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Abstract

The main purpose of this paper is, using the elementary and combination methods,
to study the arithmetical properties of the Lucas polynomials and to obtain some
new and interesting identities for them.
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1 Introduction

For any non-negative integer n, the Fibonacci polynomials {F,(x)} and Lucas polynomials
{L,(x)} are defined by the second order linear recursive formulas F,;;2(x) = xF,;,1(x) + F,, (%)
and L, (x) = 2Ly (%) + L, () with Fo(x) = 0, F1(x) = 1, Lo(x) = 2, and L; (x) = x. The general
terms of F,(x) and L, (x) are given by

~ k

and

%1

-k
L) =3 ("7 a2, (1)
n-k\ k

k=0

where (Z’) = n,(len),, and [x] denotes the greatest integer < x.

It is easy to prove the identities

1 x+/x2+4\"  [x—-x2+4\"
ho= =] (50) - (55) |
x2 +4 2 2
and
L) = <x+ «/2xz+4)" . (x— ;2 +4)". @)
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If x = 1, then {F,,(x)} becomes the famous Fibonacci sequences {F,} and {L,(x)} becomes
the Lucas sequences {L,}.

These sequences and polynomials occupy very important positions in the theory and ap-
plication of mathematics, so many scholars have studied their various arithmetical proper-
ties and obtained a series of important results. For example, Ozeki [1] proved the identity

- 2m+1
ZF221?H1 = tm Z (I " )(F(ZWHI 2/)(2n+1) - By 2])
k=1 5 j=0 L2m+1—2]

Prodinger [2] studied the more general summation Y ;_, Far*5'*¢, where §, € € {0,1}, and
obtained many interesting results.

Ma and Zhang [3] used the properties of Chebyshev polynomials to obtain some identi-
ties involving Fibonacci numbers and Lucas numbers. Wang and Zhang [4] proved some
divisible properties involving Fibonacci numbers and Lucas numbers. Some of other re-
lated papers can also be found in references [5-15], here we are not going to list them
all.

In this paper, we shall use the elementary and combination methods to study the arith-
metical properties of Lucas polynomials, and give some new identities for them. That is,
we shall prove the following results.

Theorem 1 For any positive integer h and integer k > 0, we have

h h  (h+n
Z Ly (x -2 _ Z (h ,,) 12 ).

n=1 n=1
Theorem 2 For any integers h and k > 0, we have
h h+n+1)

L(2n+1 2k+1 2n+1
Z w1 = Z L2k+1 x).

n=0 n=

Theorem 3 For any integers n > 1 and h > 0, we have the identity

A 2h+1 V= 74”[ %t 1 4kh+2k+1 2 74/&[ k-1 akh+2k-1(%).

Theorem 4 For any integers n > 1 and h > 0, we have the identity

* 1 2n+ 1\ ( Laggrakrone2(®)  Laknsokson(%)
L2”+1 dy =~ 1 n—k +2k+2h+ +2k+
/0 2in1 )4y 2;( ) (n—k)(Zkh+k+h+1+ 2kh+k+h>

Z( 1)"" 2n+1 1 1
B —k )\ kv k+h+1l  2mk+k+n)

k=0

Taking k = 0, from Theorems 1 and 2 we can deduce the following:

Corollary 1 For any positive integer h, we have the identities

h h  (h+n
L2n(x)_2 _ M own

n=1
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and

h h h+n+1
L2n+1(x) ) 2,,+1
Z 2n+1 Z 2n + 1

n=0 n=0

If x =1 and k = 0, then we also have the following:

Corollary 2 For any positive integer h, we have the identities

h h+n+1)

L
and Zznzn:ll Z Ml

n=1 n=1 n=

From Theorems 3 and 4 we can deduce the following corollaries.

Corollary 3 For any integers n > 1 and h > 0, we have

/ILZ” (y)d Z(_ r )L +Z S )L
A 2h+1 y = Ttk + 1 4kh+2k+1 Wt 2k —1 4kh+2k—1-

Corollary 4 For any integers n > 1 and h > 0, we have

1
/ L2n+1
0

2 Several simple lemmas

(21 + 1\ [ Lagsoksomz — 2 . Lajnioks2n —2
n—k 2kh+k+h+1 2kh+k+h

Lemma 1 For any positive integers n, we have the identities

* Lone1(x)  Loy_1(x)
Ly, (y)dy = ;
/0 w0y == Tt o1

/xL (y _ L2n+2(x) n L2r1(x) _ 2n+1
2l 2+ 2 2n nn+1)

Proof Note the identities (x + V&2 +4) =1 + F = xi/—'xz*“ and (x — vVx2+4) =1 -
x’§+4 = V " 4 From the definitions of the polynomials F,(x) and L, (x), we have
U n <x+Vx2+4>” n (x— x2+4>"
x) = -
! x%+4 2 %2 +4 2

=n- F,_1(x). (3)

Applying (3), the integration by parts, and the recursive formulae of L,(x) and F,(x), we
have

/ L) dy = 2Ly (x) - / YL, () dy
0 0
L) - /0 YEur(y)dy

Ly () = Lya () — 1 /0 (Fs) - Eya9)) dy
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= Ly (¥) = Ly (x) - % (Lne1 (%) = L1 (0)) + n”j (Lys (%) = L1 (0))

_ Ln+1(x) " Ln—l(x) " nLn+1(O) _ nLn—l(O)' (4)

n+1 n-1 n+1 n-1

If n = 2k, then note that Ly;,1(0) = Lyx_1(0) = 0. From (4) we have

Loke1(x)  Log-1(x)

k+1 | 2%k-1° ®)

/0 L) dy=

If n = 2k + 1, then by (2) we have Lyi,2(0) = Lyx(0) = 2. From (4) we have

~ Lokn(®)  Loglx) 2k +1

Logni(y) dy = - . 6
fo w0y = = T TRk D) (©)

Now Lemma 1 follows from (5) and (6). O

Lemma 2 For any positive integer n and non-negative integer k, we have the identity

Lyy(Lags1(x)) = Luics1) (%).

Proof Let o = ’H_J;zj and 8 = x—v/x2+4

5. Then replace x by Ly,1(x) in (2) and note that

a?k+1g2%k+1 - 1 we have

L2k+l(x)+ /L§k+1(x)+4=a2k+1 +,32k+1 +\/(012k+1 +[32k+1)2+4

— g2kl ,32/<+1 + \/052(2’”1) + A2k _ 2 4 4

S ﬂ2k+1 + /(a2k+1 —,32’”1)2 = 92kl

and

Loenr @) = /12, (%) + 4 = a1 4 g2+ _\/(a2k+1 . ﬂ2k+1)2 +4
— a2k+1 + ﬁ2k+1 _ /(a2k+1 _ ’32k+1)2 — 2ﬂ2k+1-

From (2) we have the identity

Logs1 + /L3 + 4)n (L2k+1 —JL3 4)n
+
2 2

2k+1) + IBn(2k+1)

Ln (L2k+1(x)) = (
= o = Ly(ics1) ().

This proves Lemma 2. d

Lemma 3 For any non-negative integer n, we have the identities

2 (‘21) <2:) Lo(x) + ;(—1)”"‘ <n2_n k) - Lok ()
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and

- 2n+1
2n+1 _ n-k
x5 = kE:o (-1) ( . k) - Lojp1(%).

Proof From the definition of L,(x) we know that Ly (x) is an even function. So we may

suppose that
n
X = Zuk - Lok (). (7)
k=0

Taking x = 2i cos 6 in (7) and noting that x? + 4 = 4—4.cos? @ = 4sin’ @, from Euler’s formula

we have

2icosf + v4sin29>2k <2icos9 - v4sin29)2k
+

Lox(2icos ) =
stssy= (B0 2

= (icos +sin0)% + (icos6 — sin@)*k
= (=1)*(cos 6 — isin0)* + (=1)*(cos @ + isin6)*

= (=1)*- 2 cos(2k0). (8)

Then from (7) and (8) we have

(-1)"4" cos?" 0 = Z ay - Lyr(2icos6) =2 Z ay - (-1)% cos(2k8). 9)
k=0 k=0
Note the identities
. w, ifm=n#0,
/ 2cos(mb)cos(nd)dd = {0, ifm+#n, (10)
0

27, ifm=n=0

and

T 2n)! g 2n
21(0) cos(2k0) d6 = 7 - == )
fo cosTO) cos2kO)dO =7 - o T 2 47 (n—k)

From (9) and (10) we have

ax - (1) = (-1)"4" /On cos™(6) cos(2k0) d6 = (-1)"x - <n2_n k)

or

ag = 1" . (2;4) and ay = (-1)" k. ( 2n ), 1<k<n (11)
2 n n—-k

Combining (7), (9), and (11), we can deduce the first identity of Lemma 3.
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Similarly, since Lyg,1(x) is an odd function, we can suppose that
n
K= by Ly (). (12)
k=0

Taking x = 2icos @ in (12) and noting that

2isinf + v4c0520)2k (2isin6 - v400529)2k
+

L« (2isinf) =
2k(lsm)< 5 5

= (isin® + cos0)% + (isin® — cos 0)*F

= (cos @ +isin0)* + (cosO — isin)*
= c0s(2k6) + isin(2k60) + cos(2kO) — i sin(2k6)

=2 cos(2kB),

we have

(-1)"4" cos®1 6 = Y " by - (~1)F cos((2k + 1)6). (13)
k=0

From (10) and (13) we may immediately deduce that

2(-1)m* g 21 +1
b= 2T / cos2™1(9) cos((2k + 1)6) db = (—1)"-k< " ) (14)
bid 0 n—k
Now the second identity of Lemma 3 follows from (12) and (14). a

3 Proofs of the theorems
Using the lemmas in Sect. 2, we can prove our theorems easily. First we prove Theorem 2.
Similarly, we can also deduce Theorem 1 and then omit its proving process here. From

Lemma 1 and the definition of L, (x), we have

h

h
Y Lo =) (" + )
n=0

n=0
a2h+2 -1 ﬂ2h+2 -1
+
a?-1 B2-1
_ Lopsa(x) = Lon(x)

L2 !
Lo (x)
- 20 (15)

Applying (15) and Lemma 1, we have

h h
" _ 7 Lana ) B Lyni1(x)  Loy-1(x)
/0 ;LG(y)dy—/o (7y —l)dy—z< TR 2n—1>

n=1
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or

h
L2n+1(x) /x L2h+1 ()/) L2h+1(x)
2y 2 d
2 onr oy T oned

h

2h+1 (2h+1-k\ [* ook
d
E;%+1k< k )Ay 4

2h+1  (2h+1-Kk\ o1-0
mr1-k\ k)

_ Xh: 2 (2h +1-k 212k
_k:02h+1—2k k

ot

>
Il =
(=]

h
_ h-n ) 2n+1
_2§:2n+1x . (16)

Now Theorem 2 follows from (16) and Lemma 2 with x = Lyz,1(y).
To prove Theorem 3, taking x = Lyj,1(y) in Lemma 3, we have

L= ()« Z( 04 (2 ) L) 17)

Integrating for y from O to x in (17), then applying Lemma 1, we may immediately deduce

n—k 1)" k
/ ) dy = ZlLkh) 2](< :)lL4kh+2k+1( )+Z%L4kh+2k 1(x).

This proves Theorem 3.
Similarly, we can also deduce Theorem 4.
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