...,n).

Step 4. Use the results obtained in the above steps to derive a series of fundamental
solutions ¢}, o}, ¢/, o}¥ and ¢, to (1.6) depending on the different values chosen for /g,
hi, hy, hs and hy [17, 21]. The superscripts I, II, III, IV and V determine the group of
solutions, while the subscript / determines the rank of the solution. Then obtain exact
solutions of (2.1) by integrating each of the obtained fundamental solutions v(£) with
respect to &, r times:

£ g & r ‘
we) = [ [ [ vende - dsads s Y de (25)
j=1

where d; (j=1,2,...,r) are arbitrary constants.
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3 Application to evolution equations from mathematical physics

3.1 GCBS equation

In this subsection we consider the (2 + 1)-dimensional GCBS equation (1.1). Using trans-
formation (2.2) (here we denote & = ax + by — wt), we reduce (1.1) into an ODE equation

in the form
—acwu” + (B +8)a’bu'u/ + a’bu® = 0. (3.1)
Integrating (3.1) once with respect to & and setting the integration constant to zero yields
1
—acou + 5(/3 + (S)Lzzb(u/)2 +a*bhu® =0, (3.2)
Further setting r = 1 and &’ = v, we have
1 2 2 3 7
—acwuv + 5(,3 +8)ab(v)” +a’bv” = 0. (3.3)

According to Step 1, we get 2n = n + 2; hence n = 2. We then suppose that (3.3) has the
formal solution:

U= a9 + 219 + . (3.4)

Substituting (3.4) along with (1.6) into (3.3) and collecting all terms with the same order
of ¢ together, the left-hand side of (3.3) is converted into a polynomial in ¢. Setting each
coefficient of the polynomial to zero, we derive a set of algebraic equations for a, b, ®, «,

o1, oy as follows:

goo :a®baihy + 4a®bashg + azbﬂaoz +a?bday? — 2aawag =0,

(pl :a®bahy + 3a®bashy + azbﬂaoal + a’bdapa; — acway =0,

(p2 :3a3bayhs + 8albonhy + 2a’bBagas + a*bBor® + 2a*bdagor,
(3.5)
+a’bsay? - 2aawa, =0,

@02 2a3baihy + 5a°bashs + a’bBoias + a’bSaion = 0,

ot 12a3bayhy + a2b,3a22 +a’bsay? = 0.
Solving the set of algebraic equations by using Maple, we can obtain many kinds of solu-

tions depending on the special values chosen for 4; (i = 0,...,4).
Case I. When kg = 1%, hy = 2rp, hy = 2rq + p%, h3 = 2pq, hy = g, from (3.5) we have

12a4* 12apq 12aqr (p* - 4qr)a®b

o=~ , o ar=— , o ag=— , o= (3.6)
B+6 B+ B+46 o

and

12a4? 12apq

2=78vs T T Res

(3.7)

2a(p? + 2g7) (p* - 4qr)a*b

ay=—"— 7, =1

B+ o
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We, therefore, have

12aq> , 12apq  12aqr (p* - 4qr)a’b
Uv=— (S Q- , w=————"" (38)
B+ B+ B+ o
and
12aq*> , 12apq  2a(p® +2qr) (p* —4qr)a’b
= — (] ¢» — » [ (39)
B+6 B+ B+4 o

For simplification, in the rest of this paper, we introduce that

1 1
M= 3 P> —4qr, N = E\/éLqr—pz.

Note that ¢ is one of the twenty four ¢} (/ = 1,2,...,24). For example, if we select [ = 17,
by using (2.5) we can obtain the following traveling wave solutions:

ul(é)z—%[tan<%Ns> —cot(%N“;‘)] +di, (3.10)

4N2a%b
o

_ 6aN Ly Ly 8aN? P 311
ug(f)——m[tan<§ §>—c0t(§ S)]+ﬂ+8§‘+ 1 (3.11)

where £ =ax + by + t, dy is an arbitrary constant;

2.2
where &€ = ax + by — ‘Wa—“bt, d, is an arbitrary constant.
More fundamental solutions

Using ansatz (3.9), similarly, we can obtain a series of the fundamental solutions for (1.1)
as follows.
Family 1: When p? — 4qr > 0,

12aM 8aM?>
uILg(é%) = mtanh(ME) - B+o & +dy;
8a 12aM
5 (€) = 5. SME + g comME) +dy
ulg,z(g) = _/3 i 3 |:j:12pi arctan(ezME) F 6pi arctan(sinh(ZMé)) +8M?&
12Mi

+ WQM%‘) - 12Mtanh(2M§)] + dl;

Uy, (E) = —ﬁ [q:lZp arctan(e*")  6pIn(tanh(ME)) + 8M>€

12M coth(2M 12M i
- coth(2M§) M} +ai;
6aM 1 1 SaM?
g, (€) = f}d+8 [tanh(5M5> +coth(§Mé):| - ,Ba+8 +dy;
1 _ a _ 2 .
452(8) = BB + 8)[A Sinh(2ME) +B][ 16ABM” sinh(2M¢ )¢
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+24AM(A + VA2 + B2) sinh(2M§) + 48ABM cosh? (M)

~16B>M*€] + dy,
I _ a 242
472(8) = (A - B)(B +8)[2A cosh>(ME) — A + B] (84 - Byare

+ 12AM(A - B) sinh(2ME) + 24AM~ B? — A2 cosh®(ME)

— 16AM*(A - B) cosh*(M&)&] + d,
where A and B are two nonzero real constants satisfying B> — A2 > 0;

~2a[L,(§) tanh® (3M§) + Ly(€) tanh(3M§) + L1(£)]

21 1 +di,
p(B + 8)[ptanh”(3ME) — 4M tanh(3 M&) + p]

uzl-g,z (&)=

where

Li(§) = 4M*pPE, Ly(€) = ~16pM°& — 48Mar;
—8a[M? tanh*(3 M&)€ — M*ptanh(3 ME)é + 3grtanh(3 M&) + M3E]

1 _ .
452l8) = (B + 8)[M tanh?(1 M) — ptanh(1M§) + M] "y
e 96aqrM 8M?at g
t02(8) = (B + 8)(2M < pi)[(2M + pi) tanh(ME) T 2Mi—p] ~ B+o Y
I ~ 48aqrM 8M2ak '
#1126 = " p(B +8)[-ptanh(ME) +2M] B +6 +di;
! . 24agr ~ 8M2ak ‘
#112(6)- = (8 +8)[2M tanh(ME) —p] B +6 +di;
MI12,2(5) = Mlg,z(%-)
Family 2: When p? — 4qr < 0,
12aN 8aN?
whsal6) =~ S an(Ng) + ﬁs vdy;
12aN 8aN?
iy (6) = ,3—6:5 cot(NE) + ﬂ‘: <&+
12aN 8aN?
ulls,g(é) - 5 [tan(ZNS) + sec(ZNE)] + ;+ 5 &E+d;p
12aN 8aN?
g, (€) = ,B—il(S [cot(2NE) £ csc(2NE)] + ﬁ;: 6+ dy;
6aN 1 1 8aN?
ullm(é) = ﬁ [cot(ENE> - tan(§N$>] + ﬂa+ 5 &E+dy
I _ a 2 2
g, (€) = BB+ 3)ASin@NE) 1 B] [BABN?sin(2N&)& + 24ABN cos®(N§)
+12AN(A £ VA? - B?) sin(2N§) + 8B°N°€| + dj,
iy, (8) = a [£24ANVA? - B2 cos* (N§)

(A-B)(B +8)[Acos(2NE) + B]
- 12AN(A - B) sin(2N€) + 16AN*(A - B) cos*(N§)& — 8N*(A - B)*€ | + ds,

Page 7 of 15



Huang and Xie Advances in Difference Equations (2018) 2018:29

where A and B are two nonzero real constants satisfying A2 — B2 > 0;
24aqr 8aN?
I
= d ’
4202(6) (B+8)2Ntan(NE) +p] ~ p+0 s
48aqrN 8aN?
I
= d ’
u21,2(§) p(B +8)[ptan(NE) — 2N] * B +8S ta
96aqrN 8aN?
I
= d ’
220 = G N T PIEN F N £2N + ] Brst
48aqrN 8aN?
I
+ = a ’
Uys (&) P(B + 8)[ptan(NE) — 2N] + B+ E+d
24aqr 8aN?
I
4232(8) (B + 8)[2N tan(N§) + p] TB+s s
Uy (§) = 3 ()5

2.2 . .
where & = ax + by — ‘Wa—“bt, d; is an arbitrary constant.

Page 8 of 15

Case II. When hg = 12, hy = 2rp, hy = 0, h3 = 2pq, hy = ¢* and p? = —2rgq, from (3.5) we

have
12a4* 12apq
Oy =— ’ o] =— ) (X()ZO, = —
B+é B+46
and
12a4* 12apq 6ap?
oy = — ’ o1 =— ’ Ko = ’
B+ B+ B+6
We, therefore, have
12aq*> , 12apq 3a’bp?
= ¢ - ¢, w=-
B+ B+46 o
and
12aq> , 12apq  6ap® _ 3a’bp’

B+s? " B+e T Bvs YT T«

Note that ¢ is one of the twelve golH (l=12,...,

3a’bp?

o

_ 3a’bp’

using (2.5), we can obtain the following traveling wave solutions:

5 )

us(§) = —%ln coth( \/—6qr§) +1
-4"(2V‘6‘1’§+35¢Tq”—3p> sinh(( 3= )|
6ap %‘ d17

/3+8

(3.12)

(3.13)

(3.14)

(3.15)

12). For example, if we select [ = 2, by

(3.16)
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where & = ax + by 43 t d; is an arbitrary constant;

8a./— 6a./—
us(€) = WY ST, coth( \/—6qr$) +1]+ WIYE 5 ( \/—6qr§)
4a(2/—6qr £+ 3./-2qr — 1
- ad bqr+3 ar = 3p) In|sinh| —+/—6gr§
B+ 2
6ap(+./-2
, ot D)y, (3.17)
B+6
_ 3a%bp? . .
where § = ax + by — ==, d; is an arbitrary constant.

More fundamental solutions

Using ansatz (3.15), if we select [ = 5, 8, similarly, we can obtain more fundamental so-
lutions for (1.1) as follows.

ulsl,z(é) = _;231; ln'coth(iw/—6qr$> - tanh(%«—&p“;‘)l
+ 3a/-6qr [tanh(id—&]rs) + coth(i\/jqrs)]

B+6
2
T (L) | S ARSI,
W —2aM(§)
4g2(8) = /=qr(B +8)(tanh* Y + 24/3tanh Y + 1) a
where

M(§) = ~6,/=qr(p + y/=2qr)(1 + tanh? Y) In[ ,/=gr(tanh? Y + 2+/3tanh Y +1)]
~12,/=3gr(p + y/~2qr) tanh Y In[ /=gr(tanh® Y + 2+/3tanh ¥ + 1)]
—24,/=3qr(p + /-2qr) tanh Y In(cosh Y)
~31In2,/=qr(p + /-2qr)(tanh® Y + 1)
~2v6(p* - py/—2qr + 4qr)(tanh® Y + 1) - Y
~12v/2(p* - py/-2qr + 4gr)tanh Y - Y
—6+/3In2/=qr(p + \/-2qr) tanh Y — 12+/6gr tanh Y
~12/=qr(p + /=2qr)(tanh? Y + 1) In(cosh Y),

with Y = 1/=6qr&, & = ax + by — 3“?’7 *t, dy is an arbitrary constant.

Case IIL. If kg = hy = 0, hy, hs3, hy are arbitrary constants, the system does not admit any
solution of this group.

Case IV. If i; = h3 = 0, when 43 — 3hohy > 0, from (3.5) we have

12ﬂh4
0y =— ) oy = 0,
B+6
(3.18)
461( h2 + RV ]’12 3hoh4) :l:4(12b\/ h% — 3]’10]’14
oy = w=ft—"=-"—,
B+ o
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We, therefore, have

12(11’14 2 461( h2 + vV h2 3]’10]’[4) :l:4ﬂ2b\/ h% - 31’101’14 (3 19)
U= w=T—————. .
o

ﬁ+8 B+

Note that ¢ is one of the sixteen <plw (l=0,...,16). For example, if we select [ = 4, then
ho = m?* =1, hy =2 — m?, hy = —1. Using (2.5), we can obtain the following traveling wave

solutions:

124 E(¢>, m) + —2:E Vo .S +dy, (3.20)

B+ B+6

us(&) =

4a’by/m-m?+1 "”’;_”‘2“1‘, E(¢p, m) is the second kind elliptic integral, ¢ =

where & = ax + by F
arcsin(sn§) is the argument of &, d; is an arbitrary constant.
In the limit case when m — 1, the solutions (3.20) become

anh(e) + 24CLED o (3.21)

,B B+6

us1(€) =

where & = ax + by

When m — 0, the solutlons (3.20) become a ratlonal solution

sy (&) = %s vdy, (3.22)

2
where £ =ax + by F 4‘; b4, d, is an arbitrary constant.

When /3 — 3hohy < 0, from (3.5) we have

12&1’[4
o =— ’ ) = 0,
B+6
—461(h2 F l‘/ 3]’!0]’14 - hz) i4ﬂ2b\/ 3]’10]’14 - h% .
o = w=ft—"—— =,
B+ o

Note that in this case ¢ may be one of (plw (I=1,2,13,15). For example, if we select [ = 1,
ie., hy =m?, hy = —(1 - m?), hy = 1, which satisfy 43 — 3hohy < 0 for @ <m < 1. Using
(2.5), we can obtain the following traveling wave solutions:
4a(2 + m* F iN5m? —m* - 1)

,3 m) — 5o £ +d, (3.23)

uly (§) =

4a’b '5”’2_”’4 ¢, E(¢,m) is the second kind elliptic integral, ¢ =

where & = ax + by F (=420
arcsin(sné) is the argument of &, d is an arbitrary constant.

In the limit case when m — 1, the solutions (3.23) become

12a a(3
’411@) ﬂt nh§ — ﬁ:F;ff di, (3.24)

2
where & =ax + by F i‘met, d; is an arbitrary constant.
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Case V. If hy = hy = 0, h3 > 0, hy, h; are arbitrary constants, from (3.5) we have

361]’13 :i:Ol»\/ 3h1h3 ) iﬂzb»\/ 3h1h3 )
E—

-0, __ , -4 VT, = 3.25
*2 N=Tgys X g+s ¢ o (3.25)
We, therefore, have
3ah 3hih 2b\/3hh
WP ile e PR S o™ le-¥) (3.26)
B+ B+ o

Substituting the corresponding solutions [17] of (1.6) into (3.26) and using (2.5), we can

obtain a Weierstrass elliptic function solution

3 ¢ 7 3hihsi
us(&) = - dhs/ @(ﬁél,g2,g3> d&iu

B+ BN Bis ot (327)

a?b/3h h3i

a

where £ =ax+ by F L= —%, g3 = —%, dy is an arbitrary constant.

Remark 3.1 In this case (in the condition of (1.14)), the solution is a Weierstrass elliptic
doubly periodic type solution only for /3 > 0, so we just consider the case /13 > 0. If /1; <0,
then imaginary number i appears again in (3.25), (3.26) and (3.27), and then other steps

can be considered in a similar way.

3.2 GBLMP equation

In this subsection we consider the (3 + 1)-dimensional GBLMP equation (1.2). Note that
since each term of equation (1.2) contains a partial derivative with respect to y, for the
convenience of calculation, we denote transformation (2.2) by & = ax + y + ¢z — wt, then
we reduce (1.2) into an ODE equation in the form

au® —6a’u'u’ + 2wu’ + 3cu’’ = 0. (3.28)

Integrating (3.28) once with respect to & and setting the integration constant to zero
yields

a’u® - 34? (u’)2 + Q2w +3c)u’ =0. (3.29)
Further setting 7 = 1 and 4’ = v, we have
a*v" = 3a(v)? + Qw + 3c)v = 0. (3.30)

According to Step 1, we get 2n = n + 2; hence n = 2. We then suppose that (3.30) has the
formal solution

U = a9 + a1 + . (3.31)

Substituting (3.31) along with (1.6) into (3.30) and collecting all terms with the same
order of ¢ together, the left-hand side of (3.30) is converted into a polynomial in ¢. Setting
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each coefficient of the polynomial to zero, we derive a set of algebraic equations for 4, c,

w, A, o1, oy as follows:
.3 3 22 _
ca’ahy +4a’arhg — 6a”ay” + 6¢o + dwag = 0,
.3 3 2 _
ca’ohy + 3a’ayhy — 6a”apay + 3cay + 2wa = 0,

°
ol
2.2,.3 3 2 22 _
©° :3a’arhs + 8a”axhy — 12a” gy — 6a” a1 + 6¢cay + dway =0, (3.32)
<p3 :2aa1hy + 5a%ayhs — 6a’aay =0,

ot

: 26130621’14 - ﬂzazz =0.

Solving the set of algebraic equations by using Maple, similarly, we can get the solutions
as, a1, o and @ depending on the special values chosen for %; (i = 0,...,4). Note that
@(¢) intervening in (3.31) may be one of ¢}(&) or ¢}'(§) or ¢}"(§) or ¢,/ (£), using (2.5)
we can have many kinds of solutions. For the limit of length, we only consider Case I
here.

When kg = 7%, hy = 2rp, hy = 2rq + p?, hs = 2pq, hy = g2, from (3.32) we have

oy = 2aq2, o = 2apq,

(3.33)
L3, 3 3
o = 2aqr, w=—-=a’p’+2a°qr— —c
2 2
and
oy = 2aq”, o =2apq,
Lo, 2 L3, 203 3 (3:34)
Qg = —ap” + —aqr, w=—a’p°-2a’qr- —c.
0=3 p 3 q ) p q )
We, therefore, have
2 2 L3, 3 3
v =2aq°¢” + 2apqe + 2aqr, W= —Ea v +2a’qr — EC (3.35)
and
1 2 1 3
v = 2aq*¢* + 2apqe + gapz + §aqr, W= §a3p2 —2a’qr - 56 (3.36)

Note that ¢ is one of the twenty four (pll (l=1,2,...,24). For example, if we select [ = 5,
by using (2.5) we can obtain the following traveling wave solutions:

u; (&) = —aM[tanh(%MS) + coth<%Mé>i| +d1, (3.37)

where & = ax +y + cz + (3a®p® - 2a°qr + 3¢)t, d, is an arbitrary constant;

ug(€) = —aM[tanh(%Mé) + coth<%M§>:| + 461;\/[25 +d, (3.38)

where & = ax +y + cz— (3a°p® - 2a>qr — 3¢)t, d, is an arbitrary constant.
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More fundamental solutions

Using ansatz (3.36), if we select [ = 2, 8,20, similarly, we can obtain more fundamental
solutions for (1.2) as follows.

1 4
uu;z(é) = —2aM coth(ME) + gap2§ - gaqré +di;

_aN(E) (3.39)

6pM(ptanh® Y —4Mtanh Y + p)

uué)z(é) = +di,

where

N(&) = —4p* (p2 +8qr) tanh®Y - Y + 1619M(p2 +8gr)tanhY - Y

+96qrM?* tanh Y — 4p* (p* + 8qr) Y,

. 1 .
with ¥ = EMS,

uuéo,z(é) = - 8N3 tan(N¢€)&

a
3(2N tan(N§) + p) [
+4pN>E + 12qr] +dy;

where & = ax +y + cz— (2a®p* - 2a°qr - 3c)t, dy is an arbitrary constant.

Remark 3.2 All of the solutions presented in Section 3 have been checked with Maple 17
by putting them back into the original equations and the number of arbitrary constants
has been reduced to a minimum.

Remark 3.3 Most of the solutions presented in Section 3 (e.g., (3.16), (3.17), (3.20) and
(3.27)) cannot be obtained by means of the Riccati equation expansion method [23] and
its existing improvements like the one in [24]. To the best of our knowledge, they have not
been reported in literature.

4 Conclusions

In this paper, we used and further developed Zhang and Peng’s modification of the Fan
sub-equation method, and many exact solutions of the (2 + 1)-dimensional GCBS equation
and the (3 + 1)-dimensional GBLMP equation were successfully found out. The obtained
results show the effectiveness and advantages of the modified Fan sub-equation method
in handling the solution process of high-dimensional NLPDEs.

It is necessary to point out that in Step 3, to make the work feasible, how to choose
appropriately variables in the ansatz would be the key step in the computation to find out
a useful solution of the algebraic equations.

It is interesting to note that research on solving fractional PDEs has attracted much
attention recently, and there have been some new developments especially in solving
time-fractional PDEs of the Fan sub-equations method (e.g., [25, 26]). However, searching
for exact analytical solutions of nonlinear fractional PDEs is still on a preliminary stage.
It is difficult to extend the methods for NLPDEs to fractional PDEs. Very recently, the
known variable separation method has been extended to such fractional PDEs with initial
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and boundary conditions [27]. So, extending the work in the present paper is worthy of
study.
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