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1 Introduction
In this paper we consider the fractional evolution equation of the form

Dix(t) = Ax(t) + £ (t,%(t)), t€[0,T], (L1)
subject to the initial condition
x(O) = X0, (1.2)

where D7 denotes the Caputo fractional derivative of order g € (0,1), A : D(A) — B is the
infinitesimal generator of a Cy semigroup {Q(£)}:>o of uniformly bounded linear operators
on Banach space B, f: [0,T] x B— B and xy € B. Here T > 0 and the domain D(A) is
defined as the set of u# € B for which the following limit exists:

t —_
Au = 1im 2%
t—0t t

For more details as regards semigroup theory of operators, see [1].

Fractional differential equations have been widely applied in many important areas, in-
cluding thermodynamics, porous media, plasma dynamics, cosmic rays, continuum me-
chanics, electrodynamics, quantum mechanics, biological systems and prime number the-
ory [2, 3]. In particular, the fractional diffusion equations have been successfully used in
modeling anomalous diffusion processes with continuous time random walks [4].
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Theoretical aspects for fractional evolution equations have been investigated by many
mathematicians. El-Borai [5-7] used a probability density function to obtain the solutions
to Cauchy problems for different fractional evolution equations. In 2010, Hernandez et
al. [8] proved that the concepts of mild solutions of fractional evolution equations con-
sidered in some previous papers were not appropriate. Based on the new definition of
a mild solution obtained by employing the Laplace transform, Zhou et al. [9-14] estab-
lished the existence and uniqueness results for mild solution of different kinds of frac-
tional evolution equations. Wang et al. [15] revisited the nonlocal Cauchy problem for
fractional evolution equations and relaxed the compactness and Lipschitz continuity on
the nonlocal item given in the previous existence results. Fan et al. [16] used the fixed
point theorem for condensing maps to obtain the existence results for Eqs. (1.1)—(1.2)
under the noncompactness condition. In [17] the authors established the local existence
and uniqueness of mild solution of Egs. (1.1)—(1.2) under Lipschitz condition and proved
the continuous dependence of mild solution on the initial value and the fractional order.
Ge et al. [18] considered the approximate controllability of the fractional evolution equa-
tions with nonlocal and impulsive conditions. Chen et al. [19] studied the existence of
mild solutions for a nonautonomous fractional evolution equations with delay in Banach
space. Yang and Wang [20] established the existence and uniqueness of mild solutions of
fractional evolution equations involving the Hilfer derivative by using the noncompact
measure method. In [21-23], the authors investigated existence, uniqueness and asymp-
totic behavior of weak solutions of the initial boundary value problems for time fractional
diffusion equations by employing the spectral decomposition of the symmetric uniformly
elliptic operator. However, to the best of our knowledge, the existence and uniqueness of
mild solution of the initial value problem (1.1)—(1.2) under compact condition have not
been deeply investigated yet.

In the present paper, we use properties of the three-parametric Mittag—Leffler function
and fixed point theory to prove the existence and uniqueness of mild solution to Egs. (1.1)—
(1.2). In particular, the uniqueness result for a mild solution is obtained when f satisfies a
condition weaker than Lipschitz condition.

This paper is organized as follows. In Sect. 2, a new property of the three-parametric
Mittag—Leffler function is established. In Sect. 3 we prove the existence of mild solutions
of Egs. (1.1)—(1.2) by using the Schauder fixed point theorem and the new property of the
three-parametric Mittag—Leffler function. Section 4 deals with the uniqueness of the mild
solution. In Sect. 5, two examples are given for demonstration. Section 6 presents some

concluding remarks.

2 A property of the three-parametric Mittag-Leffler function
In this section we prove a new property of the three-parametric Mittag—Leffler function

which plays an important role in our investigation.

Definition 2.1 ([24]) Let 8 > 0. The Riemann—-Liouville integral operator of order g is
defined by I° being the identity operator and

IPy(t) = %ﬁ) /Ot(t—s)ﬁly(s)ds for g > 0.
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Definition 2.2 ([24]) Let 8 > 0. The Caputo fractional differential operator of order g is
defined by

Dby = [1F1-BDIAY,

where [-] is the ceiling function and D?1 is the classical differential operator of order

[B1eN.

Definition 2.3 ([25]) Let ¢,d,e > 0. The three-parametric Mittag—Leftler function is de-
fined by

(e)it'
Eea®) = Z iT(ci+d)’
where (¢); =e(e+1)---(e+i—1).

Lemma 2.4 ([25, 26]) Letc,d € R,ze C.

Fz+c) 4 )
Ferd) =z [1 O( >i| (|arg(z+c)|<7t,|z|—>oo).

Lemma 2.5 ([25, 27]) Let c,d,e,y > 0.

{1 [Ec(s)s* THo) = 71 EE (1)

Lemma 2.6 Let c,d,e,y,n,h,r > 0. Then there exists a real number ) > 0 such that, for
te[0,h],

t"E¢ W( ) < rE¢ 4(At°). (2.1)

Proof Firstly we take an integer iy € N such that ciy + d > 2. We choose a real number
to > 0 such that, for ¢ < £,

ip-1

Z (e))\.tCHn < r
—~ il (ci+d+y) ~ r'd)

1
Set t; = min{ty,r7}. If t < £;, then we have, for any A > 0,

io-1

oo o o o
ALgeitn ALgeitn ALgeitn
DB ) =5 (e) 5 ©, 3o
L4 IT(ci+d+7y) = iT(ci+d+7y) P iT(ci+d+7y)

i=0

r . r(e)aite
E¢ (M£°).
< I'(d) * go: T (ci + d) <r c,d( )

Thus we need to find a real number A > 0 that satisfies (2.1) for ¢ € [£1, 4].
By Lemma 2.4, there exists an integer i; € N such that, for i > ij,

C(ci+d)n"  r

T(ci+d+y) <%
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There exists a real number Ay > 0 such that

S @MhT @k
E < .
z‘F(cz+d+y) i'T(ciy +d +y)

i=

Then we have, for any ¢ € [#, /],

h-1 igcith o igcith
h e ¢ (e)i}LO L (E)i)uo t
t'E Aot€) = +
bany () Zi!F(ci+d+y) Zi!l‘(ci+d+y)
i=0 i=iy

2o T (ko1
ih'l(ciy +d +y) it iT(ci+d+y)

r(e)i ko1t 2, r(e)ir'te >, r(e)iro'te
< + E < =rE° ;(Aot%),
illI’(cil + d) 2;'1—‘ Cl + d LZ ir Cl +d C'd( 0 )
which shows that A satisfies (2.1) for ¢ € [0, /]. O

Theorem 2.7 Letc,e, h,r,y >0.Ifd < min{y, 1}, then there exists a real number A > 0 such
that for t € [0, h],

t A
{ﬂ[Eﬁ,l_d(xsc)s-d]}u):%y) /0 =y E ) g e (o)

Proof By Lemma 2.5 and Lemma 2.6, we can easily prove this result. g

Remark 2.8 The above result is a generalization of the result for the two-parametric
Mittag—Leftler function obtained in [28].

For more details as regards the Mittag—Lefller functions, see [25, 29, 30].

3 Existence of mild solution

In this section we use the property of the three-parametric Mittag—Leffler function to
establish the existence results for mild solutions to the equation (1.1)—(1.2). Let | - | be the
norm of the Banach space B and C([0, T, B) be the Banach space of continuous functions
from [0, T] into B with the supremum norm || - ||. Let B* be the space of all bounded
linear operators from B to B with norm || F||* = sup{|F(«)| : |u| = 1,u € B} for F € B*. Set

M = sup,c(o,00) 1QE) ™.

Definition 3.1 ([9, 14]) By the mild solution of the fractional evolution equations (1.1)—
(1.2), we mean a function x € C([0, T], B) satisfying

x(t) = Sg(t)x0 + /:(t - s)q_qu(t - s)f(s,x(s)) ds, tel0,T], (3.1)

where

[e¢]

Su = /Oo Vq(s)Q(tqs)uds, P,(t)u :/ quq(s)Q(tqs)uds, u € B.
0 0
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Here V,(s) is the Mainardi function defined by ([2, 31])

)nl

S)_Z(n 1)'1"1 qn) sec

We recall some properties of the operators S,(t) and P,(z).

Lemma 3.2 ([10]) For any t >0, S,(t) and P,(t) are bounded linear operators. Moreover,
forany u € B,

M
|S;(Ou| <Mlul,  |[P,(O)u| < =——|ul.
I'(q)
Lemma 3.3 ([10]) {S;(£)};=0 and {P,(t)};>0 are strongly continuous. That is, for ty,t; € R
and u € B, |S;(t2)u — Sy(t1)u| — 0 and |Py(t2)u — Py(t))u| — 0 as t, — ;.

Lemma 3.4 ([10]) If Q(¢) is a compact operator for any t > 0, then S,(t) and P,(t) are also

compact operators for any t > 0.

By considering the fixed point problem with J defined by

Jx(£) = Sg(t)xo + f - ST Py (t = 5)f (s,x(s)) ds,
0

we study the existence and uniqueness of solutions to Egs. (1.1)—(1.2). For the existence
theorem, we make the following hypotheses.
(H3-1) Forany ¢ >0, Q(¢) is a compact operator.
(H3-2) Fora.e. t € [0, T], the function f(¢,-) : B— B is continuous and for any
x € C([0, T], B), the function f(-,) : [0, T] — B is strongly measurable.
(H3-3) Thereexist T1 € (0, T], 1 € (T1,T), a1,a2,91,92 € [0,9), p1,p2 € (0,1], b1, by > 0,
my () € LT[0, Ty, my(t) € L7 [Ty, T) such that

f;l |u| + m (¢) fort € (0,7T1] and u € B,
|ulP? + my(t) forte[T1,0)U ([, T] and u € B.

If (t,u)| <

[t ll”‘2

Lemma 3.5 Let Y be a bounded subset of C([0, T, B) and suppose that (H3-1), (H3-2),
(H3-3) hold. Then {Jx : x € Y} is equicontinuous.

Proof Let H = sup,.y |l*|l. We have, foranyx € Yand 0 <t <t, < T,

Ja(t2) = J(t1)| < |Sq(£2)x0 — Sq(t1)0]

+

/2( 2 —8)T 1P, (ts —s)f(s x(s))
0

- /Otl(tl - s)q_qu(tl - s)f(s,x(s)) ds

< |S4(t2)x0 = Sy(t1)wo | + / 2(t2 = )T P, (ts — s)f (s, %(5)) | ds
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+ / 1 (£, —s)17t |Pq(t2 - s)f(s,x(s)) —P,(t; - s)f(s,x(s)) | ds
0

+ /0 1 ((t1 =91 = (t2 = )77 [Py (t1 = 8)f (s,%(5)) | ds

=Ko+ Ki + Ky + K3,
where

Ko = |S4(t2)x0 = S4(t1)%0

’

K = / Z(tz _ )1t ipq(t2 — s)f(s,x(s)) | ds,
@=£7aﬂvﬂ%m-w@ﬂm—%%-W@“WW&
K3 = /0 1 ((t1 —)T (- S)q_l) |Pq(t1 - s)f(s,x(s)) ‘ ds.

By Lemma 3.3, it is clear that Ky — 0 as &, — ¢t; — 0. Firstly we consider the case 0 < £; <
ty < T1. From (H3-3), there exists a real number g3 > 0 such that a; < g3 < g. By (H3-3),
Lemma 3.2 and the Holder inequality, we have

M ("
K < —— / (ty—s)1! <ﬁ |lx(s) " + ml(s)) ds
F(q) t1 s4
MHP! [5) q-1 1-g3 %) a1 q3
< b (/ (tr—s) = ds) (/ s x ds)
I'(q) 0 t

M t -1 1-q1
+— (/ (k. —3) =7 ds) ,
I'(q) 4

1-q3 3 93-a1 93-a1
i, <O (1o E L e T
LT[, —  Tg) 2 1

q—4s3 q3 —ai
M (1-g\'™®
+ —< ql) (b —t)T ]l 1 ,
Mg \qg-¢ LT [t1,85)

which implies that K; — 0 as t; —t; — 0. By (H3-3), Lemma 3.2 and the Holder inequality,
we have

M f —1 ~1 bl P1
K; < Tq)/o ((tl -8)T —(ta )1 )<571 ’x(s)’ + ml(s)) ds

b MHP [ [t o \IB ot e B
< : </ ((tl )T —(t —S)q_l) 1}q3 dS) (/ s 5 ds)
I'(q) 0 0

M ([ (4 . hel O\
+— L=8)T" —(ty—s)T ) ds m
([ @9t -y as) Sy

1 _ l-g3 gq-a3  4-a3 ~ 93
< bll_jf/(H_‘)’ <1 q3) (tllfqg _ t21*q3 + (- tl)% )1—!13 ( q3 ) e
q

q—493 g3 — a1
M [(1- DU = N 1Y a1 q_
+ —( ql) L™ - " +(t2—t1)1-ql)1 Mm|l +
@\ q-q LT [0,1)
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which implies that K3 — 0 as £, — t; — 0. By (H3-1) and Lemma 3.2, for € € (0,t;),

Ky < / : (ta = )77 |Py(ty — 5) = Py(tr — )| |f (s, %(5)) | ds
0

+ / 1 (ts = )17 [Py(ts — 8) = Py(ts = 5)||f (s, %(s)) | s

1—€

51 b
< sup ’Pq(tz —8)— Pyt - s)’ /(; (£ —s)T7! (s711 ‘x(s)‘pl + ml(s)> ds

s€[0,t1—€]
2M (8 by
=y ty — )T H — P1 d
" F(‘I) /},‘1—6( 2 S) (Sal ’x(‘s)’ + n’Il(S) S
1 by HP!
= o |Pq(t2 —9)- Pq(tl - S)| / (t2 - S)q_l( 1 + VVI1(S)> ds
s€[0,t1—€] 0 o

2M [t b HP?
+ = / (ty— )" (—1 + ml(s)> ds.
I'(q) Je - s

1

Similar to K; and K3, by using Lemma 3.4 and the Holder inequality, we can prove that
Ky — 0asty—t; — 0,6 — 0. Thusif0 < t; < t, < T1, then |Jx(¢y) —Jx(t;)| — Oasty —t; — 0.
In the case £, > T; and the case #; = 0, by using the same technique as above, we can

complete the proof. d

Lemma 3.6 Let Y be a bounded subset of C([0, T, B) and suppose that (H3-1), (H3-2),
(H3-3) hold. Then J is continuous on Y.

Proof Let H = sup,.y |l#|| and {x,} C Y be a sequence such that lim, ,,%, = x in
C([0, T'], B). By the continuity of f with respect to the seconde variable, for a.e. t € [0, T'],
lim,,, oo f (&, %,(8)) = £(&,%(2)). Thus lim,,_, oo (£ — 8)T7f(s,%,(s)) = (£ — s)T"1f (s, x(s)) for a.e.
t €[0,7] and s € [0, ¢]. From (H3-2), we have

b= g (t) forse(0,Ti]
(t—s)? Lf(t; xn(s)) { = bz(ts_sl)qfl 1 :
HP2 + my(¢) forse[Ty,0)U (T

ls—{]#2

It is easy to prove that the right side of the above inequality is integrable for s € [0,¢]. We
have, for ¢ € [0, T,

|]x,,(t) —]x(t)| < ‘/0 (t—s)t !Pq(t = 8)f (s,2n(5)) — Py(t — )f (s, () | ds

< % Ot (£ =T (5,2a(5)) — (£ = 5)Tf (5,%(5)) | ds.

By the Lebesgue dominated convergence theorem, lim,_, o, Jx,(¢) = Jx(¢) for any ¢ €
[0, T1]. O

Lemma 3.7 Let Y be a bounded subset of C([0, T1,B) and suppose that (H3-1), (H3-2),
(H3-3) hold. Then, for any t € [0, T, {Jx(t) : x € Y} is relatively compact.
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Proof By using the same technique as Theorem 3.1 of [9], we can prove this result. O
Now we will prove the main result of this section.

Theorem 3.8 Suppose that (H3-1), (H3-2), (H3-3) hold. Then the fractional evolution
equations (1.1)—(1.2) have a mild solution.

Proof Firstly, by using the new property of the three-parametric Mittag—Leffler function
obtained in Sect. 2, we will show that there exists a convex bounded closed subset G €
C([0, T, B) such that JG C G. By Theorem 2.7, there exist A1, 13, A3 > 0 such that, for ¢ €
[0, 7],

{P[E 10, (a8)s 1} 0) < g2 B, (108),

2bM

I'(q)
2b,MT (q — as)

112, (hss®)s7 2] }() <

{177 [E3, (A25°) ] }(®) < E31 (M),

20, MEgl o (4a)-

We define a convex bounded closed subset G of C([0, T1], B) as follows:

2D1E§ l-a (A.ltg) fort e [O, Tl],
G=1xeC([0,T],B): |x(t)| < 2D, E3 1 (Aot?) for t € [Ty,1],
2D3E%,1,a2 ()\.3(1' - 1)3) fort e [l, T],

where

M [1-g\'™0

D1:F(1—al)max{1, (Mlxo|+—(—ql> Ty 7% |y | )}
M) \q-¢ L7 0]

M 1_q2 1-q2
D, = 2D, E2 mT3) + — [- T
2 1 3,1_g1( 141 )+ r@) (q_q2> ( 1) ||7”’12||Lq2 (ol

M [(1-g\'™®

D3=Fu—aﬁ{M%Eé(MP)+———( @) (T -DT%|my| o }

’ F@)\q-q LB T

By the Holder inequality, we have, for any x € G and ¢ € [0, T1],
t
[ (8)| < [Sq()xo] +/ (t = )T [Py(t = 5)f (s,x(5)) | ds
0

M ! -1 by p1
§M|x0|+ﬁq)/0‘(t—s)q (571‘96(8)‘ +m1(s)>ds

< Mlxo| + 20 MDy {I7[ E3, _, (M15°)s™ ]} (®)

—q1
F( )(/ (t_S)l " ds) ”Wh”qu [0,T1]

- m +DIES; gl()"lt ) <2D\E3,_ gl()"lt ).
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We have, for any x € G and t € [T3, ],

T
‘]x(t)’ < }Sq(t)xo| +/0 (t—s)q_l|Pq(t—s)f(s,x(s))’ds

+ t (t—s)7! ’Pq(t — s)f(s,x(s)) ‘ ds
1

< 2D1E§,1,a1 (M T1 / ((l AT |x s) |p2 + mz(s)) ds
1

M -1
<2DiE3y o (MTV°) + Tq)( . (t-s)T-22 dS) lmall L
1

2b2MF (q - 6l2)
T'(q)
< 2D2E§’1 ()»zts).

Do (22, (1a5°) ]}

We have, forany x € Gand t € [[, T,

!
‘]x(t)’ < }Sq(t)xo’ +/0 (t—s)q’l‘Pq(t—s)f(s,x(s))’ds

+ /t(t —g)it |Pq(t - s)f(s,x(s)) | ds
i

<2DE}, (AP 1_( )/ (t—s)T" 1< e |x(s)[" +m2(s)>

<2DE},(%2°)

t-1 l’)z

+%/t(t—s)qlm2(s)ds+%/ —(t-1-s)" x(s + 1) ds

s%

—q2
1
<2D,E}, (Aol F( )</ (t—s)Tn dS> ”man%[m

+2byMDs{I7[E3,_,, (x3s”) ]} (e - 1)

<2D3E}, . (As(t-1D)7°).

Thus JG C G. By Lemma 3.5, Lemma 3.7 and the Ascoli theorem, {Jx : x € G} is relatively
compact. Lemma 3.6 and relatively compactness of {Jx : x € G} imply that J is a com-
pact operator. Thus, from the Schauder fixed point theorem, J has at least one fixed point
in G. g

Remark 3.9 The condition (H3-3) of Theorem 3.8 can be replaced by the following con-
dition. There exist n e N, 0=To < T1 <---< T, =T, l; € (Tj1, T)) for i = 2,...,n, aj,q; €

1
[0,9), pj € (0,1], b; > 0, m;(¢) € L% [Tj_y, T;] forj = 1,...,nm such that

f;l |ulPL + m (t) fort € (0,T1] and u € B,
|ulPi + my(t) forte [T;_1,L;)U(;, T;] and u € B,

f (6, u)| <

|t— l\"l

wherei=2,...,n.
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4 Uniqueness of mild solution
This section discusses the uniqueness of mild solutions of (1.1)—(1.2). For the uniqueness
theorem, we make the following hypotheses.

(H3-2) f:[0,T] x B— B s continuous.

(H3-3)" There exist constants ay,a; € [0,9), b1,by >0, Ty € (0, T, [ € (T}, T), such that

bliu—v|  forte(0,T], u,veEB,
f(t.u)~ftv)| <1 !
lu—v| fortel[T,l)U(T], u,veB.

[e=1]%2

Theorem 4.1 Suppose that (H3-1), (H3-2)' and (H3-3)' hold. Then the fractional evolu-
tion equations (1.1)—(1.2) have a unique mild solution.

Proof From the conditions (H3-2)" and (H3-3)’, we can easily prove that (H3-3) holds.
Thus, by Theorem 3.8, the fractional evolution equations (1.1)—(1.2) have at least one mild
solution. By using the method of proof by contradiction, we will establish a uniqueness
result for mild solutions of Egs. (1.1)—(1.2). Assume that (1.1)—(1.2) have two solutions.
Then the operator J has also two fixed points «x, y such that ||x — y|| > 0. By Theorem 2.7,
there exists a real number A; > 0 such that, for ¢ € [0, T'],

1
{Iq[Eg:l—ﬂl ()\1S3)S—tl1 ] } (t) < bl—MEg,l—m ()‘lts)'

We define W, and L, as follows:
Wi =inf{w: |x(t) - y(8)| < wE3,_, (M%), € [0, Th]},
Ly =inf{t € [0, T1] : [a(£) - y(£)| = WLE3 ), (M£7) ).
If W, #0, then we have

WAES, . (MLi?) = |x(L1) - y(Ly)|

Ly
< /0 (L = 8 Py(Ly —9)|f (5,5(6)) —f (5,9())| ds

Iy b
< % /0 (L1 _S)q_15711 |x(s) —y(s)i ds

b a1 2 3
E% | (L —9)1 yTlWIEM*m()‘lS)dS

< WlE%,l—al (}LlLls),

which implies that W; = 0. Therefore x(¢) = y(£), t € [0, T1]. By Theorem 2.7, there exists a
real number XA, > 0 such that, for ¢t € [0, T,

y I'(g)
{1772 [E3, (%25°) |} (1) < WZ_QZ)E%,I()‘ZFJ)‘

We define W5 and L, as follows:

Wy = inf{w: |x(t) —y(t)| < wE?Z,Yl()thg),t € [Tl,l]},

Ly =inf{t € [Ty, 1] : |x(£) - y(t)| = WaE3 | (A2°) }.
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If W, #0, then we have

WHE2 | (MaLo®) = |%(La) — y(Ly)|

Ly
< /0 (Ly = 7Py (L - 9)|f (5,5(5)) — £ (5,(5)) | ds

Ly b
<— | (Ly-9)T—2—|x(s) - y(s)| ds
N Jr =gy P =0
boM (12
= Ly — )12 LWL E2 (1y5%) d
< @ Js (Ly—5) 2 3,1( 25) $

< WZE:)Z“I ()\,2L23),

which implies that W5 = 0. Therefore x(¢) = y(¢), t € [0,[]. By Theorem 2.7, there exists a
real number A3 > 0 such that, for ¢t € [0, T,

1
([, ()5 10 < B ).
We define W3 and L3 as follows:

W3 = inf{w: ’x(t) —y(t)’ < wE?,,1 (Ag(t - 1)3), tell,T] },

—ay

Ly =inf{t € [, T]: |x(t) - y(t)| = WaE3,_,, (As(t - 1)*) }.
From the assumption |x — y|| > 0, it is clear that W3 # 0. Then we have
W3E3 |, (As(Ls — D)%) = |x(Ls) - y(L3)|

L3
< | a9 L =9)|f(5:x(9) ~F (5:509)| s

M8 e b
= Tq) l (L3 —s)? Gole |x(s) —y(s)| ds

byM ('3
< =

I'(q) Jo
< W3E§,l—u2 ()»3(143 - 1)3)

1
(Lg -1- S)q_l STZ W3E§,17a2 ()L353) ds

This contradiction shows that Egs. (1.1)—(1.2) have a unique mild solution. O

Remark 4.2 The condition (H3-2)" of Theorem 4.1 can be replaced by the following condi-
1

tion. There exists a real number ¢; € [0, g) such that |[f(-, ®)| € L% [0, T] and (H3-2) holds.

Here O is the zero vector of the Banach space B.

Remark 4.3 The condition (H3-3)" of Theorem 4.1 can be replaced by the following con-
dition. Thereexistn e N,0=To < Ty <---< T, =T,l; € (Ti-1, Ty) fori =2,...,n,a; € [0,9),
b;>0forj=1,...,nsuch that

Bl — vy fort € (0,71) and u,v € B,
V(tx I/I) _f(tx V)| = g lbi
lu—v| forte[T;_1,l;)U(l;,T;] and u,v € B,

le=1;|%

wherei=2,...,n.



Sin et al. Advances in Difference Equations (2018) 2018:61 Page 12 0f 13

Remark 4.4 1f the exponential function is used instead of the Mittag—Leftler function in
proving the uniqueness result, we can only establish the uniqueness result when f satisfies
the Lipschitz condition. Theorem 3.8 and Theorem 4.1 can be proved only if the Mittag—
Leffler function is employed.

5 Applications

In this section we discuss existence and uniqueness of mild solutions of time fractional
diffusion equations as an application of main results. The existence of solutions of the
following equations cannot be proved by previous results.

Example Consider the fractional diffusion equation of the form

D7 x(t,u) = Ax(t, u) + 2 to(;”), 0<t<T,0<u<3,
(t) 0) = x(t1 3) =0, te [O; T], (51)
x(0,u) =0, ue€]l0,3].

Define the operator A by A = 88 > with the domain D(A) = {x(-) € B: x,x" are absolutely
continuous, x” € B,and x(0) = x(3) = 0} where B = L?[0, 3]. Then the operator A generates
a strongly continuous semigroup. For more details as regards this conclusion, please refer
to [1]. Since f(¢,y) = ?’t}(')—O: and g = 0.7 > 0.5, by Theorem 3.8, Eq. (5.1) has a mild solution
in C([0, T1,L*[0, 3]).

Example Consider the fractional diffusion equation of the form

DO8x(t,u) = Ax(t,u) + 02”), 0<t<T,ue®,
x(t, u)|uese =0, te[0,T], (5.2)
x(0,u) =xo(u), uecg,

where Q is a bounded domain with smooth boundary 32 in R® and xo € H*(2) N H} ().
We denote A = = ; 5 + a_ and B = L2(R2). Then the operator —A is a strongly elliptic
operator deﬁned m H 2(Q) N H;(2) and the operator A generates an analytic semigroup
on L%(R2) (see [1]). By Theorem 4.1, Eq. (5.2) has a unique mild solution in C([0, T], L2(£2)).

6 Conclusion

In this paper the existence and uniqueness of mild solutions of the initial value problems
of fractional evolution equations are proved under some appropriate conditions by using
a fantastic property of the Mittag—Leffler function. In particular, the uniqueness result of
mild solution is established when f satisfies the condition close to Nagumo-type condi-
tion. In the future, we will investigate the initial value problems for different fractional
differential equations by employing the proof technique used in the present paper.
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