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Abstract

This paper considers the problem of the simultaneous finite-time event-triggered
control and fault detection for a class of continuous-time singular Markovian jump
mixed delay systems (SMJDSs) under asynchronous switching. In order to develop the
control and detection objectives, the mode-dependent fault detection filters and
dynamic feedback event-triggered-based controllers are designed and the switching
signal between the detector/controller unit and subsystems is assumed to be
asynchronous. Based on average dwell time (ADT) techniques, some new sufficient
conditions for the existence of fault detection/controller unit are presented in the
framework of linear matrix inequalities (LMIs) to ensure the control system has
singular stochastic finite-time stability (SSFTS). Finally, a numerical example is
provided to illustrate the effectiveness of the proposed method.

Keywords: Detector/controller unit; Event-triggered control and fault detection;
Singular stochastic finite-time stability; Asynchronous switching; Average dwell time

1 Introduction

In the past decade, the fault detection problem has been widely investigated due to the
rising demand for higher safety and reliability standards in modern society. In generally,
faults are unavoidable under practical conditions, such as hotspot faults, sensor faults and
short circuits faults [1-3]. Up to now, various kinds of fault detection techniques have
been developed, for example, model-based approaches, knowledge-based schemes and
signal-based methods etc. Particularly, the problem of H., optimization-based fault de-
tection has been an active research area [4—7]. However, in many practical cases, the fault
detection systems have feedback control, that is, the fault detection system is usually of
closed-loop type, and if the fault detection systems are designed separately from the con-
trol algorithms, faults may be hidden by control actions and the early detection of faults
is clearly more difficult, especially low frequency faults [8—15]. Therefore, the problem of
merging the control and fault detection units into a single detector/controller unit, i.e. si-
multaneous control and fault detection issue has become a very important research topic
in information security field; recently. [8] dealt with the problem of simultaneous finite-

time control and fault detection for linear switched systems with state delay and parameter
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uncertainties; [9] was concerned with the simultaneous robust control and fault detection
problem for continuous-time switched systems subject to dwell time constraint; [10] in-
vestigated the problem of simultaneous fault detection and control for switched linear
systems under a mixed H,/H_ framework and [11] presented the problem of simultane-
ous fault detection and control design for switched systems with two quantized signals; in
[12], the authors first attempted to deals with the simultaneous robust fault detection and
control problem for a class of nonlinear stochastic switching systems under asynchronous
switching; this paper further improved the results in the literature [9].

In practical situations, the periodical sampling is often used to control physical plants
since it can simplify the design and analysis [16]. However, the communication burden
is neglected in the framework of the periodic sampling; especially when the difference
between consecutive sample-data is not distinct, it is obviously a waste of limited com-
munication resources transmitting the sampled data to the controller [17]. Recently, in
order to overcome this difficulty, event-triggered scheme is introduced and has been re-
ceived particular attention, which is more convenient and effective than the traditional
time-triggered technique, meantime, compared with the time-triggered mechanism, the
event-triggered scheme can promise energy efficiency and reduce the burden of the com-
munication [18-21].

In most existing literature, finite-time stability has received increasing attention and
the concept of finite-time stability was proposed in practical processes, such as avoiding
saturation or the excitation of nonlinear dynamics during the transient [22, 23]. Differ-
ent from the classical Lyapunov stability concept, finite-time stability is defined as the
behavior of the dynamical systems that can be tracked over a fixed finite-time interval,
that is, the system state does not exceed a certain bound during a fixed finite-time inter-
val. The introduction of such a stability concept is very necessary and important in many
practical problems. So, the problem of finite-time stability it is not only the need of theo-
retical learning, but also the need of practical application. Now, many interesting results
have been obtained for this type of stability. For example, [24] investigated the problem
of robust finite-time boundedness of H, filtering for switch systems with time-varying
delay; [25] addressed a finite-time stabilization problem for a class of continuous-time
Markovian jump delay systems with switching control approach; [26] studied observer-
based state feedback finite-time control for nonlinear jump systems with time-delay and
[27] dealt with the finite-time synchronization problem for a class of uncertain coupled
switched neural networks under asynchronous switching.

It is well known that singular systems, which are also referred to as generalized state-
space systems, descriptor systems or implicit systems, as a kind of important system, sin-
gular systems have been received extensively attention during the past decade due basi-
cally to their powerful applications in many practical systems, such as economic systems,
robotic systems, biological systems network control systems, chemical systems, and many
other systems. Different from other regular systems, singular systems are more general and
complex owing to not only the stability are need to be considered, but also regularity and
absence of impulses or causality is need to be considered. Due to this fact singular systems
can better describe and analyze the behavior of some physical systems than regular ones
by standard state-space systems [28, 29]. Moreover, since the existence of time-delays of-

ten causes undesirable behavior such as degradation stability in dynamical systems, one of
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the major issues of stability and control analysis for time-delay singular systems has been
studied extensively in actual problems [30, 31].

The main challenge is now simultaneous finite-time control and fault detection in the
presence of some complicated factors, such as jump model uncertainty, mixed delay and
disturbances for a class of singular Markovian jump delay systems under asynchronous
switching. To the best of our knowledge, this problem has not been investigated yet.
Therefore, motivated by the aforementioned observations, in this paper, we will deal with
the problem of simultaneous finite-time event-triggered control and fault detection for
a class of singular Markovian systems with asynchronous switching signal, which based
on some novel integral inequalities and average dwell time method. The purpose of this
paper is to design mode-dependent detector/controller unit such that the augmented sys-
tem is not only singular stochastic finite-time stability but also satisfies Hy, performance
indices. A novel stochastic Lyapunov function and a set of strict LMIs will be utilized to
derive sufficient conditions guaranteeing the desired detector/controller unit can be con-
structed. The main contributions of this paper can be summarized as follows: (1) In this
paper, a class of much more general singular systems including both stochastic switch, de-
terministic switch and mixed time-varying delay are considered simultaneously. (2) Based
on the event-triggered scheme, the simultaneous finite-time control and fault detection
problem under asynchronous switching for a class of singular Markovian jump system
is considered for the first time. (3) Compared with the method in [8], some novel suf-
ficient conditions for singular stochastic finite-time stability of Markovian jump systems
are obtained in this paper by virtue of new integral inequalities and asynchronous analysis
method. (4) A mode-dependent controller/detector, which subject to the ADT constraint
is designed, the elements of the transition rate matrix is modeled as a function of the
high-level switching signal 9, = p, 9, = g; furthermore, owing to the bounded uncertainty
description, the uncertainty entry in the transition rate matrix is represented by its upper

and lower bounds.

Notations The notations are quite standard. Throughout this letter R” and R"*” de-
note, respectively, the n-dimensioned Euclidean space and the set of all # x m real matri-
ces. The notation X > Y (respectively, X > Y) means that X and Y are symmetric matri-
ces, and that X — Y is positive semi-definitive (respectively, positive definite). L,[0, +00)
is square integrable function vector over [0, +00). || - || is the Euclidean norm in R”. I is
the identity matrix with appropriate dimensions. X + X is denoted He(X) for simplic-
ity. If A is a matrix, Amax(A) (respectively, Ayin(A)) means the largest (respectively, small-
est) eigenvalue of A. Moreover, let (22, %, (%,)t>0, P) be a complete probability space with
a filteration. (IF;);>¢ satisfies the usual conditions (i.e., the filtration contains all P-null
sets and is right continuous). &{-} stands for the mathematical expectation operator with
respect to the given probability measure. Denote by L%O([—dT,O] :R") the family of all
Fo measurable C([-d,0] : R”)-valued random variables ¢ = {¢(s) : —d; < s < 0} such that
SUP_g, <s<0 Elles)I?
by symmetry. Matrices, if not explicitly specified, are assumed to have appropriate dimen-

< 00. The asterisk * in a matrix is used to denote a term that is induced

sions. Sometimes, the arguments of the function will be omitted in the analysis when no

confusion can arise.
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2 Problem formulation and preliminaries
Consider a class of SMJDSs described by the following model:

E(0)x(t) = A(vy, 01)x(t) + Ag(vg, O0)x(t — d(t)) + A (v, 95) ftiw) x(s)ds
+ B(vy, 0)u(t) + B(vy, 9)h(t) + Br(vy, 9,)f (),
y(t) = CL(F)x(t) + D(F,)x(t — d(£)) + D, (V) ftt_r(t) x(s) ds + Dy (9)h(t) (1)
+ Dp(9,)f (0),
x(t) =), tel-d.,0],

where x(£) € R” is the system state vector, y(£) € R” is the measured output, 4(t) € R/
is disturbance input, u(t) € RS is the control input and f(¢) € R" is the fault vector. The
matrix E(¢%;) € R”” may be singular, and it is assumed that rank(E(d)) = r < n. ¢(¢) is a
vector-valued initial continuous function defined on the interval [-d;, 0]. 9 is a piecewise
constant switching signal taking values in A; = {1,2,...,t}, t € N. Suppose ty < t; <--- is
the switching sequence, then the system switches at instants ¢y < t; < - - -, and ¥(¢) = ¥ (&)
for Vt € [t},t1,1),and [ =0, 1,....

Assumption 2.1 The input matrices B(vy, 0) are full column rank and therefore, there
exists nonsingular matrices T (v;, 9;) such that T (v;, 9,)B(v;, ;) = [ é]

Assumption 2.2 I this paper, the time-varying delays d(t), T (t) are continuous satisfying
0<d <d@t)<dydt)<d<1land0 <t <1(t) <19, whered,, 7 and dy, v, are constants
involving the lower and the upper bounds of the delays, d, = max{d,, 7,}, d=dy—di, 7=

Ty —T1.

In this paper, the aim is to design a detector (filter)/controller (state feedback) unit,
which is described by

E@D)is(t) = A(vr, 90)xr(2) + B(uy, D2)y(2),
r(£) = C,(ur, De)xp(£) + Dy (vr, B)y(2), )
u(t) = K(v, 9% (),  t €ty tri1), Yo €N,

where x/(t) € R” is the state of the detector/controller unit, 7(¢) € R% is the residual signal,
the matrices A(U;, 3,), By, D), Cr(vy, 9y), Dy(vr, 9,) and K(vy, 9,) are detector/controller
gains, which will be determined. Moreover, 9, is the switching signal of detector/controller
unit and can be regarded as a delayed signal of ;. Under the switching signal 9, and ¥,
one can get the following switching sequences and Fig. 1 shows the phenomenon of asyn-
chronous switching:

U {(tO) ﬁ(tO))) (tlr ﬁ(tl))i cees (tk; ﬁ(tk))) .

_ (3)
Oy {(to, ¥ (o)), (01 + d1, O (1)), ..., (tk + Ak, O (81)), .},
which indicates that if ¢ € [f, tx + di), then the pth subsystem is coupled with the gth
detector/controller unit, and while ¢ € [t + di, tks1), then the pth subsystem is coupled
with the pth detector/controller unit. Hence, dy represents the time lag of the switching
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pth Subsystem p+1th Subsystem
qth Controller qg+1th Controller qg+2th Controller
A A A
to t1 2 3
t0O+dO tl+d1 t2+d2 t3+d3

Matched Period

Mismatched Period

Figure 1 Asynchronous switching between subsystem and controller unit

instant of detector/controller unit to that of the system (1), and it is assumed that d=
max{di|k =0, 1,...} cannot exceed the next switching instant of the system.

{ur, t > 0} is a continuous-time discrete state Markov process with right continuous tra-
jectory values in a finite set K = {1,2,...,k}, k € N with the TPs

nl;pq)A +0(A), i#j,

(4)
1+ 7 A +o(A), i=),

Pr(veia =jlue =0, = p, F’t =q) =

where A >0, lima_,o+ 0(A)/A =0 and né.pq) is the transition rate from mode i at time £ to

o . (pq) (pq) k W)
mode j at time ¢ + A that satisfies ;" >0, ;" = =3, ;0 (Vi j€ K, Vp,q € Ay).
Remark 2.1 Based on the definition of the transition rate matrix [1%%, we know that every
element nii.pq) of the matrix T1%? is a function of the switch mode 9; = p, 9; = g, it means
that this matrix can be defined as

(pq) (pq)
7'[11 oo nlI}
ned=| - . (5)
(pq) (pg)
Ta 7 Tk

Note that matrix [1¥9 is the time-varying and subject to the ADT constraint. Such time-

(pg)

varying transition rates ;" are unknown but they belong to the admissible bounded

compact set
(pa) _ - (pq) — (pq)
it =2+ AR (6)

and the uncertain Aﬁ;pq) belongs to the range of [—851‘.” D, Sg’ 9], where (Sg’q) >0, forallj,je
IC, p,g € A;1. The entry of ﬁ;.pq) and 85}"1) satisfy ﬁi(ipq) =- Z}]il ﬁl;pq), 5};”‘7’ = Z}]le 8;”).
J# J#

Now, we will introduce the following event-trigger instant sequence:

X = {[20721): [21122))“-’ [zarza+1)¢"' |U € N} (7)
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Without loss of generality, we assume that the first event happens at time instant Z,. With
the system state estimates x/(f,) sampled at time instant Z,, the next sampling instant
t,+1 can be determined by the event-trigger. In this paper, the state feedback controller is
event-triggered, which can be given by

u(t) = K(vy, D)%), t € [lr)Eps1), Yo €N, ®)

Note that in the event-triggered scenario, at sampling time instant Z,, the controller (8)
will receive the sampled data and hold unchanged until next event is generated at time
instant %,,1, that is, there is no new control input updates during two consecutive time
instants in sequence x. Hence, a zero-order holder (ZOH) is equipped in the system in
order to keep the control signal continuous.

Now, we introduce the event detector which is used to determined whether the newly
sampled data should be sent out to the controller by using the following threshold condi-
tion:

e’ () Pye(t) - PixfT(t)q)zixf(t) <0, (9)

where e(t) = xf(i(,) —x7(t), ®1; > 0and ®y; > 0 for each i € K, are an event-triggered weight-
ing matrix to be determined for a proper error tolerance p; € [0, 1). Based on the above
inequality, we know that if the sampling data exceeds the threshold condition (9), the
(0 + 1)th event will be triggered.

Remark 2.2 Based on (9), we know that the next event will not be generated before
el (£)Dyze(t) - p,rxfT (£)@axs(t) = 0 and at the event-trigger instant Z, if e(t) = 0, one sees
that a positive lower bound exists on the inter-event, that is, Z;,1 — 5 > 0, which elimi-
nates the Zeno behavior of the sampling. Furthermore, by the similar method, which was
discussed in [18], a positive lower bound will be obtained. Therefore, based on the above
description, the Zeno behavior of the sampling can be excluded because there is no accu-
mulation point in the sampling if

Zg+1 = inf{t > Zg|eT(t)CI>1ie(t) - pixf(t)¢zin(t) > O} Vé§eN
holds.

Then, by combining the detector/controller unit (2) and the system (1), we can obtain
the following augmented system:

Epg(t) = Appg&(t) + Agipg®(t — d(t))
+ Aripq ff,,(t) X(s)ds + Aeipqe(t) + Bzipqz(t),

7(8) = Cripg®(t) + DyigD ki (t — d(t))
+ DyigDopk ff_r (o %(s)ds + Dyipgz(t) = Cuity (8).

(10)

Case I: switching signals 9; and 9, are a mismatch, then

- E, 0 ~ A;,  B,K, ~ Agp O
Epg = ? ’ Aipg = | 4 ’ O Adipg = | 4 - ’
0 E; B,Cy, Ay B,D, 0
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A Aripk 1 B, f<l = By, B
Aripq = [’\ v :| ) Aeipq = |: ? q:| ) BZipq = [A hip R fip :| ,
BiqDTpk 0 Bithp Biqup

Dripq = [Drithp briqup - DW]’ Cripq = [briqclp Criq]’

Lo | (@) N k71 10 | ()
x(t)'[xf(t)] 70 = r(t)=rult) H[ﬁ} Z‘”'[f(t)}

Furthermore, () and r,,(s) = W(s)f (s) are a filtered version of the fault signals and W (s) €
RH is the given stable weighting transfer function. The realization of r,,(s) = W(s)f(s) is
supposed to be

(L) = Ay (E) + Bwf(t):
\& rw(t) = Cyoy () + Dwf(t)r (11)
xw(o) =0,

where A, B,,, C,,, and D,, are known constant matrices.

Case 11: switching signals 9; and ¥, are matched, then

- - ‘ E, 0 ~ ~ A; B,K; \
p p pip
qu = Ep = 5 Aipq = Aip =| A ! A ! »

0 Ep Biqclp ip
~ ~ Ad,- 0 ~ ~ A”*pk
Adipq = Adip = |:A v :| ’ Atipq :Atip = |:A »
B,D, 0 By,D.yk

- - B;,K; - - By B
Acipg = Aecip = |: g lpi|' Beipg = Baip = |:jg g B ?; :|’
ipEhp iptfp

Dripq = Drip = [bripth Driprp _DW]! Cripq = Crp = [Dripclp Crip]'

Remark 2.3 In this paper, the simultaneous finite-time control and fault detection prob-
lem will be described as designing a detector/controller unit in form of (2) such that the
augmented system (10) is SSFTS and the following H, property should be guaranteed

when there exists a disturbance and fault under zero initial conditions:
T T
éa{/ e (s)7(s) ds} < ),Zg{/ z7(s)z(s) ds}, Ay >0. (12)
0 0

Remark 2.4 Recently, [18, 19] investigated the problem of fault detection for networked
control systems based on event-triggering mechanism, however, the fault detection filter is
designed separately from the state feedback control algorithms. Furthermore, in [20], the
authors continued to study the problem of event-triggered fault detection filter and con-
troller coordinated design for networked control system, obviously, the results are much
more general than the conclusions of [18, 19]. In [12], the authors discussed the problem
of fault detection and control for stochastic switched delay systems under asynchronous
conditions for the first time. In summary, to the best of our knowledge, the same problem

about singular MJDSs using an event-triggered sampling scheme has not been investi-
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gated yet, and the results show great room to improve by introducing some novel integral
inequalities. So, this is the main motivation for us to further develop the simultaneous

finite-time control and fault detection problem.

Now, the following definitions are given, which are indispensable for later develop-

ment.

Definition 2.1 ([32]) For any switching signal and any &y < k; < k, let Ns(k;, k) denote the

number of switching signals over the time interval [;, k). For given Ny > 0, 7, > 0, then

k -k
Ni(ks k) < No + —=, (13)

Ta

where 7, is called average dwell time and Nj denotes the chatter bound.

Definition 2.2 ([33]) system qua;c(t) = ;ll'pqa?(t) (or pair (qu,zzlipq)) is said to be:
1. regular if det(zqu —A,-pq) is not identically zero for any i € K, p,q € Ay;
2. impulse-free if it is regular and degree (det(zqu - Aipq)) = rank(qu) foranyie K,
pr q € A1~

Definition 2.3 ([34]) The augmented system (10) is said to be SSFTS with respect to
(c1,62,9,T). With 0 < ¢c1 < ¢z, 9 > 0, if the stochastic system is regular and impulse-free in
time ¢ € [ty, T] and satisfies

sup  E{F OFa(t), 2L ()G x,(8), 2T (OGFD)) < a1
to—dc <t<0

= EFTOGx0)} <cr, telto, T (14)

Before proceeding, we will introduce the following lemmas which will play an important

role in the derivation of our main results.
Lemma 2.1 ([35]) For a differentiable function x : (o, B] — R”", a positive definite matrix

R e R™", a vector &€ € R, and any matrices N; € R"™" (i = 1,2), the following inequality
hold:

B
- / T (s)Rx(s) ds
< gT[(a - ﬁ)(NlR‘lNlT + %NZR‘INZT > + He(N1E; + N2E2):|$, (15)
where

Ei& =Yi(a, B) = x(B) — x(a),

2 B
Ex6 = oo, ) = (5) +30) - = f #(s) ds.
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Lemma 2.2 Forany appropriately dimensioned matrices Z = Z* > 0, Z € R"™", M € R"™*"

and positive scalars dy, and «, the following inequality holds:

t
_ / 2 IZT ()ET ZEi(s) ds
» (16)

<&TWeMZM"E(t) + 287 (t)M(EX(t) - Ex(t - dy)),
where ¢ = é(l — g2d1),

Proof Firstly, we can find that the following inequality is true

T alt=s)
! &(2) e 2 M| _ [ _ats wltms) £(8)
/:-dl |:1~55c(s)j| |: 252z i|Z [e M e Z] |:Efc(s):| ds >0, (17)

which implies the inequality (16) is satisfied. O

Remark2.5 Lemma 2.1 and Lemma 2.2 represent some novel results to handle the integral
term of quadratic quantities in the estimation of LKF derivative. Lemma 2.1 includes more
information of state and time-varying delay into the augmented vectors & (¢); Lemma 2.2
contains the exponential information, and it does not use the approximation —e*¢-* < -1,
t—dy < s < t—d;, which presents less precision. So, Lemma 2.1 and Lemma 2.2 are helpful

to reduce the imprecision of our results.

Lemma 2.3 ([36]) For any constant matrix M > 0, any scalars a and b with a < b, and a
vector function x(t) : [a,b] — R” such that the integrals concerned are well defined, then
the following inequality holds:

b T b b
|:/ x(s) dsi| M|:/ x(s) ds] <b- a)/ xT (s)Mx(s) dis. (18)

3 Design of the detector/controller unit

In this section, LMI conditions are presented such that the SSFTS and performance
property (12) are satisfied simultaneously for augmented system (10) with average dwell
time constraint and then we will endeavour to develop the design problems for detec-

tor/controller unit with the form of (2).

Theorem 3.1 For any i,j € K, p,q € A1, @1 >0, ap > 0, ¥ > 0, and given matrices zzliq,
Big, Crigs Dyig, Kigy Ryg, then the augmented system (10) with z(t) = 0 is SSFTS with respect
given (c1,¢2, Y, T) and the performance index (12) is satisfied, if there exist positive definite
matrices Pipg, Pypg, Qupgs 1 = 1,2,3, I_leq, I_szq, Wipgs V_leq, Watpg» Waapq Symmetric matrices
JA, I and any real matrices Ty, k = 1,2,3,4,5, 8, Spg, Supg, such that the following LMIs
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hold:

di _
®qu -

0 =

ipq —

e -

% -

_®(1qu) @(11;@ @(1!;@ 0
* @(ZZQ) @(21?3‘1) @(211@

* * @é’;‘f’ @‘3’;‘”
* * * @fﬁq)
* * * *
* * * *
* * * *
* * * *
* * * *

_951”1‘1) @(IPZQ) ®(11;q) 0
% ®(213q) @(ZI;:I) ®(2€Lq)
* * @é”;q) @‘3‘1‘1’

* * * @fﬁq)
* * * *
* * * *
* * * *
* * * *
* * * *

Y2 ®) ® ®
O, O 053 0 O

) (») (2]
k Oy 62% Oy
* * ®(3p3) @gﬁ)
* * * @fﬁ)

* * * * ® ®)

* * * *
* * * *
* * * %
* * * *

@) a® @ )
e¥ o® e% o ev

(») (») (»)
* Oy O35 Oy
* * @%’2 @é‘ff

* * * @fﬂ)
* * * *
* * * *
* * * *
* * * *
* * * *

S O o ©

(pq) ()]
Of O

(pq)
O

@éﬁé‘l)

(pq)
O

(=]

®(5€3q)
Ogs

(pq)
07

@(Slgl)

S O o O o O

k @99
oL wd]
o%’ o

@é%q}

(pq)
Ogg

Ogs
@(71;@
@(81;‘1)

S O o©O o o o

@]
Oy

<0,

<0,
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Wleq % >0, Wleq % >0,
i J4 Wiy o Wy

|:W21pq = :| & (23)

g4 W,
1 22pq >0,
&7 WZIM 8z

L % W22pq
nicre ! T (t0,T)~02 Timism (00, T) ey (24)

and the average dwell time satisfying

T, > T,

(In(u1pa) + lon —aa|do)T
= max )
In % +1In Z_; -0 Tm(t(): T) - aZTmism(tO; T)

(i) + |y — az|dy + ard }
(05} ’

(25)

where
3

9(1171‘1) = He(///ipq;‘ipq) - 0‘2EquP ipquq + Z Qipg + f12 I_elpq

v=1

+ ‘L_'Zl_ezpq + He(T5Iqu) + ,Oik/Tq)zik/ + C_izfgq Wlequq
k k 1 ,
- (pq) +T s (pg)
+ Z”ij ’ E,(Pipg — Pipg)Epq + Z Z((Sij ! ) Eijs
j=1 J=1
J#i

6(1[;‘1) = ///t’pq;‘dipq’ @%q) = _T5Iqu + Equ ng’ ®(11;q) = [0 //ipq’:‘fipq O]’
®(1I;q) = [O 0 %Pq‘:‘eipq '///ipqézipq]' 9(1‘?) = [CrTipq A;q Opx2n TSI]’
®(1p9q) = [Equ(P 1pg — P ipq)qu e Equ(P (i-1)pg — P ipq)qu E;q(P (i+1)pg — P ipq)qu
Equ(P ipg — L ipq)qu]’
Oh? = ~(1 - d)e 22 Qipy + He(T1oEpg + TraEpg — TsoEpg + TuioEpg — EL 8E,0)
+ Ey (d - dAB)Epg + 2By WaspgEpg,
O%Y = TpEpg — EL Th + TinEpg + EL Th + EL 62E g — EL WaspgEpgs
O%Y = ~TisEpg + ELTE + ToEpg + EL TH, + EL 61 E,y — EL WingEpg,
O% = [~Tpkyy + ELTh) —dEL JAE,, ~TwEy + ELTE, +dEL AE,, 0 0],

\/2T12 \/6:1T22 0],

@g;q) = —e"‘zdl szq + He(T;Bqu + T43qu - T53qu) + Equ(c_ij% + WZqu)qu®giq)

) ~ ~
o%" = [(DuD,b™ AL,

= —E},TquT Ep

@é’;q) = [0 _T4Bqu + EquT4711 - &qujféépq 0 0], ®(312;q) = [OnX4'n T53];
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@Eﬁf]) = —ea2d2 Q3pq + He(—T14qu + T24qu) — Equ(;i% — szpq)gpq,
OL = [-2TpEp + EL Thy+ dEL #E,, 0 0 0],

@ffgq)z[o 0 VdTiu dTx 0],

[—R1py 0 0
@gpsq) = * —e‘z"‘zle_?zpq e‘2°‘2’21_32pq ,
L * * —€%2 Ry
i 0n><5n
®(5[éq) = [(Driqupk)T Azipq 0n><3n] ’
L 0n><5n
®(pq) _ He(PWPqAW) - a2PW1”1 _AZ&:S‘Z:pq ®(pq) _ Orx3n Pwquwk,
% L * He(swpq) o7 On><3n _Swquwk/
[Onx3n \/LTiTZIO O:I
O = |:[—C,Z: 0n><4n]:| , ®(7[;q) _ ~2n><5n )
On><5n [O Aeipq 0n><3n]
[Dzzpq BZT,-M 0n><3n]

®(7pq) = diag(He(—ZTZprq) - (,_izégq Wlequq He(—2T411qu) _cbli —)/02[),
LY = diag(-I -AT —W; —3W; —&1W),
=T ST (5T 7
Mipg = E, Pipg + SpgR,, (ququ = 0)'
Ogo =diag(-es -+ —€i1 —E1 o —8,;/;),
A = an + dl V_Vl + a2W22pq,
@(2126]) = I:(Driquk)T A;ipq \/g_ing \/6:1T42 0],

@(3%(1)2[0 0 \/ériTss \/671T43 Tss]’

@gpq) = diag(He(—ZTmOqu) He(—2T411qu) - ZiZE;q W21pquq —CDU —)/021),

Onx5n
@(71;;1): [Onx3n~ Vartu, 0] , ®:|:Q51 0:|, f?pq:|:Rp ():|'
[0 A O3] 0 &, 0 R,
[Dﬁpq BZTL'M Oux3n

Ifwe replace the switching signal ¥, = q and positive scalar a, with switching signal ¥, = p,
and positive scalar ay in the LMIs (19) and (20), we can obtain the LMIs (21) and (22),
respectively.

Proof In order to develop our results, we will divide the time interval into two parts, one
is [t tx + di) (k=0,1,...), the other is [ + dy, tx11) (k =0, 1,...), which correspond to the
asynchronous and synchronous time interval between the switched subsystems and their
controller unit, respectively. Next we will discuss our problems in two cases.

Case I: In mismatch period.
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Firstly, we will show that the system (10) is regular and impulse-free. From (19), it is seen
that @ﬁ”f) <0, 50, it is known that there exist two nonsingular matrices M and N, such that

101 5(12) (1) p(12)
E N Iy 0 A N Aipq Aipq v N P ipq P ipq
ME 4N = |:0 0:| , MA N = |:;1 oy e | MPyyN = pD p |7

ipq ipq ipq ipq
- S ~ ~ 0
NSpq = pal ’ Ryq =M - T |’
Spa2 upq

where [lpq is any real nonsingular matrix for any p,q € A;. Now, we will pre-multiplying

and post—multlplymg ©%? < 0 by N7 and N, we can have He(SpquI Al;; ) < 0, which

implies Aip is nonsingular matrix. Then, for i € K, p,q € Ay, pair (E,, A qu) is regular and
impulse-free. Based on Definition 2.2, we can see that augmented system (10) is regular
and impulse-free for any time-varying d(t) satisfying Assumption 2.2.
Now, we will show augmented system (10) is SSFTS. Firstly, choose a stochastic Lya-
punov function candidate for the system (10) for any i € I, p,q € A;:
V() = " (OE] PipgEpg(2), (26)

rq

t t
v,ﬁ?(t)= / 2% (5)Qupgk(s) ds + / 23T (5) Qapyi(s) ds
t—dy

t-d(t)

. / 95T (5)Qapgi(s) ds, @7)
V) =1 / / 20937 (5)Ry gk (s) ds dO

+7 / o / 2% (5)Ropg(s) ds d), (28)
Vod (t)—/ / 2(=9) T(S)E Wlpq qx(s)dsde

/ ) / (t=9) T(S)E «Wipg pqx(s) dsdo, (29)

—d1 t
V(S) _ a th(t*S pqx(s) Wleq 0 qu(s) d d@, 30
P 2 /—d2 t+0 ¢ |: qx(s) 0 Waspq qx(s) ’ (30

V(6)= xW(t) ' Pwpq 0 I 0 xw(t) (31)
P4 g (8) 0 Supg||0 Of[au(®)|

Then the derivative of V,,,(¢) along the trajectory of the system (10) can be calculated as
follows for each i € IC, p,q € Aq:

LVI(e) = & () (He(MipgAipg) — 2y PipgEpg)E(t) + 27 (£) MipgAaipg®(t - d(2))
t
+ 287 () MipgA vipg / %(s)ds
t—t(t)

+ 257 () MipgAepge(t) + 257 (£)MipgBoipgz(t) + 2 VD (1) + Prpg,

,%V;;)(t) =ay V‘;g])(t) + %T(t)(leq + Q2pq + Q’a’pq)ic(t)
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~ (1 -d)e & (t - d(t)) Qupg¥ (¢ - d(2)),

t t
LVO(1) <V (1) + &7 (0) (T Rypg + T Ropg)X(2) - [ r %1 (s) dsRypg /t T %(s)ds
-1 -1
t-(t) _
— fe 20n / %T(S)Rzpqi(s) ds
t—19

t t
< V(1) + &7 (1) (1] Ripg + T°Ropg)X(2) — / %1 (s) dsRypg f %(s) ds
t-11 t-11

t t
—Te [/ % (s)ds — / %L (s) ds]
t-1o t-1(t)
_ t t
X Ropg [/ x(s)ds — / x(s) ds],
t-Ty t—t(t)

LV < VE(8) + 57 (O)(dEL, Wi Epq + di EL WA E,q)%(2)

t—d] . " " .
_ / T (5)ET WAE,,(s) ds
t—do

t
- / ) 2 IxT (5)EL W1 Epgix(s) ds.
t-ay

Now, from Lemma 2.1 and Lemma 2.2, we have

t-dy . - .
. / W (5)EL WAE,,(s) ds
t—dy

< ET(t)[(dz -d(t)) (T1 witTl + %Tz WfT{)

+(d(t) - d1)<T3W;1T3T + %T4Wf1Tf>]$(t)

+ ET(t)He(Tlﬁpq (eZT - ef))é(t) + ST(t)He(T2qu (eZT + eff - 2e1T0))“§(t)

+ &1 (He(T3Epq (€5 — €3))E(t) + &7 (0 He(TuEpq(e5 +e5 — 2e)) E(2)
- /t td 25T () EL W1E,q(s) ds
<eTOeTs W TTE(0) + 267 (8) Ts (Epg®(t) — Epg(t - dv)),
where

1
eiT = [Onx(i—l)n 1, 0n><(13—i)n]’ &= 0{_2(1 - e_a2d1)r

10 =30 F-do) Fe-d) Fe-d) [/, 7 )ds

~ ~ . —d ~
JLwE ds [l & (s)ds @) i) g IOE (s)ds

t—-dy ~
d(,g)l_dl t,dé)xT(S)dS eT(t) ZT(t):I,

f=[0 15, 0o T, 0 --- 0]

13nxn’

Ty =[0 T, 0 T, 0 --- 0 Thy, 0 0 0]

13nxn’
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T
T3 - [O T?>T2 TSZ o .- 0]13n><n
[0 TZLE Tllg o - 0 T4Tll 0 0]13n><n’
T
T5 - [T5 0 TSTS o .- 0]13n><n’

LVOt) <V (e) + d*x" (DE], meq a%(8) + d25T (OE L WaopgEpg(£)

_d / o quajc(s) Waipg 0 quatc(s) ds
t—dy qu%(s) 0 W22pq qu&(s)

In order to improve the feasible region of criteria, for any symmetric matrices .7#] and
76, one has

0= Ez(azT(t - d(0)E} A Epgi(t - d(t)) — 27 (¢ — do) Ej A Epgi(t — dy)

t-d(t) : .
_2/ kT(s)E;q%qu%(s) ds),
t

(32)
—do
0= 21(5?(:5 - dy)E] S Epgi(t — dy) - X7 (t - d(t))Ej A Epgi(t — d(£))
tfdl ~ ~ .
- 2/ &T(S)E[Zq%quk(s) ds). (33)
t—d(t)

Then we have

- T -
J /t-d“) Epi() | | Wopg 0 || Bpgd9) |
tdy quic(s) 0 Wagpg | | Epgi(s)
t—d(t
—-2d / S)E jﬁ pqx(s) ds
t-dy [7 1Y 7o~
—El/ 1 quQ‘C(S) Wleq 0 quﬁ‘C(S) ds
t—d(t) quic(s) 0 W22pq qu&(s)
_ t—dy - - .
—2d / kT(s)El;j%quk(s) ds
t-d(t)
- T -
= —a/t_d(t) qujjc(S) WZIPq % qu:’:‘c(S) ds
t—dy qu;C(S) JA W22pq qui(s)
_d/t_dl E x(S) Wleq E ) qu%(s) ds
t-d(t) pqx(s) o Wapq | | Epg®(s)

d - . -
A d(t)ET(t)[(dz -d(t)ewE), ek}, - €4Equ]

Wleq % (d2 - d(t))quefo
x 2= A a0 | gy
I Wapg Epqe; —Ep

q€4

d - - -
T A0 —ds ST(t)[(d(t) - dl)euEqu €3Equ - €2Equ]
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> Wleq % (d() dl)quell S(t)
Ay Wy queaT quez
_ T 1 W21pq ya _ T T
~£0(-a(5+ 5 dms))[ o W} (- d0)37 +51)500

T 1 Wleq 85! T T
re70(-a(50+ 25 ds))[ o W} (@)~ )5 +5D)z00)

where

81 = [eloéqu 0], 3"2 = [0 EQE;:I - 64ET],
SB = [enE;q O], 34 = [0 e3E]Zq - ezé;wq].

Based on the reciprocally convex approach, for any matrix &, we can obtain the follow-

ing inequality:

6_1 W2lpq 6_1 W21pq
dz—d(t)32|: A szpq 32 da(t) — dy 8 5! W22pq 34

WZ 1pq jﬁ &
%i WZqu

= —[32 34] |: 5 ’
B QjT Wleq % 84
% WZqu

2VO@) =2 %u(?) ' Pypg 0 Fw(t)
P - »"Cw(t) 0 Swpq xw(t) - waw(t) - Bwklz(t)

-xT(t)( e(PupgAw) — O‘ZPwpq)xw( ) - 2’5‘5(’5) vTvszpq' (o)

(34)

+ 2xVTV (£)PypgBuk'z(t) + a'cT(t) (He(Squ))fcw(t)

- 25cVTV(t)SquBWk’z(t) +ay V (t)

(pq)

Now, we will analyze the uncertain transition rate T 7 with the assumption (6) as fol-

lows:

k
=T
ipq:z i E Plpquq—Z”u E PJPqE +7T E PlpqE

5
j=1
i
k k
(pq) #T 7 = (p ) - (pO\ ©T a
= Z”ij E ¢Piva = Pipg) Epq = Z ( ! +Am; * )qu(Pipq = Pipg)Epq
j=1 j=1
i Jj#

k
— (pq) T 1 (pq
= Z”i/ qu(Pqu iva)E, Z 5 811

=
kll

+ E ¢ Pipa — Pipg)E, a€ij ET ¢ Piva — ivq) Epq- (35)
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Next, in order to deduce our results, we suppose that
T () = yoz" (©)z(2) - 7T (£)7 (). (36)

In view of event condition (9), e” (¢)®1;e(t) — pix}cT(t)CDZixf(t) < 0 holds for all £ > 0 and
combining the above discussion by the Schur complement lemma, it can be deduced that

LV,pg(t) = 2 Vg (£) = Y(£) < O, (37)

if inequalities (19) and (20) are satisfied.

Case 11: In match period.

For ¢ € [tk + di, trs1) (k=0,1,...), which is the synchronous time interval between the
switched subsystems and their controller unit. Next, similar to Case I, we will further ana-
lyze our results under the match period. Let choose the following multiple Lyapunov-like
functional for the augmented system (10) as

VID(e) = &7 ()E] PypEpi(£), (38)

t

t
V() = / e %7 (5)Qupi(s) ds + f e 93T (5)Qopi(s) ds
t—d(t)

t—dy

t
+ / e 1977 (5)Q3,%(s) dis, (39)
t—dy

0 t
N =1 95T ()R, ,#(s) ds dO
t+6 ?
-71 +

-71 t B
+7 / / 1% (5) Ry (s) ds db, (40)
) t+6
0 t . o .
= f ) /t 9e“1<f-8>5cT(s)EpT Wi, E,x(s) ds do
iy i

/ el E Wip px( s)dsdb, (41)
dy t+6
6)(7) = 7 =) | E%O) | | Way O || EpX(s)
v, () =d f_ / » [ B S)} [ 0 szp} [ Ei6) dsdb, (42)
T
© _ | xw(®) Py, 0 I 0f|x.(2)
Ve = |:5cw(t):| { 0 sw,,] [0 o} |:a'cw(t) ‘ (43)

Similar to the proof of Case [, if (21) and (22) hold, then
LV, (£) —a1 V,(t) = T (£) < 0. (44)

Then from (37) and (44), we can have

2 E Vg (1)
+Efy eI (s)ds),  telnt+di) (k=0,1,...),
A ELV (b + i)}
+ g{j;j<+dk eal(tiS)T(s) dS}, te [tk + dk’ tk+l) (k =0,1,.. )

Vo) < (45)
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Step 1. Firstly, we will show that the augmented system (10) is SSETS under the condi-
tions of Theorem 3.1 if z(¢) = 0.
Based on the truth of (37) and (44), we know that if z(¢) = 0, (45) is equivalent to

e EV,,(t)), teltitk+di) (k=0,1,...),

(46)
ea1(t—(tk+d/<))(g7{\/p(tk +di)}, telty+ditr) (k=0,1,...).

v} <

Without loss of generality, one assumes that «; > oy and the other condition of «; < «y
will be analyzed in the following.
From the definitions of V,,(¢) and V,(¢), it shows that if a; > ay,

EVp)) s mE(V,(0))  E{V,(0) < jae™ D& V,(1)}, (47)
where
U = max{ maxp,quI,ie/}()\max(EquPququ)) maxXygeA, ()‘max(Pwpq))
minpeAI,iel}()‘miﬂ(EpTPl‘PEP)) ’ mianAl()"min(Pwp)) ’

maxXpygea, ()Lmax(leq)) maxp,qul()Lmax(Qqu)) maxp,qul()hmax(QSpq))
minyea, Amin(Q1p)) ~ Minpea, rmin(Qzp)) ~ minyen, Amin(Qsp))

maXy,gea; ()Lmax(l_elpq)) maxp,qEAl()\max(I_equ)) max}%qEAl(kmaX(quwlpqEPq))

minpeAl()\min(Rlp)) ' mianAl()‘-min(RZp)) ’ miﬂpEAl(kmin(EngEp))

maXy,gea; (Amax (qu v_ylpquq)) maXy,gea; (Amax (qu Wlequq))

minpeAI()\min(Eg V_leEp)) ’ minpeAI()\min(Eg WleEp))

maXy,gea; (Amax (E;q WZququ)) } (48)
minpeAI (Amin (E; W22pEp))
{ maxpeAl,iel}()‘maX (E;Pipép)) maXpea, (Amax (Pwp))
g = Max| — = ——— )
mlnp,qul,iel}()‘mi“ (qupipquq)) miny, zeaq (Amin (Pwpq))
maXyeA, ()‘max(le)) maxXyeA; ()\max(Q2p)) maXyena, ()"max(QSp))
minp,qul ()‘min(leq)) ' minp,qul (Amin (Qqu)) ’ minp,qul ()‘min(Q?ﬁpq)) ’
maXpyeay (Amax (Rlp)) maXpea (Amax (RZp)) maxpea, (Amax (EpT WlPEP))
minp,qEA1 (Amin (Rlpq)) ’ minp,qul (Amin (Rqu)) ’ minp,qul (Amin (Equ Wlpquq)) ’
maXyen, ()\max(EZ; V_leép)) maXyeA, (Amax (EPT W21pEp))
minp,qul ()"min (E;q V_lequq)) ’ minp,qu1 ()\min qu W21pquq)) ,
maXyea, (Amax(EZ WZZpEp)) } (49)
minp,qu1 (Amin (E;q WZququ)) '

Then, for any ¢ € [t, & + di) and «; > a5, we can obtain

E(VB)} < e2WEV,0(t0)} < e 0 ELV, (7))
< Mleaz(t—tk)eal(tk—(tk—lﬂik—l))éf’{ V,(tir + dk—l)}

< Mleﬂfﬂl‘*fk)eal(tk*(tk—l+dk—l))ﬂzedr(051*012)@@{qu(tk_l +dk-1)7}
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< Mleaz(t—fk)eal(tk—(tk—l +dk71))ﬂzedr (@1-a2) pa (tg-1 +dk—1—[k71)g{ qu(tk—l)}

S...

N,.
Ny (to,t 3 (tg.t) N3 dr (a1—ap) _
< Ml”(o )le(o )e B (tg.t) o (oo e2t=ti+di_y+dg_p+-+do)

x eal(tk—dk_l—dk-z—'"—do—to)g{ V(to)}.

It is easy to obtain the following fact through simple calculations:

t— tk + dk—l + dk_z + e+ d() < dk + dk—l + dk_z + -+ do = Tmism(to; t), (50)
tk—dra—dia—---—do—1o
= (b — teer — di-1) + (o1 — tema — dga) + -+ + (81 — to — do) = T (20, 2), (51)

where Tism(f0,£) and T, (£, t) denote the total mismatched time and matched time in-
terval lengths on [fo, ]. Ny, and Ny, ,) denote the number of synchronous and asyn-
chronous switching on the interval [ty, £), respectively. Furthermore, based on the assump-

tion of dinax, we know that relational expression Ny, ) < Nz, is true.

(tost
In conclusion, it gives that

N, N,
éa{ V(t)} <u ”“0")“2 P08) N (19,087 (01-02) 52 Trmism (t0:1) 011 Tm(to,t)g{ V(to)}. (52)

=My

Next, if a1 < a2, we can also obtain following inequalities very easily by the similar anal-
ysis in (47):

@@{Vp(t)} = MZCO@{qu(t)}: g{qu(t)} = Mledz(az_al)éa{vp(t)}' (53)
According to the same techniques as in the proof of (52), the following inequality is true
éa{ V(t)} < Mjl\[ﬂ(m'[) M;Vl?(to't) N9 (g0 dr (@2=01) g0 Tinism (f0,1) g1 Tm(to,t)(g‘{ V(to)}. (54)

By combining the two cases with «; > a3 and o < «p, eventually, we have the estimation
of &{V (t)} as follows:

N, N,
@@{ V(t)} <1 19(50'[)“2 0D Ny 1,04 e ~e2| y0t2 Tmism (fo:8) g1 Tm(tovt)éa{ V(L‘o)}. (55)

According to the definition of V(¢), we know that

E(V©) = meE O, (56)
where
— min minp}qEALiE]}()\min (qupipquq)) minpeAl'ie]}()hmin (EpTPipEp))
" Jnax(@) ’ Jnax(@)

and

E{V ()} < macas (57)
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where & = max{a1, o},

n {maxpyqul','e]}()‘max(E PtpqE ))
2 =

Amin (g)
€2 (max, gen; (Amax (Q1pg)) + Maxygen; Amax(Qapg)))
)\min (g)
+ ¥ (maxp,gea, (Amax(Qapg))) + €1 7 maxy, gea; (Amax(Ripg))
)"min(%) )"min(%)
+ 272 maxy gea, (Amax (Rapg)) + 2 d” maxp,ge s, (hmax (Elj;q WatpqEpg))
)\min (g) )\min (g)
. e dmax,, ge p, (Amax E Wlpq ) , MaXpgea, (Amax(Pupq))
Amin (g) )\fmin(%)
et d; maxXp,zea; (Amax (qu V_leqépq))
+
)"min(g)
%2 2 maxygea, ()Mmax(EZ;q WZZI%IEI%I))
" : (58)
Amin (g)

Then for any ¢ € ¢, T], we can conclude that

Ial —azdr e¥1 Tm(to,T)+a2 Timism (t0,T) N2C1

EXT (09X} < (as) e B

n

Therefore, from (24), (25), we can have &{x” (t)4%(t)} < c,, then, according to Defini-
tion 2.3, system (10) is SSFTS under the asynchronous switching.

Step 2. In this section, we will show that Hy, property (12) should be guaranteed if the
conditions of Theorem 3.1 are satisfied.

Firstly, according to the (45) and the similar proof of Step 1, we can conclude that

{V(t)} (/’LIIJJ elal —ag|dy )Nﬂ(to ) 0t1Tm(t0 t)+a2 Tinism (£0,t) t {V(t())}

t
X g{/ (Mlﬂzeml—aﬂdr)Nl?(S’t)ealTm(s,t)JraZTmism(Svt)’Y‘(s) ds}. (60)
#

0

From &{V(¢)} > 0, (60) implies that under zero initial conditions and for ¢y, = 0
t
(g‘{/ (eln(muzw'“l‘”‘df))Nﬂ(s ) o1 Tin (5:)+02 Tynism (5:0) 7 7T (5)7(s) ds}
0
t
< (g’{/ (eln(M1M2+€‘“1’“2‘df))Nﬂ(s t) %1 Tm(s:0)+22 Tinism (5,2) (s)z(s) dS}
0

t
< yog{/ ( In(pq puo+el®1- ‘XZWT))Nz?(St) a1 (t-5)+aaNy (s,£)d T(s)z(s)ds} (61)
0

The following fact is very obvious:

lay—aldr )\ Ny (s,t ) _
(enlmaareazealto) 9 () o Ton (52 Tonism (58) > =001 (+5)
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Then we can obtain

@@{ fo t e 15T (6)7(s) ds}

, )
<2 { / (eln(muzw‘“l""z‘d’))N” (68 goa(t=9) Ny (5 1 T () (5) ds}. (62)
0

Multiplying both side of (62) by

e~ No (0.0)(In(u pe) +loy —arz|d +aad)

we can have

¢ N
g}{f e ﬁ(Oyt)(ln(#1M2)+\Otl—azIdr+0t2d)e—a1(t+5);T(s);,(s) ds}
0

t ~
< Vo2 {/ e—Nﬁ(OYS)(ln(muz)ﬂoq—azldr+azd)ea1(t—S)ZT(S)z(s) ds}
0
t
< yozcg’{/ 12T (5)z(s) ds}. (63)
0

Let Ny =0, t = T, if (25) is satisfied, we can conclude that

T T
g{ / e-aﬂi’“”ﬂ(s)?(s)ds}gygeal%@{ / zT(s)z(s)ds}. (64)
0

0

By simple calculation, we obtain
D eAT s n 3T o T
& / et (s)7(s) ds 5()/06 2 ) & / z" (s)z(s)dsy, (65)
0 0

where y = yoey, A = ay, which implies that the Hy, property (12) is guaranteed. This
proof is completed. 0

In this section, we direct our attention to design a detector/controller unit in the form
of (2) based on the results of Theorem 3.1 which guarantees the system (10) is SSFTS with
Hy, performance index (12).

Remark 3.1 In the proof of the Theorem 3.1, we introduce some mode-dependent Lya-
punov function (38)—(43) in match period, and the exponential structure such as e*1¢~9,
not is e 1%, The reason why this is constructed, one is that the proof of SSETS is more
convenient, the other is that the restricted condition such as P; < j11Pj;, Pjj < j2P; is not

necessary. So, the results in this paper are more reasonable.

Theorem 3.2 Foranyi,j€ IC,p,q € A1, 01 >0, a3 >0, matrices I~2pq and any real scalars p;,
the augmented system (10) is SSFTS with respect given (c1,¢2,%, T) and the performance
index (12) is satisfied, if there exist positive definite matrices Pyg, Pypg Qg I =1,2,3,
I_leq, I_szq, Wipgs \/_leq, Watpgs Waopg symmetric matrices JA, I and any real matrices

Page 21 of 32
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Tr, k=1,2,3,4,5, 6, Spg, Supgr MY, M,

d
qupq -

%

pq

N =

&% _

*

*

*

*

ipg i

'cD(lplq) q)(lpzq) @)(lzgq) 0
CD(Z’;I) ®(21f;q) ®(212q)
. e @
* * @fﬁq)
* * *

* * *
* * *
* * *

i * * *

'q>(lplq) q>(1102q) ®(lz;q) 0
CD(ZI';’I) ®(2r;q) ®(21iq)
« e o
* * @fﬁq)
* * *

* * *
* * *
* * *
* * *
of) of) o of
ol ol of o
+ 0% oy o
* * @fﬁ) 0
* * * @é’g
* * * *
* * * *
* * * *
* * *
of) ef o o¥
ol of of o
+ 0% ey o
* * @fﬁ) 0
* * * GJ(;;)
* * * *
* * * *
* * * *
* * * *

q)(lzgq)
0
0
0
CI>(5';q)
*
*
*

*
cD(gI)
0
0
0
d)(ggq)
*

*

*

0
0
0
0

0
@(6%@
*

*

CD(f;q)
e (21';61)
® gq)
e Ef';q)
0
e ér;q)

® (11;[1)
® (21;!1)
® (3%(])
® Elrgq)
® (51;!1)

Oes
® (71;!1)
® ggq)

(D(lpgq)_
0

<0,

S O © o o o

Oy |

<0,

<0,

<0,
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(;2), f(iq, ;liq, Eiq, 6riq» ﬁriq, and positive scalar yq
such that (23)—(25) are satisfied and following LMIs hold:

(66)

(67)

(68)

(69)
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where
(11) 1 | Kig T T (11)
Cb(pq) _ He(///ipq Aip) Tip |: 0 :| + ClpBiq =~ —azPipq 0 E
11 = 'pq 0 _O[ZPEZ;) rq
* He(Aig) + pi®2;
k _(pq) (p(11) _ pA1)y , F21y/(10)
L ET [Z/-Lﬁi”z‘/ Pipg = Pipg ) + & Waipg 0 } E,,
12 k - (pq) ( p(22) (22) E (22)
0 Yjetju T (Pipg = Pipg) + d*Wapy
k 1 )
+ Qupg + Qopg + Qzpg + 'Cllepq + szgpq + He(T51Ep,) + 1 (6;}”1)) Eijy
j=1,i
r (1) (11)
PP _ ///ipq Adip 0] P _ |:'//ipq Acip O:|
12 = ~ ) 5 = = ’
B;,D, 0 BiyD.p 0
i - _[A( ; (11) (11)
T | Nig )
CD(pq) _lo Tip 0 :| |:'%ipq Bhlp %ipq Bﬁp:|
17 = - = ’
0 BigDpy BiyDyy
T DT ] T (AT T RT
P _ |:C117D riq |:Aip(///ipq ) ClpB iq:| 0 0 T51:|
18 = AT % 7 AT ’
L Criq [Kig O] Tip Aiq
B (11) (11)
~ P - P 0 -
q;%q) = Equ tra ¥ P(zz) P(zz) Epq
L 0 1pq ~ *ipq
(11) (11)
27 | Pt = Pipg 0 E
pq 0 P2 p22) | e
(i-lpqg ~ ~ipq
(11) (11)
ET Piiitpg = Pipg 0 E
Pq pe  _ p2) | Fra
(i+1)pq ipq
(11) (11)
ET Pf(pq ~ ipg 0 E
2 0 p2) _ p@2) [ e |
kg 4
wa) _ 2 | A —dA - He(®8) + 2Way, 0 ”
@, = E,, (1) T .(11) (11) Epq
0 an" —an" — He(@3") + 2Wasp,
~ (1 -d)e 2 Qipy + He((T1a + Tz — Tsz + Tuz)Epy),
[T ATAT T (L)\T TRT
<I>(2P§q) = Dy Drig Adp Mg )" DpByg Jd T1o Vd Ty, 0],
0 0 0
— _(11) —
_Rlpq 0 0 0
o A
=(11) =(11)
cb(pq) _ " _e~2mm _Rqu _O 20272 _R2Pq _O
55 0 _R@2 0 _p@ ’
2pq 1) 2pq
* * —e20m |:_R2pq _?22):|
L 0 _Rqu .
B 0n><5n
T NI T (AT T pT
q)(SIZ;Q) — DrpDriq Arip(Mipq ) DrpBiq 0n><3n ,
0 0 0
L 0n><5n
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I [Onx3n \/;Tzw 0] |
On><5n
[0 [[KL 0Ty O] Ouxal

_ ) ”
H D}, Dl } [szwm " D»ZB%} 0 }
nx3n

T AT TRT
Bﬁp (Mipq ) D pr iq

diag(-I A -He(My,) -Wi -3W, —&'W)),

0

On><5n
[OnXSn \/ZZTALH 0]
0 [[KI 0]T, 0] Ous

([ HTHT T (AT TRT
|:D19D riq:| |:Adip(j{ipq) DpoBiq:| \/;ng \/6:1T42 0:|,
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Q%q) _
fo/i};q -D,
cbéréq) _
Cb(ngq) _ .
i)%‘” _
fo~riq

_ an _
DLBY, ] BT DA
DIDT D BT (M7 pTRT nx3n
L w Jir fo~iq -

pq

Ifwe replace the switching signal U, = q and positive scalar ay with switching signal 9, = p,
and positive scalar ay in the LMIs (66) and (67), we can obtain the LMIs (68) and (69),
respectively.

Also, Vt € [ty, t + di), the detector/controller unit gain matrices are given by

Aiq = (/45122))_1;%’ Biq = (//1‘(22))_1&&1’ Criq = 6riq'

A N S 1)H\-17 (70)
Dyig = Drigs Kig = (imgq )) Kiq
Vt € [t + d, tri1), the detector/controller unit gain matrices are given by
N -1 - -15 N -
Azp = (//1222)) Alp: Bip = (%222)) Bip: Crip = Crip: ( )
71
1

Proof From Theorem 3.1 we know that if LMIs (19) and (20) are satisfied in mismatch
period, then inequality (37) holds, that is, V¢ € [t, & + di), system (10) is SSFTS and the
H,, property (12) will be guaranteed under the conditions (19) and (20). In order to obtain

proper detector/controller unit gain matrices, we should decompose the matrices .#j,, as

follows:
'%l(ll) O
c///;pq:|: é’q %gz) ’ (72)

and based on Assumption 2.1, we let

(11)
ay _ a1 | M 0 -
%ipq - TLP |: (‘)‘1 m(zz)] Tip.

iq
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Then,
% (11) 1) 5 7
//42‘;) 022 A Bl | Mipg Aip - Mg BipKig (73)
0 ///z; ) Bi,Cp, Ay %;22) ByCyy %;22) Ay
- - Sm(.“) 0 _ . _ EITI(.H) Jié
//4;1‘71)3@ Kiq = T’Z; . @) | TipBipKig = T; g (74)
0 93Tiq 0

Now, letting ;Xiq = ///l.(qﬂ);liq, Eiq = ///i(qzz)f%iq, A,,-q = é',iq, Briq = briq, qu = imgl)f(iq, then
we substitute (72)—(74) into (19) and (20), we know that (66), (67) are equivalent to (19),
(20), respectively, furthermore, similar to the above discussion, we can easily derive that
in match period LMIs (68), (69) are equivalent to (21), (22) as is obvious. This proof is
completed. d

Remark 3.2 In this paper, we select most variable matrices as diagonal matrices, for exam-
(11)

. T 0 . . e .
ple: any matrix 775 = [ 12 22 ], the construction of the other matrices is similar to this
12
structure, and such processing may affect the system. But this selection will greatly reduce

the complexity of computing and cost of the system implementation.

Theorem 3.3 Under any switch signal, the augmented system (10) with dwell time con-
straint (25) is SSFTS and also satisfies Hx, property (12), if LMI conditions (19)—(25) and
(66)—(69) hold. Moreover, matrices Aiq, Biq, A(iq, A,,-q and briq can be obtained from (70)
and (71), respectively. Further, based on Theorem 3.1 and Theorem 3.2, the simultaneous
finite-time control and fault detection problem is converted into the following optimization:

for given positive constant weighs @,

miny = wyoz
(75)
s.t. (19)—(25), (66)—(69).

The next step is to evaluate the residual signal and compare it with some threshold values
to detect the fault in the system.
In this paper, the residual evaluation function based on the root mean square energy of

the residual signal is used.

T
ACEN / T (9)F(s) ds (76)
0

and the threshold Jy, is obtained by

Jon = sup Ji(t); (77)
f(®)=0
h(t)eLy

therefore, the controller/detector unit is obtained such that the performance (12) holds

and the constant threshold value J;; can be defined as Jy, = % Finally the occurrence
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of fault can be detected by the following logic rule:

Ji(t) > Jy, = alarm,
(78)
J;(t) < Jy, = no faults.

4 Examples
In this section, we shall give an illustrative example to demonstrate the effectiveness of the
proposed method. Firstly we consider the transition rate matrix I1¥% and singular matrix

E, with two vertices:

qo_ |06+ Azl 06+ Ang 1 _ [06+A7LY 06+ ARYY
08+A7Y  -08+ A7 08+A7SGY  —08+ An(m

72 = (21) - (21)
qo o ["13+Amr 13+ ARG oy _ [ “13+ A7 L3+ ARy,
15+ A7Y  -15+ Anzz 15+ A73Y 15+ AV

ok d ol

where 511 =) =60 = 50D~ 0.1, 88 = 88 = 6012 = 5012 = 0.2, 6% = 612 = 612V = 602V =
0.15, 8% = 82 = 62V = 50 o =0.3.

Secondly, we 1ntr0duce the following parameters into the augmented system (10):
0.08 -0.15 0.079 -0.15
An = ’ Agp = ’
3 -0.72 1 -0.721

-0.08 -1.25 1.08 -0.14
Ay = , Ay = ,
0.22 -0.20 0.15 -1.32

|02 115 o _[o18 029
71023 0152 M7 10108 -0.135]"
[ 038 115 ~18 0.14
A = > A = )
217 10,022 —0.12} a2 [0.15 —0.3}
(112 -1.51 0103 1.19
A = , A = ,
013 0.002 0.108 0.035
4 [o.128 o0.105 [-008 0.124
1122 —022 | 7 055 —013]|

-0.1 0.1
Bi1 =By =By =By = 05 |7 By11 =Bpp1 = )

0.1
0.2 0.01
Bi1z = By = , B = Bryy = ,
12 = D22 |:_0‘1:| 11 = Dra1 |:0‘12:|

0.25 02 0
Br1a = Bryy = ) Ci=Cp= ,
f12 = Df2o |:0.321| 1 =C |: 0 0.1:|
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03 0 015 1.2
Dyj =Dy, = . Dy=D,y= )
ner [0 0.5} oo e [0 0.05}

0
D =D =D :D = ,
n1 n2 = Df1 = Dy |:1'2}

The systems matrices of model (11) are chosen as

Aw = |:01 0 :| ) BW = |:1:| ’ Cw = [2 O]; Dw = 0-1;
0 0.2 0

We assume that error tolerance p; = 0.5, p; = 0.8, lag time d satisfies 0 < dy < 1 and let
d=0.8. Time-varying delay d(t) = 7(¢) = 0.1+ 0.1sin(10¢), then we can obtain d; = 1; = 0.1,
dy = 79 = 0.2 very easily. Letting ¢; =1, ¢ =5, T =30, 1 = 0.1, 2 = 0.2,

~0.3845 1.9231
Tii=Ti=Tn=Tyn=| 0359 00718 |,
1.2875 0.2575

and using Theorem 3.2, the controller/detectors unit are obtained as follows:

Aqy Bu K ]
[Crll Dy 1

-1.0101 0.0011 -0.0161 -0.0220
=] 0.0081 -1.3421 0.0183 0.0556  -0.0908 -0.0321 |,
-0.0102 -0.0419 -1.7878 0.5138 -1.6061 -0.1901

G2 D2

-1.3019 0.0166 -0.0218 -0.0401
=] 0.0901 -1.3131 0.0011 0.0291 -0.0528 -0.0012 |,
—-0.0510 -0.0305 —-1.0011 0.8102 -1.0115 -0.0529
I:AA B f(m]

Co1 D

-1.0129 0.0428  -0.0484 -0.0215
=] 0.0802 -1.1002 0.0017 0.0106 —-0.0254 -0.0075 |,
-0.0119 -0.0204 -1.0702 0.3531 -1.0820 -0.0607
[@ By f(n]

Cr2 Dy

-1.5298 0.0198 -0.0152 -0.0232
=] 0.0466 -1.2045 0.0110 0.0144 -0.0261 -0.0830
-0.0127 -0.0405 -1.0651 0.2518 -1.0449 -0.0942

For the simulation purpose, we set

1, 10<t<17,
f@) =

0, otherwise.
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0.5 —

o I I I I I
o 5 10 15 20 25 30

Figure 2 System jumping mode v;

2.5

switching signal p

switching signal q

o I I I I I
[o] 5 10 15 20 25 30

Figure 3 Switching signals ¥ and B

The initial modes are takes as vy = 2, ¥y = 1, respective. The simulation time is taken as 30
time units, and each unit length is taken as ¢ = 5 s. The jumping modes path from time step
0 to time step 30, the switching modes path is chosen according to the ADT t, > 8.7091
constraint, which are shown in Figs. 2 and 3, respectively. Further, the residual evaluation
function are shown in Figs. 4 and 5, which means the fault is detected. From Fig. 4, we
know that if we enlarge the parameters Dy, Dy, the effect of fault on the output y(£) will
be larger, so the residual signal 7(¢) becomes larger, and the detection time of fault will be
reduced. Based on our results, we can obtain Jy, = suph(([)#o & (3—10 030 T (0)7(t) dt) = 0.1220
£)=0

and Fig. 5 show us that (ﬁ 010'02 #T(£)7(t) dt) = 0.2037 > Jy,, that is fault signal will be
detected after 0.02 s. Meantime, Fig. 6 shows the inter-event intervals, obviously, from
Fig. 6, we can know that the event is triggered 145 times during the simulation time period.
Finally, the phase plane plot of the closed-loop system is shown in Figs. 7 and 8 depicts that
the states of the system (10) is stability in finite time with our proposed control strategy

in this paper.

5 Conclusions
In this paper, the problem of simultaneous finite-time event-triggered control and fault
detection for a class of singular Markovian mixed delay jump systems under asynchronous
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Figure 4 Residual signal 7(t)
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Figure 5 Residual evaluation function
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06 K 1 \ E

o 5 10 15 20 25 30

Figure 7 Phase plane plot of closed-loop system

X1

----X2 I
Xf1 i

- - - Xf2

-1.5 L L L L L
0 5 10 15 20 25 30
k/sec
Figure 8 System responses with u;

switching has been investigated. A mode-dependent detector/controller are designed,
which guarantees the closed-loop system is SSFTS and satisfies four H,, performance in-
dices. By using some novel integral inequalities and the optimization technique, the results
are derived in terms of the LMIs. Finally, a numerical example is provided to illustrate the
effectiveness of the proposed method.
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