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Abstract
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of fractional order fuzzy integral equations. Some examples are given to illustrate our
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1 Introduction

The concept of fuzzy derivative was first introduced by Chang and Zadeh [1]. Kaleva
[2], Puri and Ralescu [3] introduced the notion of fuzzy derivative as an extension of
the Hukuhara derivative and the fuzzy integral, which was the same as that proposed by
Dubois and Prade [4]. There has been a significant development in the study of fuzzy dif-
ferential and integral equations (see, for example, [5—8], and the references therein). Under
suitable conditions, it was proved in [9] that the boundedness of solutions of the following
fuzzy integral equation:

x(t) = /t G(t,8)x(s)ds + f(¢t), (1.1)
0
where
G:A:= {(t,s):O§s§t<oo}—>R,

is continuous and f : [0,+00) — E” is bounded. Furthermore, authors considered the
boundedness of solutions of the fuzzy differential equation

& (t) =f(t,x(t)), teR"=[0,+00), (1.2)

where f: R* x E" — E" is continuous.
The purpose of this paper is to investigate the boundedness of solutions of the following
fuzzy functional integral equation with fractional order:

x(t) = /t(t )Tt [G1 (t,8)x(s) + Go(t, s)x(@ (s))] ds+f(¢t), (1.3)
0
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where
Gi:A:={(t,s):0<s<t<oo}—>R

are continuous fori=1,2,0<g <1,f € C(R*,E"),0<6(¢) <.
Moreover, we also study the boundedness of solutions of the fuzzy integral equation

x(t) = /t(t —8)17LG(¢, s)x(s) ds + f(t), (1.4)
0
where G € C(A,R) and f € Ci_,(R*,E"),
Ciq(R",E") = {x € C((0, +00), E") : t*"9x(¢) € C(R*, E") }.

Inspired by the work of [9, 10], in the present paper we aim to establish some sufficient
conditions for the boundedness of every solution of fractional order fuzzy integral equa-
tions as well as certain fuzzy differential equations. The paper is organized as follows.
In Section 2, we present some preliminaries and lemmas. We also correct and complete
some previous results. In Section 3, we discuss the boundedness of solution for a partic-
ular fuzzy fractional differential equation. In Section 4, the boundedness of solutions for
problems (1.3) and (1.4) are given, respectively.

2 Preliminaries and lemmas
Let Pr(R") be the family of all nonempty compact convex subsets of R”. For A, B € Pr(R"),
the Hausdorff-Pompeiu metric is defined by

dy(A,B) = max{supli’relg lla - b||, sup in£ lla - b }
b

acA €B 4¢<

A fuzzy set in R” is a function with domain R” and values in [0, 1], that is, an element of
[0, 1]%".
We denote by E” the space of all fuzzy sets u : R” — [0, 1] with the following properties:
(i) uis normal, that is, there exists xy € R” such that u(xg) = 1;
(ii) u is fuzzy convex;
(iil) u is upper-semicontinuous;
(iv) [u]° = cl{x € R*|u(x) > 0} is compact.
E! is called the space of fuzzy numbers. Obviously R C E'. Here R C E' is understood
as R = {x(y : x is the usual real number}.
Let u € E”, then the set

[u]® = {x eR":u(x) > a}, o €(0,1],

is called the «-level set of u.
The fuzzy zero is defined by

0, x#0,
X0y (%) =
, x=0.
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Let do, : E" X E" — [0, +00) be defined by
doo (4, v) = sup{dy ([u]*, [V]*) :a € [0,1]},

where dj; is the Hausdorft-Pompeiu metric for nonempty compact convex subsets of R”.
Then (E”,d,) is a complete metric space. This defines a linear structure on E” such that,
for all u,v,w,z € E" and A € R, we have do. (4 + W,V + W) = doo(1t,v) and doo (A, Av) =
|Aldoo (1, v). Also, we can prove that doo (1 + v, W + 2) < doo(u, W) + doo (V, 2).

A mapping u: T — E” is bounded, where T is an interval of the real line, if there exists
r >0 such that

dso (u(x), X{O}) <r, VxeT.

Let u,v € E" and c be a positive number, the addition « + v and c¢v in E” are defined in
terms of the «-level sets by

(w+v]* =[]+ V)%, [ev]” =c[v]*

for every o € [0, 1].

A fuzzy function f : T — E” is measurable if, for all @ € [0, 1], the set-valued mapping
fo: T — Pr(R") defined by £, (¢) = [f(£)]* is measurable.

We denote by Sf1 the set of all Lebesgue integrable section of F : T — Px(R”), that is,

={g e LY(T,R"): g(t) € f(t) a.e.}.

A fuzzy functionf : T — E" is integrably bounded if there exists an integrable function 4
such that ||x|| < A(¢) for all x € fy(£). A measurable and integrably bounded fuzzy function
f: T — E" is said to be integrable over T if there exists F € E” such that F, = [ f,(t) dt =
{[reg)dt:ge Sfla} for all « € [0,1].

Definition 2.1 ([11]) The Riemann-Liouville fractional integral of order 8 > 0 for a func-
tion f : R* — R is given by

PPN S R
110 =55 | €= e

Definition 2.2 ([11]) The Riemann-Liouville fractional derivative of order 0 < 8 <1 for a
function f : R* — R is defined by

DPf() =

B
i ﬁ)dt/(t 5)"f(s)d

Definition 2.3 ([12]) Letf : R* — E” be an integrable fuzzy function. The fuzzy fractional
integral of order 8 > 0 of the function f,

() = —— / (-9 f(s) ds,

r'(B)

is defined by

I’Sf(t)(x) = sup{a €[0,1]:x e]’sﬁx}.
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Its level sets are given by
[Pf0]" = {xeR": IPf()x) =}, @ €[0,1];

that is, we have

[Fr@]" = %ﬁ) /0 (-5 [f(s)]" ds

Let x,y € E". If there exists z € E” such that x = y + z, then we call z the H-difference of
x and y, denoted by x —p; .

A fuzzy function f : T — E” is said to be differentiable at ¢ € T if there exists % f(t) e E"
such that the limits

lim fi(t 1 —n /) and lim f—(t) —nft—h)
h—0+ h h—0+ h

exist and are equal to % f(¢).

Definition 2.4 ([12]) Iff: [0, +oc0) — E”, then the Riemann-Liouville fractional derivative
of order 0 < 8 <1 of f is defined as

DFf(t) =

B
ra- ,B)dt/(t s)Pf(s)ds,

provided that the equation defines a fuzzy number DPf(t) € E". It is easy to see that
DPf(t) = L1'-Pf(2), t € [0, +00).

Definition 2.5 ([11]) For « > 0, the classical Mittag-Leffler function E,(z) and the gener-
alized Mittag-Leffler function E, g(2) are defined by

o0 o0 k
z
E Ea,ﬁ (Z) = E .
— r ak+1 — I'(ak + B)

Definition 2.6 ([13]) f: R — R is locally Holder continuous in ¢; if there exist a neigh-
borhood U of t; and constants ¢ > 0, 0 < v < 1 such that, for all ¢,s € U,

[f (&)= f(s)] < clt —s]".

Lemma 2.1 ([14]) Let m:R* — R be locally Holder continuous with exponent A > q such
that, for any t; > 0, we have

m(t1) =0 and m(t)<0 for0<t<t. (2.1)
Then it follows that D1m(t;) > 0.

We note that Lemma 2.1 is very limited in the sense that the condition imposed on the
m is quite restrictive. We shall be concerned with the problem of finding the appropriate
modifications that are needed to prove the results when m satisfies a weaker assumption.
To illustrate this idea, we shall next give the result which is an improvement of Lemma 2.1.
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Lemma 2.2 Let m: R* — R. If there exists § > 0 such that tm(t) is locally Hélder con-
tinuous with exponent ) > q such that, for any t; > 0, (2.1) holds, then it follows that
Dm(t;) > 0.

Proof The proof is similar to Lemma 2.1, but for the sake of completeness, we give the

details of it. Let H(¢) = fot (t — s)"m(s) ds. Consider, for sufficiently small /2 > 0 such that
t — h> 0,

t1-h
H(t)) —H(t; = h) =/ [(t1 —-8)1 - (1 —h—s)’q]m(s)ds
0
1
+ / (t1 =) Mm(s)ds =11 + I,.
t1-h
Since [(t1 —8) ™7 = (t1 —h —s)™4] < 0 for 0 <s < t; — h and m(s) < 0 by hypothesis, we have
I, > 0. Also, H(t;) —H(t, — h) > I,. Since * m(t) is locally Hélder continuous and m(¢;) = 0,
there exists a constant K(£;) > 0 such that, for t; —h <s < t; + A,
—K(t)(t1 -9 <s'm(s) <K(t)(t1 - 9),
where A > g and 0 < X < 1. We then get

t 1
I = / (¢ — )97 m(s) ds > —K(tl)/ (¢ — )57 ds
t1-h t1-h

-K(t1)

> A+l—g
T (t-hP+1-9)

Hence H(t1) - H(t1 —h) > —%h“l’q. Letting # — 0*, we obtain H'(¢;) > 0, which
1

implies Dm(t;) = T—q)H/ (t1) = 0 and the proof is complete. O
Remark 2.1 If there exists 0 < § < 1 such that £’m(¢) is locally Holder continuous with
exponent A, then for any ¢ € R, #* (m(t) - c) is also locally Holder continuous with exponent

max{A,é}.

In Theorem 4.1 of [14], authors considered the global existence of solution of the prob-

lem

D7u(t) :g(t, u(t)), tli% 1) = uy, (2.2)
by constructing the auxiliary problem

DTu(t) = g(t, u(t)) + e, t1~1>r(1)1+ ) =ug+€, €>0.

The idea is very interesting, but we find out that there are no conditions to ensure the
existence of solution for € > 0. So, we revise the corresponding theorem as follows. Next,

we give the notion of maximal solution which is of the same form as that in [15].
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Definition 2.7 Let r(¢) be a solution of the scalar differential equation (2.2) on (0, +00).
Then r(¢) is said to be a maximal solution of (2.2) if, for every solution u(¢) of (2.2) existing
on (0, +00), the inequality u(t) < r(t), t € (0, +00) holds.

Theorem 2.1 Let C;_,(R*,R) = {x € C((0, +00), R) : :79x(¢t) € C(R*, R)}. Assume that m —
n € Ci_4(R*,R), there exists 0 < § < 1 such that t3(m — n) is locally Holder continuous with
exponent A > q, g € C((0,+00) x R, R) satisfies

g(t,x)—g(t,y) > %, wherever t € (0,+00),x > y,L > 1 (2.3)
and
Dim(t) < g(t,m(t)), t€(0,+00). (2.4)

Let 1(t) be the maximal solution of (2.2) in (0, +00) such that lim;_, o+ t'~9m(t) < uy, then
we have m(t) < n(t), t € (0, +00).

Proof For € >0, let n.(¢t) = n(¢) — €, t € (0, +00). Then, by Definition 2.2 and (2.3),

€
Dy (t) = Dn(t) - m

€
Rz
(L-1)e
t1r(1 - q)

:g(t’ne(t) +€)
Zg(tr ne(t)) +
>g(t’ ne(t)), t € (0, +00)

and lim,_, o+ 191, (t) = uo. Next, we claim m(t) — . (£) < 0, ¢ € (0, +00). Assume that it is not
true. Then, for lim,_, o+ t-9(m(t) — ne(t)) < 0, it follows that there exists ¢; € (0, +00) such
that m(t;) — n.(t1) = 0 and m(¢t) — n(¢) < 0, t € (0,%). Using Lemma 2.2 and Remark 2.1,

we obtain D7m(t;) > Dn.(t;). So, we have

g(t1,m(t1)) = Dim(ty) = D'ne(ty) > g(t1,me(t1)),

which contradicts with m(t;) = n.(t1). That s, m(t) < n.(¢), t € (0, +00). By the arbitrariness
of €, we can get m(t) < n(t), t € (0, +00). a

Corollary 2.1 Let g € C((0,+00) x R,R) satisfy (2.3). Let v,n € C1_4(R*,R), and there

exists 1 —q < & < 1 such that t°[Ig(t, v(t)) — n] is locally Hélder continuous with exponent
A > q. Moreover, 1(¢) is the maximal solution of (2.2) existing in (0, +00). If

v(t) <t vy + /t(t —s)q'lg(s, v(s)) ds, te(0,+00), (2.5)
0

where vy < uy, then v(t) < n(t) holds in (0, +00).
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Proof Let V(t) be the right-hand side of (2.5), so that v(¢) < V(¢) and D7V (t) = g(¢,v(t)),
lim;_ o+ 179V (£) = vo < uo. By (2.3), DTV(t) < g(¢, V(¢t)). Hence Theorem 2.1 implies that
V(t) < n(t) in (0, +00), thus v(¢) < n(¢) holds. O
Theorem 2.2 Let g:(0,+00) x R—> R

(&u) — g(t,u)

be continuous and satisfy inequality (2.3), and let 1) be the maximal solution of (2.2) exist-
ing for t € (0, +00). Let f : (0, +00) x E" — E" be continuous such that

dos (f(5,%), x(0)) < &(8,doo(®: X10))), Vs € (0,+00),x € E".

Ifthere exists 1 —q < § < 1 such that £ [Ig(t, do (x(t), X10))) — 0] is locally Hélder continuous
with exponent X > q such that

doo (%0, X{0}) < Uo,

then all solutions x of
¢
x(t) = 897 oy + / = s)q’lf(s,x(s)) ds
0

satisfy
oo (%(2), X10)) < n(t), ¢ € (0,+00).
Moreover, if n is bounded, then x is bounded.

Proof Let m(t) = doo(x(2), x(0)), £ € (0,+00). Then

m(t) = doo (t“xo + f t(t =) (s,%(5)) ds, X{0}>
0
<t d oo (%0, X(0y) + /0 (¢ = )" doo (f (5,%(5)), x101) s
< 7 doo (%0, X10)) + /t(t—s)q_lg(& m(s))ds, ¢ € (0,+00).
0

The conclusion is obtained by using Corollary 2.1. 0

Here, we list some basic properties of class and generalized Mittag-Leffler functions
which will be used in the later discussion.

Lemma 2.3 ([16]) Let 0 < g < 1, A > 0. Then functions E, and E,, are nonnegative and
have the following properties:

(i) Foranyt>0, E/(-At?) <1, E,,(—At?) < ﬁq). Moreover, E;(0) = 1, E;4(0) = %q).

(i) Foranyty,ty>0andty <1, Eq(—ktg) < Eq(—)»tf), Eq,q(—)»tg) < Eq,q(—)»tf).
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Lemma 2.4 ([16]) Let g > 0, then the relation between E,(-) and E,4(-) is given by the fol-

lowing integration:

1— E (-1t9)

/Ot(t - s)q_lEq,q (—k(t - s)q) ds = .

Lemma 2.5 ([17]) Let o, B, 0 > 0, then the following formulas hold:

ﬁ /tx(x il I Ly (k(s - t)"‘) ds=(x—t)\""E, 5., (A(x - t)"‘),

1 X
m /t (s— ) - S)ﬂ_lEa,;; ()L(x - s)"‘) ds = (x— t)‘s”‘_lEa,ﬂw (A(x - t)“).
3 A particular equation
In this section, firstly, we consider the problem

{qu(t) P M) =o(t),  te(0+00), o

limy_, o+ £179%(t) = %9 € E',

where 0 < ¢ <1, M >0 and o € C(R*, E). Secondly, we discuss the boundedness of solu-
tion for problem (3.1).

Lemma 3.1 ([18]) Letf : T — E! bedifferentiable. Denote [f (£)]* = [fu(t),four(t)], & € [0,1].
Then fo and fo, are differentiable and [f'(t)]* = [f,,(£), /o, ()].

Lemma 3.2 Let x : (0, +00) — EL. If for each t € (0, +00) there exists hy > 0 such that the
H-differences

x(t+h)—gx(t), and x(t)—pgxt-h)

exist for all 0 < h < hy, then for each t € (0, +00) and q > 0, the H-differences
Hx(t + h) —y I%(t), and Ix(t)—y 11x(t - h)

also exist for all 0 < h < hy.

Proof We shall prove that the H-differences of I9x(¢ + &) —; I7x(¢) exist. Similar reasoning
can be used for I7x(t) —y I9x(t — h). First, for 0 < 1 < hy and 0 < o < B < 1, it is clear that

h h
/ (t+h—5)T oy (s)ds < / (t+h—5)T %y, (s) ds, (3.2)
0 0
h h
/ (t+h—5)T ay(s)ds < / (t+h- s)q_lx,g;(s) ds (3.3)
0 0
and

h h
/ (t+h- s)q_lx,gr(s) ds < / (+ 1 —8)T o, (s) ds. (3.4)
0 0
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On the one hand, since the H-differences x(t + h) —y x(£) exist, we have
Kl (8 + 1) = Xa1(8) < Xar(s + h) = x4, (S). (3.5)

Multiply (3.5) by (¢ — s)7~! and then integrate on [0, ] to obtain

t+h

/Hh(t +h—8)T xy(s)ds — /t(t — 81 xy(s) ds < / (¢ +h —5)T oy, (s) ds
h 0 h t
—/0 (¢ = )T g, (s) ds

together with (3.2), we can see that

Dixg (8 +h) — Fxg () < 14, (¢ + 1) — IT%,,(2).

On the other hand, we check that the family of intervals

{[Iqxal(t +h) = %y (8), 1%, (¢ + 1) — Iqxw(t)] ra €0, 1]}
defines a fuzzy interval. Indeed, for 0 <o < g <1,

Xal(s + 1) = %ai(s) <xpi(s + 1) —xpi(s),  xpr(s +h) = Xpr(5) < K5 + 1) = Har(5).

Multiplying both sides of the above two inequalities by (¢ — s)?~! and integrating on [0, ¢],
together with (3.3), (3.4), we can get

T (t + ) — 10 (2) < Ilxpi(t + h) — ITxp(t)
and
Dixg (t + h) — I, (£) < I, (t + 1) — 1Tx4,(2).

Finally, the left continuity of I9x,;(t + /) — I9x4,(¢) and I9x,,(¢ + h) — I1%x,4,(t) at (0,1] and
their right continuity at 0 with respect to « are guaranteed. Given € > 0, for fixed /1 € (0, hy),
by the right continuity of x,;(¢ + /), x4, (¢ + 1), %41(t + 1) — x01(t) and xe, (¢ + 1) — x0,(t) at 0,
the following inequalities are satisfied:

[t +h) —xoi(E+ )| = 0, |[ai(t + H) = %0u(2)] = [%01(E + h) — x0u(2) ]| = O,

’xar(t +h) = xor(t + h)| — 0, ||:xa¢r(7f +h) _xatr(t)] - [xOr(t +h) - xOr(t):H —0
as o — 0*. Hence, we have

| [Iqxal(t +h) - Iqxal(t)] - [Iqx()l(t +h)— Iqx()l(t)] |
1

<

~ I'(q)

b

I'(q)

0
/ (¢ —s)71 |xo,1(s +h) —xp(s + h)| ds
—h

ft(t —s5)1! | [xal(s +h) - xal(s)] - [xoz(s +h) —x01(s)] | ds— 0, o—0",
0
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and similarly for I9x,, (¢ + 1) — [9%4,(t), so that [9x,; (¢t + 1) — [%x4,(t) and [9%,, (t + 1) — [1%,(t)
are right continuous at 0, respectively. Following the same steps as above, we can show the
left continuity of I9x;(t + 1) — [1x4,(t) and 19, (t + h) — [1x,,(t) at (0, 1]. Therefore, for ¢ > 0,
Ix(t + h) —p I7x(t) exists for 0 < &1 < hg and the proof is complete. O

Theorem 3.1 Problem (3.1) has a unique solution in (0, +00), given by

%(t) = X0 X (g)ea-1LEy o (—pe)) + /OtU(S)Xq(ts)q—lEq,q(M(ts)q); ds, te(0,+00), (3.6)
if for each t € (0, +00), there exists hy > 0 such that the H-differences

x(t+h) -y x(t), and x(t)—yx(t-h)
exist for all 0 < h < hy.

Proof Taking [x(£)]* = [%4(£), %ar(¢)], then by Definitions 2.3, 2.4 and Lemma 3.1, problem
(3.1) is written level-wise as follows:

Dixq(t) + Mxai(t) = 00(t), ¢ € (0, +00),
quar(t) + anr(t) = Uar(t)» te (0’ +OO),
liInL‘—>0+ tliqxal(t) = (xO)ah limt—>0+ tliqxar(t) = (xO)ar'

Dq_lxozl(OJr)

Using Theorem 4.1 in [11] and lim,_, o+ £}~%x,,(£) = ()

, we get

xa1(2) = T(q)(0) it Eg g (-M1t7) + /0 0ui(8)(t = 8) T Eqgq(-M(t - 5)7) dis,

and analogously for x,,(t), producing (3.6).

Now we study the fractional differentiability of x. Let ¢ € (0,+00) and 4 > 0, by
Lemma 3.2, the H-differences of I'"9x(¢t + h) —y I'"2x(t) and I'"2x(t) —y I'~9x(¢ — h) also
exist. Then, for every « € [0, 1], with Lemma 2.5, we have

(=M(t + h)?) — E,(—Mt?)

([l—qx(t +h) -y Il‘qx(t)> = (o) ll"(q)Eq
al

h h
. /t (o EilMe+h = s)q; SE(-ME-s))
0
t+h
+ /; aaz(S)Eq(_M(th+ h=97 ds

and
E,(—M(t + h)?) — E,(-Mt7)
h

¢ Eq(—M(t +h—s)1) - Eq(—M(t —s)7)
. /0 Gar(s) .

t+h _ _
+/t Gar(S)Eq( M(th+h 97 ds.

(Il‘qx(t +h) = I79x(F)
h

) = (xO)otrF (Q)

ds
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The limits of these functions as # — 0" uniformly in & are, respectively,

2ai(£) = 0ai(£) = T(q) Mt (%0)aiE g q (-MtT) - M /0 0ai(8)(t — )T Eqq(—M(t — 5)7) ds
and
Zozr(t) = Gur(t) - r(q)Mtq_l (xO)otrEq,q (_Mtq) -M /t aur(s)(t - S)q_IEq,q (_M(t - S)q) dS
0

. i Eqq®
since E(t) = y

bounded on [0, ] uniformly in « (o is bounded in the compact [0, ¢] by continuity). The

, (%0)an, (%0)er are bounded uniformly in « € [0,1], 04(s), our(s) are

same behavior can be checked for the left-sided quotients

(Il‘qx(t) — I x(t - h)) and (Il‘qx(t) —y I x(t — h)> hs0
al ar

h h
This proves that
It + h) = I0x(8) \ 1°
i ai( | (B a0,200]) -0

uniformly in o by Definition 2.4, so that
hlirg doo (D%(2), 2(2)) = 0,

where for £ € (0, +00), [2(£)]* = [Zai(t), Zer(t)] is a fuzzy number since E! is complete. Note
that

Dx(t) + Mx(t) = z(t) + Mx(t) =0 (t), te(0,+00),

and lim,_, o+ £179x(¢) = o, so that we obtain the solution of (3.1). O

Theorem 3.2 [fthe nonnegative map
t
t— 171 / (t- s)q’lE,M (—M(t - s)‘f)dOo (a (s), x{o}) ds, teR"
0

is bounded and x is the unique solution of problem (3.1), then t'~9x is bounded. If xo = X0

and the nonnegative map

t— / (t- s)q_lEq,q(—M(t - S)q)doo (0 (s), X{O}) ds, teR"
0

is bounded, then x is bounded.
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Proof For t € R*, we have
dog (£792(8), x10) < T(@Eqq(-Mt7)doo (0, X{0})
+tle ‘/Ot(t -s)"'E,, (—M(t - s)q)dOo (o (s), X{O}) ds
=< doo (0, X(0))

+t71 /t(t - S)qilquq (_M(t - S)q)doo (‘7 (s), X{O}) ds,
0

which implies that £1~%x is bounded.

If xo = x{0;, we conclude that

t
oo (%(2), X10)) < / (t =) Eyq(-M(t = $)?)dos (0 (), x10)) ds,
0
and the proof is complete. d

Corollary 3.1 If t'90(¢t) is bounded, and x is the unique solution of problem (3.1), then
t179% is bounded. If xo = X0y and o is bounded, then x is bounded.

Proof Firstly, it is easy to calculate that

gq-1

: t 1
T E g (—M1T) = =y <Eq,q(—qu) - Tq))

Then it follows from Lemmas 2.3, 2.5 that
t
P / (= S)q_lE,M (—M(t - s)q)dOQ (a (s), X{O}) ds
0
t
=t / (t- s)q_lEq,q (—M(t - s)q)sq_lafOO (sl_qcr(s), X{o}) ds
0

t
< Kt / (t =) Egq(-M(t - 9)T)s* " ds
0

= K" (q) 7 Egoq (-Mt1)
K

= I(F(q)ﬁ (Eq,q(-Mtq) - L) <—.

I'q) M

Finally, by hypothesis, there exists K > 0 such that
dos (90 (8), x(0)) <K, teR".

Therefore, in this case, for t € R*,

K K
doo (£79%(2), x10)) < T(@)Eqq(-MtT)doo (0, X(0)) + S doo(%0, X10y) + W

In the case of xy = x/o}, if 0 is bounded, then there exists K > 0 such that

dso (O’(t), X{o}) <K, teR".
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Hence, by Lemmas 2.3, 2.4, for ¢t € R*,

dso (x(2), x(0)) < K/O (t = )T Egq(-M(t - 5)7) ds

1-E,(-Mt1) K
KT < 2
M M

The proof is therefore complete. O

Example 3.1 Consider the following problem:

Dix(t) +x(t)=a(t), te(0,+00), 67

lim,_, o+ £79x(2) = X0,

where g = %, M =1 and o is a 0-symmetric constant fuzzy number with level sets [o']* =
11
[T Tva

Firstly, by (3.6) and Lemma 2.4, we have

] for every « € [0, 1].

t

diam([x(£)]") :/ diam([a(s)]a)(t—s)_%E%,%(—(t—s)%)ds

0

is a nondecreasing function in ¢ for every « € [0, 1].
Secondly, using Lemmas 2.3 and 2.4, we obtain

which implies that x(¢ + /1)y, — %(£) s is nondecreasing in «. Similarly, we have x(£)4; — x(t —
h)q is @ nondecreasing function in o and x(¢ + /) gy — %(£)er» 2()ar — %(¢ — h1)qr are nonin-
creasing functions in «.

Hence, the H-differences x(¢ + &) —y x(¢) and x(¢) —y x(¢ — h) exist. By Corollary 3.1, it

follows that the unique solution x of problem (3.7) is bounded.

1
In fact, the solution of problem (3.7) can be solved by [x(£)]* = [-—2 , —=2 1,
which is represented for ¢ € [0, 20] in Figure 1.

4 Main results
Lemma 4.1 ([19]) Let m, h,q,v € C(R*,R*) and suppose that

m(t) < h(t) + /tq(t)v(s)m(s) ds, t=>1t.

to
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Figure 1 The level sets of x in (3.7), 1
oa=0,0.1,...,1. 08 [

0.6 |1
0.4 1

02

Then

t
m(t) < h(t) + q(t)/ el v&IOdE y(h(s)ds, £ > to.

to
Theorem 4.1 Let m,v1,v2,q1,q92,h € C(R*,R*) such that

t

m(t) < h(t) + /tql(t)vl(s)m(s) ds+/ q2(t)va(s) sup m(0)ds, teR". (4.1)
0 0

0<6<s

Then

m(t) < (1 + sup h(s))es"pofrff Qs V©dE e RY,

0<s<t
where V(t) = v1(t) + va(t) and Q(t) = sup{q:1(£), q2()}.

Proof Let

1, 0<m() <1,
x(t) =
m(t), m(t)>1.

Then, for ¢ € R*, we have max{1, m(t)} < x(¢) <1 + m(t), and hence by (4.1)

t

x(t) <1+h(t)+ /tql(t)vl(s)x(s) ds+/ q2(t)va(s) sup x(0)ds
0 0

0<6<s
t
<1+h()+ Q(t)/ V(t) sup x(0)dr. (4.2)
0 0<6<r
Thus,
t
sup x(s) <1+ sup k(s) + sup Q(s)f V(t) sup x(0)dr. (4.3)
0<s<t 0<s<t 0<s<t 0 0<0<t
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Together with Lemma 4.1, we can get

sup x(s) <1+ sup k(s) + sup Q(s) efrt V(&) supo<y<g QUr) dE

0<s<t 0<s<t 0<s<t

X V(r)(l + sup h(r)) dt

0<r<rt

< (1 + sup h(5)> (1 + sup Q(s) efrl V() supo<,<¢ Q) ds V(r)dr)

0<s<t 0<s<t

t
< (1 + sup h(s)) (1 + sup Q(s)/ S Pozr= Q) [7 V(§)ds V(r)dt)
0

0<s<t 0<s<t
= (1 + sup h(s)) supo<y<¢ Q1) fo (4.4)
0<s<t

where we used the fact that

t
sup Q(s)f supg << QW) [ V(E) dt Vit )dt_esup0<,<,Q(r)f0 (&) de -1,
0

0<s<t

note that m(t) < x(¢) < supy,;x(s), we can complete the proof. O

Remark 4.1 If s in Theorem 4.1 is nondecreasing, ¢:(£) = g2(¢£) = 1, we can obtain the

estimate
m(t) < [1+ h(t)]efo V&%,

Theorem 4 2 (Generalized Gronwall inequality) For B;,y; € (0,1], i = 1,2, let 1 <p <

min{ 15 = 2i= 1,2} and m, h, vy, vy, P21 g8 pBarna=D+l gl ¢ C(RY, R*) such that

)1]/

m(t) < h(t) + / t(t - )17 sl (8)vi (s)m(s) ds
0

¢ (4.5)
+/ (t—5)P27127 gy (t)vo(s) sup m(0)ds, teR".
0 0<6<s
Then
L =
m(t) < [(1 +37°T sup hPTl(s)) 3771 supoy< Q) o Vi ] , teR",
0<s<t
P
where V(t) = vy (t) + 5 "(t) and
17
Q) =sup{q’ " O[B(p(y; - 1) + 1, p(B; — 1) + 1)#irri=d+1 ]Ll,i_ 1,2}. (4.6)

Proof We know that fot(t —s)PB-Dgrr=V gs = B(p(y — 1) + 1, p(B — 1) + 1)t?#+7=2+1 Here,
B(-,-) denotes the beta function.

Page 15 of 19
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It follows from condition (4.5) and the Holder inequality that
t
m(t) < h(t) + / (t —s)ﬂl*ls”l’lql(t)vl(s)m(s) ds
0

+ft(t—s)ﬂzlsnlq2(t)vz(s) sup m(0)ds
0

0<6<s

< h(e) + q1(0) [ | (¢ syt ds]ﬁ [ | (emE)H ds} 7
0 0

+qz(t)[ / t(t-s)ﬂﬂz*l)sf’(n*n ds]p[ / t<v2(s) sup m(e))’% ds]T. (4.7)
0 0

0<6<s

v .
Note that (sup,,, 7(s)) 7T = supy,, m?-1(s); consequently,

P
-1

mI () < 37T (£) + 371Q(E) / (ra(s)m(s)) 1 ds
0

+ 31% Q(t)/ot(vz(s) sup m(@))% ds.

0<6<s

By Theorem 4.1, one can see that

1
1 i
mzﬁl (1) < (1 +37T sup hpgl (S))e31’ supg<r<¢ Q) Jg V(‘f)ds,

0<s<t

then we can complete the rest of the proof immediately. O

Corollary 4.1 For B,y € (0,1], let 1 < p < min{ﬁ, 2_}/%/3} and m,h € C;_g(R*,R*), v,
P +B-D41g0 ¢ C(R*,R*) such that

m(t) < h(t) + /t(t — )P L Lg(t)v(s)m(s)ds, t € (0,+00). (4.8)
0

Then, for t € (0, +00),

1 p-1
P m(t) < [(1 37T sup (Sl"gh(s))”%>e?’p_1 supozy=¢ Q) fo V@df] ",

0<s<t
where V(t) = VI% (t) and

P 1
-1

Q) = (£ Pq®) 7T [B(p(y + B—2) + 1,p(B —1) + 1)U 231171, (4.9)

Proof Using (4.8), we obtain
t
8 Pme) < 1 Ph(e) + tl‘ﬂq(t)/ (¢ = )P L7 B2y()s' Pm(s)ds, ¢ € (0, +00),
0

then the conclusion follows from Theorem 4.2. O

We now apply the previous results to obtain bounds for the solutions of fuzzy fractional
integral equations.
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Theorem 4.3 Let1<p< ﬁ and f € C(R*, E") be bounded and
Gi:Az{(t,s):0§s§t<+oo}—>R

be continuous such that
|Gi(t, s)| <wi(t)vi(s), V() e Ai=1,2,

where P01yl 1y, € C(R*,R*). Assume that the map

t
t— sup Q(r) | V(&)dg, teR"isbounded, (4.10)
0

0<r<t

where V(t) = v{ (t) + v (t) and

2
= .

Q(¢) = sup{w/ ™ ()[B(L, p(q - 1)+1)t1“1 1*1] ti=1,2}. (4.11)

Then all the solutions of fuzzy fractional functional integral equation (1.3) are bounded.

Proof Let x be a solution of (1.3), and let m(¢) = doo (x(£), xj0}), t € R*, then

m(t) = doo (/(; (t-s)1! [G1 (¢, 8)x(s) + G (¢, s)x(@ (s))] ds +f(¢), X{0}>
<dw ( / t(t - 5)77' Gy (¢, 5)x(s) ds, X[o})
0
+dy (fo (t- s)q_le(t,s)x(G(s)) ds, X(o1> +dso (f(t), X{O})
< /t(t —g)it !Gl(t, s)|m(s) ds
0
+ / (t-s)7t \Gz(t, s)!m(Q(s)) ds + doo (f (2), x(0})
0
<wlo) [ (-9 ($m(s) ds
0
+ wz(t)/0 (t- s)q_lvz(s)m(e (s)) ds + dy (f(t), X{O}): teR".

Applying Theorem 4.2, we get

1 L i p-1
mit) < [(1 +377T sup di’ (f(S),X[O})) T supo<r< Q) Jg VI ] v
0<s<t
and the proof is complete. 0

Example 4.1 Let us consider the fuzzy fractional order functional integral equation

x(t)—/ (t S) 0.25 F (9(5)) ds +f(t)



Wang Advances in Difference Equations (2018) 2018:45 Page 18 of 19

where f : R* — E! is deﬁned by the a-cut [f(£)]* = %, _‘j], 0<0@t)<t,p=2 q =
0.75, G1(¢,8) = 0, Gy(t,8) = esJ_ Observe that doo (f(£), X(0}) = SUP,c[o,1) Max{;; 1+:} <
which implies that f is bounded.

Let w(t) = ﬁ, v(t) = e, then V(t) = e and Q(t) = ‘[B(l 0.5). Obviously,

1+t
supo<,<tQ fo £)dE < ﬂ Now, conditions in Theorem 4.3 are satisfied, which

guarantees all the solutions of this fuzzy fractional functional integral equation are
bounded.

Theorem 4.4 Letl<p< — f € C1_4(R*, E") and t'~1f be bounded and
G:A= {(t,s):0§s§t<+oo}—>R

be continuous such that
’G(t, s)} <w(t)v(s), V(ts)eA

where P9 V1y? v e C(R*,R*). Assume that the map

t— sup Q(r) V(S) d&, teR"isbounded, (4.12)

0<r<t

where V(t) = VI% (t) and

1

Q(t) = (" Tw(t))? P [B(p(g—1) + L,p(g - 1) + 1)¢2@- V1] 7T, (4.13)
Then, for all solutions x of (1.4), t'~9x are bounded.
Proof If x is a solution of (1.4) and m(t) = doo (x(£), Xj0}), t € (0, +00), then

t
m(t) < w(t)/ (t =) v(s)m(s) ds + doo (F@®), xiy), t€(0,+00).
0
Thus, the conditions of Corollary 4.1 are satisfied, and hence
NN, el
" Im(t) < [(1+31’ T sup (s'™9do (f(s), ))1"1)e3 suPo<r<t Q) Jo V' ] "
0<s<t

This completes the proof. O

Example 4.2 Consider the following fractional order fuzzy integral equation:

x(t):/ot(t—s)§1 L
+

where f € C1(]RJr E') is given by the a-cut [f(£)]* t"g(a 1), 3(1 oc)] = g q= % and

(s)ds +f(t),

G(t,s) = —5. It is easy to see that t3f is bounded. Moreover, w(t) = —, v(t) = 1, Q(t) =
1+t3 1+¢3
7
(1::%) (12, 12) and sup,, -, Q(r) fo V(€)dE < B5(< 157 12) Theorem 4.4 implies that, for

all solutions x of this fuzzy fractional integral equation, t3x are bounded.
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5 Conclusions

In the present paper, we consider the boundedness of solutions of certain fractional fuzzy
differential equations as well as fuzzy integral equations. By introducing some differential
and integral inequalities, which are more general than those in the previous literature, we
obtain some results for the boundedness of solutions of fractional fuzzy integral equations.
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