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Abstract

This paper is concerned with the entire solutions of the spruce budworm model, i.e,
solutions defined for all (x,t) € R?. Using the comparison argument and
sub-super-solution method, three types of the entire solutions are obtained, and each
one of them behaves like two traveling fronts that come from both sides of the real
axis and mix.
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1 Introduction and statement of main results
In 1978, Ludwig et al. [1] considered the spruce budworm population dynamics to be gov-
erned by the equation

dN N
ZZVBN<1—E)—P(N). (11)

Here N is the spruce budworm population density, rp is the linear birth rate of the
budworm and Kj is the carrying capacity which is related to the density of foliage

available on the trees. The P(N)-term represents predation, generally by birds. To
BN?

AZiNZ’
where A and B are positive constants, and the dynamics of N(t) is then governed

by

be specific, we take the form for P(N) suggested by Ludwig et al., namely

dN N BN?
—ZVBN I—E —m. (12)

A X
Letu = %, r=%,q= %, T = %, (1.2) becomes

du u?

" g - u)
—=—ulg—u)- .
dt gq 1 1+u?

(1.3)

Here r and g are positive real numbers. For the range of  and g (see Figure 1), there can
be three positive steady states of (1.3), two linearly stable ones k; and k3, and one unstable

one k; (see Figure 2). The steady state ko = 0 is also unstable. The lower steady state k;
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corresponds to a refuge for the budworm, while k3 corresponds to an outbreak. For more
background of this model, one can see [1, 2].
In this paper, we investigate the entire solutions of the following equation with diffusion

proposed by Ludwig et al. [3]:

2

utzuxx+£u(q—u)— i , xeR,teR. (1.4)
q 1+u?

First, let us look for traveling fronts of (1.4). Set u(x,t) = ¢(&), & = x + ct, then ¢" —
cd’ + f(p) = 0, where f(¢) = ggb(q - ¢) - % Let ¢’ = v, then the phase plane system

1S

¢/ =V
v =cv—f().

(1.5)

For (r,q) in the shadow region of Figure 1, there are four singular points of (1.5):
(0,0), (k1,0), (k2,0), (k3,0). Note that f'(0) > 0, f'(ka) > 0, f'(k1) < 0 and f’'(k3) < O,
then, using the standard phase plane analysis, it is easy to get (0,0) and (kz,0) are un-
stable nodes if ¢ > 2max{\/m, \/m} and (k1,0) and (k3,0) are saddle points for
all c.

For later use of this paper, in the following we first give some results on the existence
of traveling fronts of (1.4) which can be proved by classical methods (see [4, 5]). Here we

omit the proof.
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Lemma 1.1
(i) (1.4) has two traveling front types ¢1(x + ct) and ¢1(—x + ct) satisfying

@) —clgr) + Lbi(g— 1) - 215 =0,

1+¢?
¢1(-00) =0, ¢1(+00) = ky,

if and only if ¢ > 2,/f"(0). Moreover, ¢1(&) satisfies

A5 1 o(eh1-8), c>2/f(0),

me =" / wE e
~AygeNTO% 4 O(VTO5), =2 /F(0),
ki = ¢1(8) = Bie ™ o), asé — +oo,
~ = i
where A1, Ay and By are some positive constants and Li_ = @’
Al = -2

(ii) (1.4) has two traveling front types ¢a(x + ct) and ¢o(—x + ct) satisfying

(@)~ clga) + Lol —d) — 22, =0,

1+¢2

$2(=00) = ks, $2(+00) = ks,
ifand only if ¢ > 2,/f"(ky). Moreover, ¢,(&) satisfies

o)k = A28 1 o(e?2-%), c>2,/f'(ky),
T LA VTR L 0@ VI, o2 R,

as & — —o0,

ks — 2 (&) = Boe">¥ + 0(e"F), as& — +oo,

/41 (ky)

where A,, ]12 and By are some positive constants and Ay_ = 5
Ay = =/ 022—4f’(/<3).

(ili) Suppose that fkkff(u) du > 0. Then there exists a unique c, > 0 such that (1.4) has
two traveling front types ¢s(x + cit) and ¢s(—x + c,t) satisfying

(6)' - cu(@3) + Lol -8 - 12

¢3(—00) = ki, ¢3(+00) = k3.

:O,

Moreover, ¢s(&) satisfies

$3(8) — k1 = A3 +0(e!3F),  as§ — —oo,

ks — ¢3(£) = Bse*3* + 0(e"3*), as& — +oo,

c+a/ 2—4f" (k1) c—~/ c2—4f" (k3)
- 2 )"3+ = 2 -

with Az and Bs some positive constants and h3_ =

It is well known that traveling waves are special entire solutions which are defined in the
whole space and for all time ¢ € R. But it is not enough for us to understand the whole
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dynamics of a reaction-diffusion equation or systems only by traveling waves. The first
successful example of new types of the entire solution was given by Hamel and Nadirashvili
[6, 7] (we can also see [8]). In their papers, they established the entire solutions for Fisher-
KPP equation in one- and high-dimensional spaces by combining traveling fronts with
different speeds. For more research of the entire solutions for a reaction-diffusion equation
or systems, please see [9-19] and the references therein.

The purpose of this paper is to consider the entire solutions of (1.4) in three cases. More
precisely, we prove the existence of entire solutions which behave like two traveling fronts
propagating from both sides of the x-axis. As ¢ — +00, these solutions converge to one of
the positive roots of f (&) = 0. For some other results about budworm population dynamics,
we refer to the papers [20-23].

In this paper, we need the following technical assumptions:

(H1) -% Z(1+ k3)2(1 + k2)? = 2 + 2koks (koks + k3 + k% +2) < 0.

(H2) % (1 + A% (1 +K3)* = 2 + 2kiks (ks + &G + k3 +2) < 0.

Here 0 < k; < ky < k3 are the three positive roots of f(u) = 0, where f () = —u(q u) — 1+u2
Remark 1.1 Assumption (H1) holds in many cases. For example, we choose r = %, q =10,
then there are three positive roots of f(u) = 0: k; = 4—+/11, ky = 2 and k3 = 4+ +/11. In this
case, the left-hand side of the inequality in (H1) is —2626 — 796+/11 and (H1) obviously
holds.

In fact, ks is increasing as g is increasing when r is fixed (see Figure 2). Then for fixed r
and large ¢, it is easy to see that the dominate term in the left-hand side of the inequality
in (H1) is —%(1 + k2)%k3 and then (H1) obviously holds.

Similarly, assumption (H2) also holds in many cases.
Now we will state the main result of this paper as follows.

Theorem 1 Let ¢; (i = 1,2,3) be the traveling fronts of (1.4) satisfying Lemma 1.1, and let
i (x+-) = gi(x + ), Pa(—x + ) = pi(—x +), i =1,2.
(i) Forcy>c1 > ZW and any given constants 611 and 612, there exists a solution
u1(x, ) ((x, t) € R?) of (1.4) satisfying

lim {sup’ul X, )—¢11(x+clt+911)|
t——-00

x>0
(1.6)
+sup|uy (x, ) — dra(—x + cat + O1) | } =
x<0
lim sup|u1(x, t)— /q} = (1.7)

t—>+00

(i) Assume (H1) holds. For ¢y > c¢1 > 2./f'(ky) and any given constants 041 and 053,
there exists a solution uy(x,t) ((x,t) € R?) of (1.4) satisfying

lim {sup|u2(x, £)— o(x+cit + 921)| + sup|u2(x, £) — poa(—x + cot + 922)|} ,

t—>—00

lim sup|u2(x, t) - kg\ =0
t—+00 xeR

Page 4 of 10
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(ili) Assume (H2) holds. For ¢ = ¢, and any given constant 0s, there exists a solution
uz(x, t) ((x,t) € R?) of (1.4) satisfying

lim {suplus(x, £) = §3(x + cut + 63)| + suplus(x, £) — da(—x + et + 93)}} =0,
t—>—00 x>0 x=<0

lim sup|u3(x, t)— k3} =0.

t—>+00 x€R

2 Proof of Theorem 1

The idea of the proof of Theorem 1 is from [9, 16] and [18]. We will prove the existence
of the entire solutions by constructing appropriate upper-lower solutions for (1.4). The
complexity of f(u) will bring some difficulties when we use this method. First, we give the

following lemma which is important for us to prove Theorem 1.

Lemma 2.1

P16) (&) $5(8)
$1(8) ¢a(8) -k $3(5) -k

0< ¢1(8), 92(8) — k2, #3(§) — ky < Mexp(w§), § <0. (2.2)

>r, §<0, (2.1)

Here r1, w and M are positive constants.

We can obtain this lemma from Lemma 1.1 directly, here the proof is omitted.
To construct the super-solution of (1.4), we introduce the following ODEs:

P'l =C +Le"’1’1,
]9.2 =Cy + Lewpl, t<0, (23)
p2(0) <p1(0) <0, 2 >c1 >0,

where - = % and w > 0 is defined by (2.2). It is easy to see that p; (t) and p,(£) are monotone

increasing for ¢ < 0. After some calculation, we get the solution of (2.3) as

L(l _ eclwt)
+ —_—
(4]

1
pl(t)zclt——ln{ewpl(o) } <0, t<0,
1)

L(l _ eclwt)
4+ —

}<0, t<0,
4]

1
pat) = p2(0) — 1 (0) + ot — — m{e—wm«»
w
and p,(t) < p1(2), for t <0,
1 L
lim (P1(t) —Clt) - nleen@ = 2 4.
——-00 w Cl
tEI_noo(Pz(t) —oat) = p2(0) - p1(0) + q1 = .
2.1 Proof (i) of Theorem 1

Let L(u) = u; — uyy — f (1) with f(u) = flu(q —u) — %, t <0, and u(x, £) = min{ky, d11(x +
p1(2) + dra(—x + pa())}.



Wang Advances in Difference Equations (2018) 2018:76 Page 6 of 10

If (x,2) € {(x,8) : p11(x + p1(2)) + P12(—x + po(¢)) > k1}, then u(x, t) = k; and it is obvious
that £(iz) = 0.
If (x, 1) € {(x,£) : 11(x + p1(8)) + P12(—x + po(t)) < k1 }, then we have

L(1) = (P11 + @12): — (D11 + D12)xx — f (P11 + P12)
= p1(D¢1, + P21, — (971 + D15) —f (@11 + ¢12)

= (P1(0) — c1) @1y + (P2(t) — c2) @1y — {f (D11 + P12) —f (B11) — f(h12) }
= Le( {¢11 + @15} = {f (@11 + d12) —f ($11) — f(dh12) }

with

S(@11 + ¢12) = f(P11) — f($12)
= 2{(0511 +$12)(q — P11 — P12) — h11(q — P11) — P12(q — P12) }

o o1 B (P11 + P12)?
L+¢f  1+¢7, 1+(¢11+¢1)?

% N b1 (P~ $12)*
1+ 4’121 1+ ¢%2 1+ (p11 + ¢12)2'

2r
=——¢1on +
q

¢11 (x+p1(9)) ¢12 —x+p2 ()
Let[l(x’p) 1+¢2 (x+p1(0) )’ 2( :P) = 1+¢2 (Cxtpa(t) lethpl(t) <O i= 1 2.

Forx >0, —x +p2(t) <0, it follows from (2.1) and (2.2) that
IZ(xxp)
$11(x + p1(8) + @1 (=% + pa2(2))
Ph(—x + pa(2))
T ou(x +pi(8) + 1o (—x + pa(2))

Pr2(—x + pa(1))
¢12(_x +pa(t)

< ¢12(—x + pa(0)) —¢12( —x+ pa(t))

< %M exp(w(—x + pa(2))) < %M exp(wps(t)). (2.4)

Forx <0,x+ p1(t) <0, by (2.1) and (2.2), we get

Li(x,p)
¢, (% + p1(2) + Pl (—x + pa(t))
_ o1 (x + pi(2))
T Pu(x+ pi() + @l (—x + pa(2))
b1 (x + p1(2))
¢11( +pi(t) ~

<én (x +P1(t)) —¢11 (x +p1 (t))

< %M exp(a)(x +p1(t))) < %M exp(wpl(t)). (2.5)

Note that I3 (x,p) — % <0 and L(x,p) - % < 0, thus by (2.4) and (2.5),

F(11+¢12) = f(p11) = f(p12) < ;- Mexplwpr(£){$y, + ¢1,) for x € R.
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Choose L > %M, then L£(z) > 0 and u(x, t) is a super-solution of (1.4) for ¢ < 0.
It is easy to check that

u(x, t) = max {11 (x + c1t + q1), Pra(—x + ot + q2) }
is a sub-solution of (1.4) and for (x,¢) € R x (—00,0],
u(x,t) < ulx,t).

Applying a similar argument as in [18], we can prove the existence and the asymptotic
behavior (1.6)-(1.7) of the entire solution u; (x, £) for (1.4) by applying the comparison prin-

ciple and some detailed computations. Here we omit the proof.

2.2 Proof (ii) of Theorem 1

To prove (ii) of Theorem 1 easier, we let v(x, £) = u(x, t) — ko, then v(x, £) satisfies

(V + k2)2

1+(W+ky)? (26)

Vi = Vg + —(v+ ko)(q - v — k)
q

Denote ¢y1(x + c1t) — ko = Y (x + €1t), Pao(—x + Cot) — ky = Y (—x + cot), where ¢ (x + ¢1t)

and ¢ (—x + ¢ot) are defined in Theorem 1.
(v+ka)?
1+(v+ko)2?

Let L(v) = vy — vy — g(v) with g(v) = g(v +k)(g-v—-ky) - t <0, and ¥(x, t) =

min{ks — ka, ¥ (x + pr(8) + ¥ (= + po(0))}-

If (x,£) € {(x, 1) : ¥ (x + p1(£)) + ¥ (—x + pa(t)) > k3 — ky}, then v(x,£) = k3 — ko, and it is
obvious that £(¥) = 0.

If (x,£) € {(x,8) : ¥ (x + p1(2)) + U(-x + po(t)) < k3 — ky}, then we have

LE) =@ +9) =+ V) —gW + V)
=i + B — (" + ") - g + V)
= (51 - )V + (B2(8) - ) V' — {g(W + ) - g(¥) - g()}
= LeP Oy + '} — gy + ) - g(y) - g},

with

g + V) —g(¥) - g(¥)
:;{(Iﬁﬁff+/<2)(61—¢—1/7—/(2)—(1//+/<2)(q—1ﬁ—kz)—(1ﬁ+k2)(q—1/~f—/<z)}

(¥ +ky)? . (W +k)? (Y +V + ky)?

L+ +k? 1+ +k)? 1+ +7 +ko)?
(¥ +ky)?

1+ +ky)?

L Wrk)? WP k)

1+ (@ +ky)? 1+ + 0 +k)?

= ;(k% —kaq — 21#1}) +
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. . 2
Since k; is a root of gu(q —u) = 1‘:7, then

W +ky)?
1+(1/~/+k2)2
(Wt k)? k2
TLeGakr 1+8 "7
1Z+2kz—%¢(1+k%)[1+(1ﬁ+kz)2]

(1+ &)1+ (f + ky)?]

+ :;(kg — kg - 207)

_J.

It is easy to check that

k) W +drk)? 2y +2k + )P o

1+ (W +k)? 1+@W+¥+k)?  [I+@+k)2[1+ W +¥ +k)?]
Now let us consider
Y+ 2%k = TP+ )L+ + k)’ 2 + 2k + U
L +A)[1+ (Y + k)2 [1+ W + k)21 + (W + ¢ +ky)?]
_ h(y, )
A+ kD[ + ( + k)11 + (¥ + ko) [1+ ( + P + ko)?]
where

h(yr, )

= {1/}+2k2—%1p(1+k§)[1+(& +k2)2]}[1+(¢ +h)?|[1+ (¥ + ¥ +ko)?]

— Q¥ +2k + ) (1+6)[1+ (W +k)?]
=y + 2k2){[1 + (Y + kz)z][l + (Y +Y+ k2)2] - (1 + k%)[l + (U + kz)z]}

—2y(1+ K[+ (@ + k)2 2[1 F (W k)14 (P + k)] + 1

=Y+ 2k)(W + 9 + 26)[(Y + k) (W + U + ko) + ko ( + ko) + 2]

— 2y (1+ R2)[1+ (FF + ky)?] 2[1 Wk 1+ @+ + k)] +1
=y, ),
and
(¥, )
= 2(1+&)[1+ +/<2)2]{g[1 (W k)?][1+ (4 + k)] + 1}
+ (U +2k) (W + ¥+ 2k)[(Y + ) (W + ¥+ Ko) + Ko (W + ko) + 2]

Then g(¥ +¥) —g(¥) —g() = ¥ (¥, ¥).
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Here we choose ¥(0) and v/(0) sufficiently near ks — k, but fixed. Then, by assumption
(H1) and some computations, we have 4, (y, %) < 0 in the following two cases:

(i) forx > —p1(£), x + p1(t) > 0, —=x + po(t) < O;

(i) for x < po(t), x + p1(£) < 0, —x + pa(£) > 0.

For py(t) <x <0, then x + p1(t) <0, —x + p2(¢£) < 0, by (2.1) and (2.2),

Y&+ pr ) (—x + p2 ) (¥, ) - Y@+ p1 ()Y (=x + pa(0))

e T G sy

% max |y (Y, )| (x + p1(2))

IA

IA

1 g
r—leax|h1(1/f, ¥)| exp(wpi (2)).

For 0 <x < -p;1(f), then x + p1(t) <0, —x + p2(¢) < 0, by (2.1) and (2.2),

Y (x + pr(D) ¥ (=x + pa(2))
Y'(x + p1(t)

¥ (x+ o1 O (=2 + pa () (¥, )
W x+pr1(0) + P (=x + pa(0))

< max| (¥, )|

1 max |11 (¥, V) |V (—x + pa(0))

r

IA

IA

1 ~
r—leax|h1(¢, 1/f)| exp(wpl(t)).

Thus, for x € R, gy + V) - g() - g(f) < M max [l (¥, )| explopr Y + ¥').
Choose L > %Mmax |, (Y, ¥)|, we then have £(¥) > 0 and ¥(x,1) is a super-solution of
(2.6) fort <0.

In the following, using a similar argument as in [18], we can get (ii) of Theorem 1 holds
by setting u(x, t) = v(x, t) + k,.

2.3 Proof (iii) of Theorem 1
Let w(x, £) = u(x, t) — k1, then w(x, t) satisfies

(W + kp)?

r
Wy = Wiy + 6-}(w+k1)(q_w_k1)_ 1+ (w+kp)?

(iii) of Theorem 1 can be obtained similarly by using the method in the proof of (ii) of
Theorem 1. Here we omit the proof.
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