Li Advances in Difference Equations (2018) 2018:12 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-018-1467-4 a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Rectified fractional order iterative learning
control for linear system with initial state shift

Lei Li"

“Correspondence:
lei_li6387@126.com

Department of Applied
Mathematics, School of
Mathematics and Statistics, Xi'an
Jiaotong University, Xi'an, PR. China

@ Springer

Abstract

In this paper, a new rectifying action is combined into different
proportional-a-order-derivative-type iterative learning control algorithms for a class
of fractional order linear time-invariant systems. Unlike the existing fractional order
iterative learning control techniques, the proposed algorithms allow the initial state
value of a fractional order iterative learning control system at each iteration to shift
randomly. By introducing the Lebesgue-p norm and using the method of fractional
integration by parts and the generalized Young inequality of convolution integral, the
tracking performances with respect to the initial state shift under the proposed
algorithms are analyzed. These analyses show that the tracking errors are incurred by
such a shift and improved by tuning the rectifying gain. Numerical simulations are
performed to demonstrate the effectiveness of the proposed algorithms.

Keywords: initial state shift; rectifying action; fractional order iterative learning
control; Lebesgue-p norm

1 Introduction

Iterative learning control (ILC) has become one of the most active fields in intelligent con-
trol methodology since the early study for robotic systems trajectory tracking in [1]. The
mechanism of the ILC is that, for a control system which repeatedly operates over a finite
time interval, in order to enable the system to achieve perfectly tracking as the iteration
number increases successively, the ILC unit utilizes the information from the previous
operation to modify an unsatisfactory control input signal. One of the important advan-
tages of the ILC is that it requires less prior knowledge to generate iteratively a sequence
of control input signals [2—6].

The fractional order iterative learning control (FOILC) is the latest trend in ILC re-
search, it not only retains the advantages of the classical ILC, but also offers potential for
better performances in a variety of complex physical processes [7-9]. Even since the above
literature suggested this good learning performance, there have been made some efforts
to synthesize a better FOILC updating law for various types of fractional order systems,
and we have witnessed some progress in the following 16 years [10-16]. However, there
still remain some restrictions which hinder further applications of the FOILCs in practice.

The obvious restriction of FOILCs is about the initial state value of the controlled frac-
tional order system. It should be noted that perturbed initial state would degrade the track-
ing performance [17—19]. In the existing literature, requirements are that the initial state
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value should be equal to the desired one at each iteration. However, due to the effect of un-
avoidable noise or unidentified friction in practical engineering, the system cannot guar-
antee the initial value of state to the desired point. That means the initial state shift exists
in the practice system, which motivates us for our study.

Besides, in the existing literature, the tracking error is analyzed in the sense of A-norm.
However, Lee and Bien [20] reported that the so-called A-norm may not be a satisfac-
tory measure of error in application. This is because of the A-norm is a time decreas-
ing weighted sup-norm, although the error becomes larger and larger near the terminal
time, its A-norm still decreases. In other words, the A-norm may conceal the maximum
absolute magnitude of the error signal, which would be very detrimental to engineering
systems [21]. In order to avoid the above-mentioned phenomenon, for the Lebesgue-p
norm it was reported in [22] that it is more suitable for error measure on performance
than the A-norm. Consequently, it is crucial to investigate the error measure with re-
spect to Lebesgue-p norm in FOILCs. Recall that, for a time-varying vector function
f:00,T]— R™, f(t) = [f*(®),...,f™(®)]", the A-norm is defined as [18]

— —At i
ol = s o (mas o). 2>

and the Lebesgue-p norm is defined as

lFO)|, = UT<max Lfi(t)|>pdt];, 1<p<oo.
p o \<i<m -0

Motivated by the limitation of the initial state value of FOILCs and the mentioned draw-
back of the A-norm, in this paper, we address the initial state shift problem for a more real-
istic situation by alleviating the requirement so that the initial state x;(0) at each iteration
k lies in a neighborhood of a random initial point xy. The main contribution of this paper
is to consider the initial state shift for a class of fractional order linear systems, and then
incorporate a rectifying action into various proportional-a-order-derivative-type ILC al-
gorithms to alleviate the tracking error caused by such a shift. The algorithms include the
first- and second-order as well as feedback-based proportional-o-order-derivative-type
ILCs. It is also important to note that many new theoretic analysis methods are explored
to analyze the tracking performance in the sense of the Lebesgue-p norm.

The remainder of this paper is organized in five parts. In Section 2, the definitions and
some properties of fractional order derivatives and some lemmas are revisited. In Sec-
tion 3, FOILC schemes with rectifying action are presented and the main result on the
tracking performance of the proposed schemes are discussed. In Section 4, numerical ex-
amples are given to illustrate the performance of the proposed schemes. Finally, a brief
conclusion is given in Section 5.

2 Preliminaries
Definition 2.1 ([23]) For an arbitrary integrable function f(¢) : [0,00) — R, the left-sided
and the right-sided fractional integrals are defined as

1 f@

(@) Jo (t-1)

ol f(t) = T dr, te[0,00),

v L [T f@
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where I'(+) is the Gamma function and I' (&) = f x* e dx; 012, 1% are the left-sided and

right-sided fractional integral of order « (@ > 0) on [0, ], [¢, T], respectively.

Property 2.1 ([23]) If o >0, then o[}t = %t“a, y>-1,t>0.

Definition 2.2 ([23]) For a given number « > 0, the left-sided and the right-sided «-order
Caputo-type derivatives of the function f(¢) : [0,00) — R are defined as

C o ! f(n)(.() d
Oth(t):F(n—oe) (t_f)a—nu T, n-1l<a<ntel0,00),
CD‘;() V'FeC a)/ (r—t“’”l T, n-1l<a<ntel0,00),

where 7 is an integer and f*)(¢) = £ L_f(t); $D¥, €D% are the left-sided and right-sided
Caputo-type derivatives of order « on [0,t], [¢, T], respectively.

For convenience, we denote (Df = gD and ;DY = CD"‘ in the following.

Property 2.2 ([23]) If « > 0, f(¢) is continuous on [0,00), then (D¢ (oI;'f(¢)) = f(¢) and
DA () =f(2).

Property 2.3 ([16]) If 0 <« < 1, f(¢) is continuous on [0, 00), then (D}~*,Df () =),
where fD(¢) = 4£(z).

Definition 2.3 ([23]) A single-parameter Mittag-Leffler function is defined by

[e¢]

Ea(z)zz /(0l+1 a>0,ze C™",
k=0

A two-parameter Mittag-Leffler function is defined by

[ee]

k
z

E, = _, 0, 0, cr,

82 ;F(ka_'_ﬁ) a>0,8>0,z¢

It is obvious that E,(z) = E, 1(z) and E;1(z) = €°.
Lemma 2.1 ([16]) The series E, g(z) (o > 0, B > 0) is absolutely convergent on ||z|| < oo.

Lemma 2.2 ([23], Fractional integration by parts) For continuous functions f(t), g(t) on
[0, T'], the derivatives D¢ f (t) and (D? g(t) exist at every point t € [0, T| and are continuous.
Then we have

T T
| osrngode - [ ro(see)
0 0

Lemma 2.3 ([24], Generalized Young inequality of convolution integral) For Lebesgue in-
tegrable scalar functions g,h : [0, T] € R, the generalized Young inequality of their convolu-
tion integral is

g *h0), = 0], |
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where 1 < p,q,r < 00 satisfy % = }7 + % — 1. Particularly, when r = p and thus q = 1, then the
inequality of convolution integral is

lg+nO, = g0, RO,

Lemma 2.4 ([25]) Let {ay, k =1,2,...} be a real sequence defined as
ak < P1ax-1 + P2ak—2 + -+ + pmax-ym +dp, k=M +1,

with initial conditions
a, =dy, a, = ds, ety ay = auy,

where di is a specified real sequence. If p1, pa, ..., py are nonnegative numbers satisfying

M
p:Zp,<1.
j=1

Then:
(1) dy <d, k> M +1 implies that ay < max{@,as,...,am} + %, k>M+1,

(2) limg_s oo SUpdy < doo implies that limg_, o SUp ax < f_—”;.

3 Rectifying action-based proportional-a- order-derivative-type (PD“-type)
ILCs
Consider the following «-order (0 < « < 1) linear time-invariant systems:

oD (t) = A (t) + Bug (1),
J/k(t) = ka(t)’ te [0» T]:

oY)

where £k is the kth repetitive operation symbol, (Df is the Caputo derivative with lower
limit zero of order « and [0, T] is an operation time interval, xx(t) € R", u(t) € R and
yx(t) € R are the state vector, control input and output of the system, respectively. A, B
and C are matrices with appropriate dimensions and it is assumed that CB is a full-rank
matrix.

The solution of the fractional order system (1) can be written in the following form [26]:

K (t) = Py, 1 (£)x1(0) + /0 t @ ot — T)Buy () dr,

where &, 4(t) = tﬂ‘lEa,ﬁ (At*) (@ > 0, B > 0) stands for the state transition matrix of frac-
tional order system (1).

In this paper, the initial state value satisfies x(0) € N(x,), where N (x,) is a neighborhood
of x¢. Specifically, it is assumed that the initial state value satisfies the following condition:

< /30(%), @)

p

1 k
H X > " xi(0) — %0
i=1

where B denotes a positive constant, and limy_, 0(%)/ % =0.



Li Advances in Difference Equations (2018) 2018:12 Page 50f 18

It is noted that the proportional-«-order-derivative-type (PD*-type) ILC algorithm (3)

which has been investigated in [8],

U1 (2) = ur(t) + Lyex(£) + Lao Dy ex(t), (3)

can ensure the system output yx(£) to track a desired trajectory y,(¢) precisely as the oper-
ation number k goes to infinity with the initial state being resettable. But it cannot guar-
antee the precisely tracking with the initial state shift. Here, L, and L; are termed the
proportional and o-order derivative learning gains, respectively. The expression ex(¢) =
v4(t) — yr(t) denotes the tracking error of the fractional order system (1).

Then, in order to generate an upgraded control input u(t) to stimulate the system y;(z)
to track a desired y,(¢) as precisely as possible, we adopt a rectifying action to compen-
sate for the proportional-o-order-derivative-type (PD%-type) ILCs to suppress the track-
ing error caused by the initial state shift. The adopted rectifying action 6(t) is an iteration-

dependent function sequence as follows:

tl—ot

S@)=q *
0, g <t<T,

, 0<t=<eg

for engineering applicability, it is assumed that the sequence obeys |5;(t)| < 1/ef < M,
where M is the tolerance of the system input capability.

To this end, the rectifying first- and second-order as well as the feedback-based
proportional-a-order-derivative-type (PD*-type) ILC algorithms are considered and we
suppose that y,(0) # Cx.

The rectifying action-based first-order proportional-c-order-derivative-type (PD“-
type) ILC algorithm is used of the latest historical tracking error and its «-order derivative,

which is given as follows:
Uis1(8) = ur(£) + Ly, ex(8) + La, 0D ex(£) + K8 (2)(y4(0) — Caxo). (4)

Here, L,, and Ly, are termed the first-order proportional and «-order derivative learning
gains, respectively. K is the rectifying gain.

The rectifying action-based second-order proportional-«-order-derivative-type (PD*-
type) ILC algorithm is used of control inputs, tracking errors and their «-order derivatives

of the latest two adjacent operations, given by

i1 (t) = c1 (ur(t) + Ly, ex(6) + Lay o DY ex(2))
+ o (i1 (8) + Ly 1 (8) + LayoDf 1 ()
+ K8(2) (y4(0) — Caxo). (5)
Here, L,, and L, denote the second-order proportional and «-order derivative learn-

ing gains, respectively. The weighing coefficients ¢; and ¢, satisfy 0 < ¢;,¢; < 1 and

cp+cy=1.
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It is observed that, when c; is null, the rectifying second-order algorithm (5) degenerates
to the rectifying first-order algorithm (4). Due to the algorithm (4) being a special case of
the algorithm (5), we only analyze the tracking performance of the algorithm (5) in the
following.

The rectifying action-based proportional-a-order-derivative-type (PD*-type) ILC algo-
rithm with feedback information is used of the latest historical and current tracking errors

and their «-order derivatives, given by

Upr1(t) = ug(t) + Ly, ex(t) + L, 0Df ex(t)
+ Lpgex—1(2) + LayoDy ex—1(¢)

+ K8x(£) (74(0) = Cxp). (6)

Here, L, and Ly, denote the feedback learning gains, respectively.

Before showing the effect of the initial state shift, we need the following lemmas.
Lemma 3.1 D} (®y1(t - 1)) = Poe(t—1),0<a < 1.

Proof Tt is obtained from Lemma 2.1 that the series @, ; (¢ — 7) is absolutely convergent for
all 0 < ¢, < 0o. Then we can differentiate the series @, (£ — ) with respect to the variable
7 term by term.

It is easy to see from the definition of the right-sided Caputo derivative that

ko

DIt — )k = - I‘(a)/ v—t)l)“ V= o )/(v—ral(t vyl du.

Let v =s(t —t) + T, we can get

1-a ka _ k—Ol ! a-1 ka-1
D7 (t-1) —F(a)/r(v—r) (t-v) dv

ko 1
— F(a) / (t _ _L,)ka+ot—lsa—1(1 _ s)kot—l ds
0

_ ka ka+a—1 _ (kOl + 1) ka+o—1
) B(a, kar)(t - 7) = Tlka 1 )(t— T) )
where B(«, ) f t*"1(1 - £)#~1 dt is the Beta function and B(, 8) = l"(oz+ﬂ ) (@>0,8>0).

This means that

X pk(y _ rYka X pk pl-a(s_ 4\ka
DI (@qat- 1)) =D Y LT 5 Al )

=0 F(koz+1) F(ka+1)
_ 1 AK(t — pykara-t ~ wl > Ak (¢ — 7)ke )
_gm_(t—f) ;m_d)a'a(t_T)'

This completes the proof. d
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Lemma 3.2 %Cba,l(t —T7)=-®u,(t-1)A, a>0.

Proof
d ARt - r"“ >\ kaAk(t — r)ke1
Dy (t-T)= — e A
g Pet-9 =g Z T(ka + 1) Z T(ka + 1)
0 Ak_l(l'—l')(k_l)a
=—(t-1)*1 — L JA=-®,(t-1T)A.
¢t-7) (; F((k— Do + o) alt =)
This completes the proof. O

Now, the effect of initial state shift for the rectifying second-order and feedback-based
proportional-a-order-derivative-type (PD”-type) ILC algorithms will be shown.

3.1 Rectifying action-based second-orderPD“-type ILC

Theorem 3.1 Suppose that the rectifying action-based second-order PD*-type ILC algo-
rithm (5) is applied to the fractional order system (1) and that the initial state at each
iteration satisfies the condition (2). If the system matrices A, B, C and the order o together
with the learning gains L,,, Lg,, L,, and Ly, satisfy the following conditions p, < 1 and
02 < 1, then we get

Az
r—1-

hm sup||ek+1( )||

where

p1=11=CBLg, | + | CPuu()(BLy, +ABLy,

p2=11=CBLgy| + | CPuu(-)(BLy, + ABLy,

0 =C1p1 + €202,

= | C®a,1(-)BlerLa, + €2Lay,) — CHy(-)BKT (2 — o) |, [|74(0) — Cxo ||p.

Proof From the solution of the fractional order system (1) and algorithm (5), the output

error for k + 1 can be written as

ex1(t) = ya(t) = yrs1 (£)
=c1(ya(t) = y(0) + c2(ya(t) = ye-1(2)) = (ka1 (8) = c1ya(®) = cayr1(0))
= crex(t) + crer1(£) — Caar (£) — 1o (t) — comaa (2))

= c1e(t) + caer_1(£) — CDa1 () (%5+1(0) — c16(0) — cax—1(0))

—c / Bt = T)B(tinr (v) — 11t (t) = catgr (1)) dr
0
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= crex(t) + caer-1(£) — CPy,1 (2) (%1(0) — €124 (0) — cax—1(0))

t
- C/ N I)B(clelek(r) + chmek,l(t)) dr
0
t
- C/ Dot = T)B(c1La 0D ex(t) + coLayo D2 er1(7)) dr
0

-C / t Dot — T)BKS(7)(74(0) — Caxo) d. (7)
0

Then, from Lemma 3.1, fractional integration by parts, Property 2.3 and Lemma 3.2, the

second last term in the right side of (7) is rearranged as

t
-C / Do (t — T)B(c1Lay oD% ex(T) + coLayo D% er_1 (7)) dT
0
t
=—c- C/ ,D}‘“ (¢a,1(t - t))BLdloD‘fek(t) dr
0
t
—Cy- C/ TD%’“ (Cba,l(t - r))BLdzoD‘I"ek_l(t) dr
0
t
=—-C f @1 (t — 7)BLg, - DY %oD%ex(t) dT
0
t
-c-C f D1 (t — 7)BLgy - 0DY oD% ex_1(7) dT
0

t t
=—c - C/ ®g,1(t = T)BLay d(ex(7)) — ¢ - C/ ®g,1(t — T)BLa, d(ex1(7))
0 0
=—c - Chy,(t - r)BLdlek(r)liié —cy - CDy(t - T)BLdzekfl(T)ﬁzf)
t

t
—c - C/ Dy ot — T)ABLg ex(T) dT — CzC/ Dy ot — T)ABLg e 1 (7)dT
0 0

= —CB(c1La, ex(t) + coLayex-1(t))

+ C®q,1(t)B(c1La, €x(0) + caLa, ex-1(0))

t
- C/ Dyt - T)AB(clL,;l1 ex(t) + chdzek_l(f)) dr. (8)
0
Substituting (8) into (7) yields
ex+1(£) = c1(1 — CBLy, )ex(t) + ca(1 — CBLg,)ex—1(t)
t
- 61C/ Dot — T)(BLy, + ABLy, )ex(v)dr
0

t
- CQC/O Dot — T)(BLy, + ABLg,)ex-1(t)dr

= C®y1 (£) (%k41(0) — €12£(0) — c2x-1(0))

+ CPy1(t)Bei Ly, ex(0) + CPy 1 (t)Bea Ly, ex—1(0)

- C/t q)a,a(t - T)BI(Sk(T)(yd(O) - Cxo) dr. 9)
0
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Then we consider the last term in the right side of equality (9). By Lemma 3.1 and fractional

integration by parts, we have

C / t Dot — T)BKSi(7)(74(0) — Cxo) dT
0

=C / t D} (®,1 (¢ = 7)) BK8(7) (ya(0) — Cxo) dr
0

t
= C/ D, 1 (t - r)BKoDi_“ (Sk(r)) (yd(O) — Cxo) dr. (10)
0
(1) If0 <t < g, then 8 (t) = tlp;: When y =0, from Property 2.1, we can obtain
1
1170{1 — tlfa’ 11
04y F(Z _ O{) ( )

hence, by equation (11), Property 2.2 and the mean theory of definite integral, there exists
an instant i (¢) € [0, ] such that

C /0 ®g,1(t — T)BKoDL ™ (8(7)) (ya(0) — Cxo) dt

t
Lo / ®g,1(t — T)BKoDY ™ (I'(2 - a)oly 1) (#4(0) — Cxo) dt
0

&k
1 t
= C/ D, (¢ —1)BKT'(2 - a)(yd(o) _ Cxo) dr
Ek 0
- é - CDy (¢ - () BKT (2 — @) (74(0) - Cxo). 1)

(2) If ex <t < T, then §;(£) = 0. Analogously, there exists an instant & € [0, &x] such that

c / By (£ = )BK oD (5(1)) (3a(0) — Cxo) de
0
=C / ‘ ®g,1(t — T)BKoDy ™ (8k(7)) (ya(0) — Cxo) dt
0

+ C/t ®q,1(t = T)BKoDL™ (8x(1)) (4(0) — Cxo) dt
ek

1 ok
=—C / @1 (t — T)BKoDy (I'(2 - a)oly 1) (#4(0) — Cxo) dt
k 0

-1 cfsk ®g,1(t — T)BKT (2 — @) (ya(0) — Cxo) dr
0

Ek
= C®,q,1(t - &)BKT (2 — @) (74(0) - Cxo). "
Let
Hi(t) = 2 Pan(t=(®), 0=<t=e

D1 (£ — &), ex<t<T.
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Then, considering the facts of (12) and (13), the above equality (10) is

C f t Dot — T)BKSi(1)(74(0) — Cxig) dt = CHi(£)BKT (2 — &) (74(0) — Cxp). (14)
0

Notice that
ex(0) = (74(0) — Cxo) — (Cx(0) — Cxy), (15)
ex-1(0) = (ya(0) — Cxo) — (Cxx_1(0) — Cxxo). (16)

Substituting (14), (15) and (16) into (9) yields
ex+1(2) = c1(1 — CBLy, )ex(t) + ca(1 — CBLg,)ex_1(t)

t
- ch/ by ot — T)(BL,, + ABLg) )ex(t)dr
0

t
- Csz by ot — T)(BL,, + ABLg,)ex_1(t)dt
0

= CPy1 (8) (0441 (0) — €124(0) = €2%-1(0))

— C®q,1(£)Bey Ly, (Cx(0) — Cxo)

— C®,,1(t)BesLa, (Cxr-1(0) — Cxo)

+(C®q,1(6)BlciLa, + c2Lay) — CHi(£)BKT' (2 — @) (¥4(0) — Caxo). (17)

Taking the Lebesgue-p norm on both sides of (17) and adopting the generalized Young
inequality of convolution integral, we get

||€k+1(')||p =cap1 ||€k(')||p + €202 ||€k-1(')||p
+ || CPa,1 () (%41.(0) — €126(0) — c234-1(0)) ||p
+ || CPu,1(-)BerLa, C(4(0) — x0) ||p

+ | CPa,1()BeaLa, C(x1-1(0) — x0) Hp + Ay, (18)
recall that, from the inequality (2), by definition limg_, o 0(%)/ % =0, we have
k

Z(xi(o) —%0)

i=

=0, (19)
b

lim
k— o0

according to the triangular inequality property of the Lebesgue-p norm, and equality (19)

yields
k k-1
Jlim [[a¢(0) = o], = lim | "(x:(0) ~x0) ~ 3 (x:(0) ~ )
i=1 i=1 V4
k k-1

< lim + lim =0, (20)
k— 00 k—00

Z(xi(o) — %)

i=1

Z(xi(o) — %)

p p
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then, from equality (20), we have

klingo H Cq)a,l()(xlﬁl(o) - xk(o)) H

p
< Jim [ Ce ()], (Jx:1(0) = %o [, + [44(0) = %o ] ,)- (21)
Therefore
Jim [ € () (11(0) - x(0)) |, = 0. (22)

In this analogy, we can easily get
Jim | C®a1()BerLa, C(x4(0) — xo) |, = 0,
p

kli)fgo | CPe,1(-)BeaLa, C(xx-1(0) = x0) || = O, (23)

kILIgOH CDg1 () (%41(0) — c104(0) — 2241 (0)) Hp =0.

It is obvious that p = ¢;p; + ¢z 02 under the assumption that p; < 1, p; < 1, then, from (23)
and Lemma 2.4, inequality (18) leads to

Ay
li I o< 24
Jim sup|lec. ()], < =5 (24)
This completes the proof. O

Remark 3.1 Inequality (24) shows that the FOILC scheme (5) is able to drive the tracking
error into a bound. It is worth noting that the upper bound is mainly determined by the
parameter p and the term A, = [|[C®y 1 (-)B(c1Lg, + caLla,) — CHi(-)BKT (2 — &)1 11y4(0) —
Cxol|p- Therefore, the upper bound can be confined to a smaller level by two steps. The first
step is to choose the learning gains L,,, Lg,, Lp,, La,, so that p is sufficiently small. The sec-
ond step is to select the rectifying gain K so that || C®,1 (-)B(c1L4, +c¢2La,) — CHi(-)BKT (2—
a)|l; is sufficiently small.

Remark 3.2 Regarding the selection of the rectifying gain K, it is easy to observe that
the definition of Hi(¢) is close to the function &, ;(¢). Thus, we can choose the rectifying
gain K so as to approximate %, with the result that |C®,,1(-)B(ciLg, + caLla,) —

CH(-)BKT (2 — a)||; is sufficiently small.

Remark 3.3 In the case when ¢, is null, the proposed rectifying second-order scheme
(5) degenerates to the rectifying first-order scheme (4). Thus, the convergent condition
becomes p; < 1 and the upper bound of output error is %, where Ay = |C®q,1(-)BLy, —
CHi(-)BKT (2 — a)|l11ly4(0) — Cxoll,. We can find that the second-order scheme (5) has
more freedom in choosing the learning gains to make p and A, is smaller than p; and Ay,
with the result that the upper bound IAT% is smaller than %.

Remark 3.4 It is obvious that, for the case when y,(0) = Cx,, the deduction of Theo-
rem 3.1 guarantees that the output error asymptotically approaches zero, where the initial

state shift of the fractional order system exists and satisfies the constraint (2).
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3.2 Rectifying action-based PD*-type ILC with feedback informantion

Theorem 3.2 Suppose that the algorithm (6) is applied to the system (1) and the initial
state value at each iteration satisfies the condition (2). If the system matrices A, B, C and
the order o together with the learning gains L, and Ly, , feedback gains Ly, and Ly, satisfy
the condition p = pop1 < 1, then we get

. p A
klin;o sup||ek+1(')||p = 10_,(3)’

where

po = (I1+ CBLgy| — | Cu()(BLy, + ABLg)| ) ™,

p1 =1~ CBLy, | + | C®qe()(BLy, + ABLy,)

1’

Ao = || CPu1()B(La, + Lay) — CHi()BKT (2 — ) ||| (a(0) - Cxo) ”p.

Proof Consider the formulation of rule (6) and the dynamic system (1), we get the k + 1th
output error

ex+1(8) = ya(t) — yis1 (2)
= ya(t) = yi(t) = (a1 () — yi(2))
= e (£) — Corar () — 21 (2))

= ex(t) — CDq1 (8) (k41 (0) — x(0)) — C/O Do (t — T)B(ties1 () — (7)) dt
= e (t) — CPa,1 (1) (%4+1(0) — x£(0))

t
- C/ Dy ot — ‘L’)B(Lplek(f) + Lpoek+1(t)) dr
0
t
- C/ Dot = T)B(Lay oD% ex() + Lago D exs1 (1)) dr
0
t
-C / Dot — T)BK () (74(0) — Caxo) d. (25)
0

Then, from Lemma 3.1, fractional integration by parts, Property 2.3 and Lemma 3.2, the

second last term in the right-hand side of (25) can be rearranged as follows:

t
C [ @uale - OB(LasoDEer(r) + LoD (1) de
0
t
-C / D} (@1 (£ = 7)) B(Lay oD% ex(t) + Lugo D% €41 (1)) dT
0
t
- [ @uat=1B(La oD} “oDfer(r) + L oD “oDfer (1) dr
0

t
= C/ D, (- r)B(Ld1 dei(t) + Ly, dek+1(r))
0

= CDg1(t — T)B(Lay ex(t) + Lay ders (7)) 525
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- C/ i(cpa,l(t— ©))B(La, ex(t) + Lagexs1 (7)) de
0

dr
= CBLg, ex(t) + CBLgyer41(t) — CPy1(£)BL4, ex(0) — CPy 1 (£)BL gy ex+1(0)

t
+ Cf Dot — T)AB(La, ex(t) + Layexs1 (7)) dr. (26)
0
Similar to the proof of Theorem 3.1, one can easily get

(1 + CBLg,)ex+1(t)

t
=(1-CBLg, )ex(t) - C/ Gy ot — T)(BLy, + ABLg, )er(t)dt
0

t
— C/ Dot — T)(BLy, + ABLgy)ex.1(t)dr
0

- Cq)a,l(t) (xk+l(0) — Xk (O)) - Cq)cx,l(t)BLdl (ka(O) - CxO)
— C®y,1(t)BLay (Cxs1(0) — Caxo)

+ (C®q,1(t)BLy, + CPq,1(t)BLyy — CHi(£)BKT (2 — @) (¥4(0) — Caxo). (27)

Taking the Lebesgue-p norm on both sides of (27) and adopting the generalized Young

inequality of the convolution integral, we get

(11+ CBLay| ~ | C®au(-)(BLyy + ABLa,) ) [exnr ()],

< (11 CBL4| + | C®4,a()(BLy, + ABLg)|,) ||ek(~)||p
+ | CP,1 () (w41 (0) — 44 (0)) “p + || C®y,1 ()BLa4, (Cxx(0) — Caxo) ||p

+ [ CPa1 (IBLay (Cxar1(0) = Cxo) |, + Ao, (28)
then inequality (28) can be rewritten as

||ek+1(') “19 = /3 ||ek() ”p + Po || CcDa,l(')(xlﬁ—l(O) - xk(O)) ||p
+ po|| CPy,1()BLa, (Cxx(0) — Caxo) ||p

+ 00| C a1 (-)BLay (Cts1(0) — Cag) Hp + poAo. (29)
Similar to the derivation of the (23), it is easy to get
lim || C®q,1(-)BLay C(xk41(0) — x0) | = 0.
k—00 p

From the assumption that p < 1 and Lemma 2.4, we have

A
lim suplleca ()], = 2= (30)

P=1-5"

This completes the proof. O
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Remark 3.5 Inequality (30) shows that the limit superior of the output error is controlled
depends on the magnitude g and the term Ag = ||C®y1(-)B(Ly, + Lg,) — CHr(-)BKT (2 —
a)ll11ly4(0) — Cxoll,. Hence, the reduction of the output error should be done based on the

suitable choice of learning gains L,,, Lg;, L

ro» Ld, leading to o being sufficiently small.

In addition, it is observed that the Hy(¢) is approximate to the function @, ;(¢). There-
fore, the properly selection of the rectifying gain K leads to K being closer to the value
Lg, +L

lfg_;)o. It leads to Ag = [|C®q,1(-)B(Ly, + La,) — CHx(-)BKT'(2 — )[111ly4(0) — Cxoll, be-
ing small enough and thus the superior limit of the output errors is also sufficiently small

concurrently.

Remark 3.6 In the case when L,, = Ly, = 0, the proposed rectifying feedback-based
scheme (6) degenerates to the rectifying first-order scheme (4), with the result that the
convergent condition becomes p; < 1 and the upper bound of the output error is %. Itis

found that if the learning gains L, L,, are chosen in such a way that pg < 1 and Ag < Ay,
A

then we have an upper bound 220 that is smaller than .
1-p 1-p1

4 Numerical simulations
In this simulation, we consider the fractional order linear system with the Caputo deriva-
tive (fractional order « = 4/5),

[_02—13]’ B= [?]’

A=
(31)
c=[01],

the desired trajectory is y,(¢) = 12¢2(1 - £), t € [0, 1] and the beginning control input set as
ui1(t)=0,te[0,1].
The random initial state are produced as

x0 =[00.1]7,

x1(0) = xg + %(mnd —-0.5),

where ‘rand’ stands for a randomly generated scalar number on the interval (0,1). The
rectifying function is set as

Oltl%, 051‘50.1—%,
G)=q "
0, 01-%% cr<1.

k2

To better illustrate the rectifying action of our proposed PD*-type ILC scheme (4) by
comparison, first, the PD*°-type ILC without a rectifying action (3) is used. We set first-
order learning gains L,, = 0.1, Ly, = 1.2, respectively. The rectifying gain K = 1.1. We cal-
culate that p; = 0.7491 < 1. Figures 1-3 present the tracking performances of the rectifying
action-based first-order scheme (4) and the first-order scheme without a rectifying action
(3) at the third, fifth and the tenth iterations, respectively, where the dashed curve denotes
the desired trajectory, the dash-dotted curve denotes the output produces by the scheme
(3) and the solid curve denotes the output produces by the scheme (4), respectively. It
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Figure 1 Tracking perfermance at 3th iterative. P

Outputs
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Figure 2 Tracking perfermance at 5th iterative.
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Figure 3 Tracking performance at tenth 2
iterative.
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is shown that the rectifying action-based first-order scheme (4) is able to stir the system
output to track the desired trajectory much better than the PD*°-type scheme without
a rectifying action (3). Figure 4 shows tracking errors of the above schemes in the sense
of the Lebesgue-2 norm. It is shown that the rectifying action can suppress the tracking
error incurred by the initial shift effectively.

In order to compare the tracking errors of the rectifying first-order scheme (4) with
the rectifying second-order scheme (5), the first- and second-order learning gains are
chosen as L, =0.9, Ly = 0.3, L,, = 1.7 and Lg, = 0.9, respectively. The rectifying gain
is K = 0.9 and the weighting coefficients are chosen as ¢; = 0.2, ¢, = 0.8. It is calculated
that p; = 0.8216 < 1, py = 0.1689 < 1 and thus p = ¢1p1 + 302 = 0.2994 < 1. The corre-
sponding tracking error comparison between rectifying action-based schemes (4) and (5)
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Figure 4 Tracking error comparison.
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in Lebesgue-2 norm is shown in Figure 5. It is shown that asymptotic tracking error of the
rectifying second-order scheme (5) is smaller than the rectifying first-order scheme (4).
In terms of the comparison of the tracking errors of the rectifying first-order scheme (4)
and the rectifying feedback-based scheme (6), the first-order learning gains are identically
chosen as L, = 0.9, Ly, = 0.3, and the feedback gains are chosen as L,, = 1, Ly, = 0.3,
respectively. It is computed that p; = 0.8704 < 1, po = 0.8216 < 1 and thus p = pop1 =
0.7151 < 1. The corresponding tracking error comparison between rectifying action-based
schemes (4) and (6) in Lebesgue-2 norm is shown in Figure 6. It is shown that asymptotic
tracking error of the rectifying feedback-based scheme (6) is smaller than the rectifying

first-order scheme (4).
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5 Conclusion

In this paper, a new rectifying action was introduced into various PD*-type ILC schemes
and the tracking performances against the initial state shift were investigated for a class
of fractional order linear systems. The proposed PD*-type ILC schemes were shown to
be an extended form of first- and second-order as well as feedback-based PD*-type ILC
schemes. The tracking performances were analyzed in the form of the Lebesgue-p norm
by the technique of the generalized Young inequality of the convolution integral and frac-
tional integration by parts. These analyses show that effect of the initial state shift can
be more effectively controlled in various ways and the tracking performances can be im-
proved according to the proper choice of the learning gains.
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