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Abstract

In this paper, we study existence (uniqueness) of solutions for nonlinear fractional
differential equations with Katugampola fractional integral conditions. Several fixed
point theorems are used for sufficient conditions of existence (uniqueness) solutions
of nonlinear differential equations such as Banach’s contraction principle, the
Leray-Schauder nonlinear alternative, and Krasnoselskii's fixed point theorem.
Applications of the main results are also presented.
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1 Introduction

In recent years, boundary value problems for nonlinear fractional differential equations
have been studied by several researchers. In fact, fractional differential equations have
played an important role in physics, chemical technology, biology, economics, control the-
ory, signal and image processing, see [1-25] and the references cited therein.

Boundary value problems of fractional differential equations and inclusions involve dif-
ferent kinds of boundary conditions such as nonlocal, integral, and multipoint boundary
conditions. The fractional integral boundary conditions were introduced lately in [26] and
nonlocal conditions were presented by Bitsadze, see [3].

In [4] authors gave sufficient criteria for existence of solutions for the following Caputo

fractional differential equation:
Dx(t) =f(t,x(t)), 0<t<T,

subject to nonlocal generalized Riemann-Liouville fractional integral boundary condi-

tions of the form

pl [f s xls)
() Jo (&P —sP)i
pl—ﬁ & S’Dilx(S)

T(B) Jo (7 —sP)1F

x(0) =y

ds:=y Ix(§),

x(T)=4§ ds:=8°1Px(e), 0<&,e<T,
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where D7 denotes the Caputo fractional derivative of order g, *I%, z € {«, B}, is the gen-
eralized Riemann-Liouville fractional integral of order z > 0, p > 0, &, ¢ arbitrary, with
£,6€(0,T),y,8 €eRandf:[0,T] x R— R is a continuous function.

In [5] authors established the existence of solutions for the following nonlinear Riemann—
Liouville fractional differential equation subject to nonlocal Erdelyi—Kober fractional in-

tegral conditions:
Dix(t) =f(,x(2)), t€(0,7),

20)=0,  ax(T)=)  Bll"x(&),

i=1

where 1 < g <2, D7 is the standard Riemann-Liouville fractional derivative of order ¢, I%’j’s"
is the Erdelyi—Kober fractional integral of order §; > Owith ; >0and y; e R,i=1,2,...,m,
f:10,T] x R — R is a continuous function and «, 8; € R, § € (0,T), i = 1,2,...,m, are
given constants.

Motivated by the above papers, in this paper, we study the sufficient conditions of exis-
tence (uniqueness) solutions of nonlocal boundary conditions for the following nonlinear
fractional differential equation of order « € (2,3]:

D*x(t) = f(t,x(t)), tel0,T],
x(T)=pB"I%(€), O0<e<T,

X(T)=yrl%%'(n), 0<n<T,
x"(T)=68PI%"(¢), 0<¢<T,

1)

where D* is the Caputo fractional derivative. #I7 is the Katugampola integral of g > 0,
p>0,f:[0,T] x R— R isa continuous function.

The rest of the paper is organized as follows. In Sect. 2, we recall some definitions and
lemmas that we need in the sequel. In Sect. 3, several fixed point theorems are used to give
sufficient conditions for existence (uniqueness) of solutions of (1) such as Banach’s con-
traction principle, Krasnoselskii’s fixed point theorem, and the Leray—Schauder nonlinear

alternative. In Sect. 4, some illustrating examples are given.

2 Preliminaries
In this section, we recall some basic definitions of fractional calculus [1, 2, 27] and some
auxiliary lemmas which we need later.

Definition 1 ([1]) The Riemann-Liouville fractional integral of order p > 0 of a continu-
ous function f : (0,00) — R is defined by

() = Fi(p) /0 (t— P f(s) ds,

provided the right-hand side is point-wise defined on (0, 00), where I' is the gamma func-
tion defined by I'(p) = [, e™s"~1 ds.
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Definition 2 ([1]) The Riemann-Liouville fractional derivative of order p > 0 of a contin-
uous function £ : (0,00) — R is defined by

1 d\" !
Dg+f(t)=F(n—p)<_t> /O(t—s)”_"_lf(s)ds, n-1l<p<n,

where n = [p] + 1, [p] denotes the integer part of a real number p.

Definition 3 The Caputo derivative of order p for a functionf : [0, 00) — R can be written
as

n-1
DPF(t) = DL, (f(t) _ ZZ—rfW(O)), t>0n—1<p<n.
k=0 "

Remark 4 If f(t) € C"[0,00), then

c 1 Cf) —
D‘*’f(t):r‘(n_p)/0 (t—s)P“*”dS:] PEO@g), t>0,nm—1<p<n.

Definition 5 [28] Katugampola integral of order g > 0 and p > 0, of a function f(¢), for all
0<t<o00,is defined as

Pt )
PIf (k) = T /0 (07 sy ds,

provided the right-hand side is point-wise defined on (0, c0).

Remark 6 ([28]) The above definition corresponds to the one for Riemann—Liouville frac-
tional integral of order g > 0 when p = 1, while the famous Hadamard fractional integral
follows for p — 0, that is,

. L (10e ) 1O
/1)11)1}) pqu(t) = Fq) /(; <10g ;) T ds.

Lemma 7 ([4]) Let p,q > 0 and p > 0 be the given constants. Then the following formula
holds:

L&) pprea

pPray - — L~
[(Z2E2) " pe

Lemma 8 ([1]) Forq >0andx € C(0, T)NL(0, T). Then the fractional differential equation
¢Dix(t) = 0 has a unique solution

x(t)=co+crt+ e +cyt"

and the following formula holds:

D% (t) = x(£) + co + C1t + - -+ + Cuor 71,

wherec; €R,i=0,1,...,n-1,andn-1<gqg<n.
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Lemma9 Let2 <o <3andB,y,8 € R. Then, foranyy € C([0, T],R), x is a solution of the
following nonlinear fractional differential equation with Katugampola fractional integral

conditions:

‘D*x(t) = y(t), tel0,T],
x(T) =B I%(€), O0<e<T,

(2)
£ (T)=y*lx'(n), O0<n<T,
x"(T)=687I%"(¢), 0<¢<T,
if and only if
1
x(t) = Jy(t) + - 6)(/3 P19 y(€) - J*y(T))
(ZUZ(,B»G) ) pIq]a 1 y(n) - J* 1 (T))
w1 ,3 6
( w3(B,€) @B, €)waly,n)
w1(5 O \2m1(B,e)  @i(B,€)mi(y,n)
@y, Mt N o a-2
+ m - E)(] y(T) =871 J’(C))» (3)
where
B gra 1
Ufl(a,f)—<1—apm) 70, (4)
gratl T(2£)
me) - (10 ) ®
pt (T2
pg+2 (L)
ot )= (12 -0 ) ©
o

Proof Using Lemma 8, the general solution of the nonlinear fractional differential equa-

tion in (2) can be represented as
x(t) = co + 1t + cot? +J%9(t), corc1,c2 €R. (7)

By using the first integral condition of problem (2) and applying the Katugampola integral
on (7), we obtain

co+ T +cyT*+]y(T)

P 1 ePatl F(“T”)

= Bco— +
peo p? T(q+1) pa p7 T (HLLL)

€Pa+2 I‘(ZW

tha— W

+ BPIU y(e).
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After collecting the similar terms in one part, we have the following equation:

e 1 et T(122)
coll-B— +tal\T-Bao—————
"( P F(q+1)) 1( P r(“ﬂ%))

e T(22)
+CQ(T2—ﬁC2— L >

pq F(2+p:+p)

=BPI y(€) = Jy(T). (8)
Rewriting equation (8) by using (4), (5), and (6), we obtain
com1(B,€) + crma(B, €) + crms(B, €) = B y(e) - J*y(T). )
Then, taking the derivative of (7) and using the second integral condition of (2), we get
®(T) = c1 +2¢,T +J* 7 y(T). (10)
Now, applying the Katugampola integral on (10), we have

c1+2¢T +]"“1y(T)

nPl 1
= cCi— ——
va p? T(g+1)
prarl T(E2)
+ 20y ————F—— 4y plq]""ly(n). (11)

o F(W’qu)

The above equation (11) implies that

nPd 1 nPa+l re)
all-y— +2¢ T—y—lip
p? T'(g+1) p? T (ZEE)

=y "1y () = T (). (12)
Also, by using (4) and (5), equation (12) can be written as

ami(y,n) + 2@y, n)
=y "Iy () = ] y(T). (13)
By using the last integral condition of (2) and applying Katugampola integral operator on
the second derivative of (10), we have

rq

2¢y +J°2y(T) = 28¢, 3

2 prqye-2
T T,

Hence, we obtain the following equation:

2 (1—5§—M 1 ):Splqla‘zy(c)—l“‘zy(T) (14)
? p1 T(g+1) '
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By using (4), equation (14) can be written as
200m1(8,¢) = 8 1 *y(¢) = J* (). (15)

Moreover, equation (15) implies that

1

= m(a "1"/"'231(;“) —]a_zy(T))~ (16)

Cy
Substituting the values of (16) in (13), we get

— # a-1 _qa-1
¢ = ZUl(%n)(y LI y(n) =] (T))

@a(y, 1)

- m@ PIY2y(¢) - J**)(T)). (17)

Now, substituting the values of (16) and (17) in (9), we obtain

Co =

1
1.9 (B I9%y(e) = J*¥(T))

_ @(Be)
@1(B,€)m1(y,n)

B @3(B,€)
2w (B, €)w1(8,¢)

@2 (B, €)ma(y,n)
@1(B, €)1y, N1, ¢)

(y*1°  y(n) = J*'9(T))

(8°19°2y(¢) = J**y(T))

(8°197°72y(¢) = J**y(T)). (18)

Finally, substituting the values of (18), (17), and (16) in equation (7), we obtain the general
solution of problem (2) which is (3). Converse is also true by using the direct computa-
tion. O

3 Main results
Let us denote by C = C([0, T],R) the Banach space of all continuous functions from
[0,T] — R endowed with a topology of uniform convergence with the norm defined by
llll = sup{lx()] : £ € [0, T}

We define an operator H : C — C on problem (1) as

(H)(O) = (59) 0+ — s (817 (5,50 )
. 1L (@60
S0 - o (25 )

x (v P17 f (s,5(5)) () =T f (s, %())(T))

L1 (ws(ﬁ,e) _ (B, €)m(y,n)
@1(8,8) \2m1(B,€)  @i(B,€)m1(y,n)

wz(% ﬁ)t _ ﬁ) -2

oi(y,n) 2 U (o #))

— 87 I7%72f (5,%(5)) (2)). (19)
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Also, we define the notations

o T 1
T+l JoB e @+

[(£2)  ewira
o
X <|,3|Wﬁ;q+p)7 +T )

. 1 (|1172(,3y6)| . T)
|1 (y, MIT (@) \ |1(B, €)]
r a-l+p a-1+pq
« (|y|F (Lf_l:;q;) T T‘“)
P
s 1 ( |3(B, €)
|18, )T (o = 1) \ 2|1 (B, €)]

2B, )llmaly, )l w2y, )T T_Z)
|w1(,3»€)||w1(%77)| |w_l(yr77)| 2

r a=2+p a2+
x(|3| ) ¢ pq+T°‘-2> (20)
I'(

a=2+pg+p q
)

and

_ 1Bl P(E2) arog
(B, €)M (e + 1) F(“”fj.#) 0l
lv] (lwz(ﬁ,e)|+T> D(4=22)  pe-leog
1 mIT@ \ e (B, ) T(Ekeee)  pa

. 3] (st(ﬁ,f)l . |2(B, €)@y, n)|
|1(8, )T (e = 1) \ 2|mm1(B,€)|  [@1(B, €)llai(y,n)l
|w2(y,n)|T+12> S S
o (y,m| 2 r(%) pd

1

(21)

In the following subsections, we prove existence (uniqueness) results for the boundary
value problem (1) by using Banach’s fixed point theorem, the Leray—Schauder nonlinear

alternative, and Krasnoselskii’s fixed point theorem.

3.1 Existence and uniqueness result

Theorem 10 Let f: [0, T] x R — R be a continuous function. Assume that:
(S1) ft,x)—f(&, )| <Llx—yl| forallt €[0,T],L>0,x,y€R;
(S2) L <1, where ® is defined by (20).

Then the boundary value problem (1) has a unique solution on [0, T].
Proof By using the operator H, which is defined by (19), we obtain

|(Hx)(2) - (Hy)(6)| < J*|f (s,%(5)) —f (5,%(9))|(T)

&ﬂ q 7o _
Yool If (5,x(5)) = f (5, 9(5)) | (€)
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1
|w1(,3r€)|

N [y <|w2(ﬂ;€)| +T)
|1 (v, m| \ |@1(B, €)l

x P17 |f (s,%(5)) = f (s,9(5)) | ()

. 1 <|wz(ﬁ,6)| . T)
|ZU1()’»77)| |w1(/316)|

x J*Hf (s,5(5)) = f (5, 7(9)) | (T)

+ 1 < |z3(B, €)l + |w2(ﬂ’6)||w2(y’ )l
[1(8, )\ 2l@1(B,€)l  [@1(B,€)l|lmi(y,n)l

|z (y, m)|T TZ)

+

T\ (s:%(5)) = f (5, 9(9)) |(T)

|1 (v, n)l 2
X T2 (5,2(5)) = f (5,5(9)) |(T)
151 ( [@3(B,€)  |@2(B, )llwaly, )|

6,01\ 2l B, )l 1o (B )l ()
@2y, I T E)
|1 (v, n)l 2

x P12 |f (s, %(5)) — £ (5,7(5)) | (¢)

§L||x—y||{1“(1)(T) . (18171 (1)(e)

|@1(B, )]
+J*(1)(D))
! |@2(8, €)l o rqye-1
' |wl(y,n)|<|wl(ﬂ,e>| *T)('V' AN

+7471A)N(T))
1 (IWe,(ﬂ,E)I |2 (B, )|y, 1)l

o601\ 2018, (B €Nl ()]
ST T2
T 2

+1“-2(1>(T))}

o 1
SL{F(oz D) oo 1)
L) corn
« (01 ey )

. 1 <|m(ﬁ,6)| . T)
[z (v, MU () \ [1(B, €)|

F(w) na—1+pq
X(Wl a—1+pﬂq+p q +Ta1)
r(eleee) p

. 1 ( |o3(B, €l
l1(8, OIT (o« = 1) \ 2[e1 (B €)]
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| (B, )|y, M| |@aly, )T T2)
+ + —
|w1(ﬂ»€)||w1()’»77)| |w1(%77)| 2

[(422)  ra-2+pq
x(|a| b ¢ +T“-2)}||x—y||

F(a—2+ppq+p ) pq

= Lofx-y|

foranyx,y € Cand for each ¢ € [0, T']. This implies that || Hx— Hy|| < L®|lx—y||. AsLP < 1,
the operator H : C — C is a contraction mapping. As a result, the boundary value problem
(1) has a unique solution on [0, T. O

3.2 Existence results
Lemma 11 Let E be a Banach space, C be a closed, convex subset of E, U be an open subset
of C and 0 € U. Suppose that A : U — C is a continuous, compact map. Then either

(i) A has a fixed point in U, or

(ii) there are x € 90U (the boundary of U in C) and n € (0,1) with x = nA(x).

Theorem 12 Letf:[0,T] x R — R be a continuous function. Assume that:
(S3) There exist a nonnegative function Q2 € C([0, T],R) and a nondecreasing function
W : [0,00) — (0, 00) such that

[f(t, u)| < Q(t)\I’(|u|) forany (t,u) € [0, T] x R;

(S4) There exists a constant M > 0 such that

M

—_—>1,
v(M)|) P

where ® in (20).
Then problem (1) has at least one solution on [0, T].

Proof Let B; = {x € C: ||x|| < d} be a closed bounded subset in C([0, T'],R). Notice that
problem (1) is equivalent to the problem of finding a fixed point of H.

As a first step, we show that the operator H, which is defined by (19), maps bounded
sets into bounded sets in C([0, T],R). Then, for ¢ € [0, T], we have

|H@x)@®)| <J%|f(s,%(5))|(T)

I S P
’ le(ﬂ,e)|(|ﬁ| 17%[f (s, %(5)) |(€)

+17|f (s:%(5)) (7))
n 1 (|w2(ﬂ76)| +T)
|ZU1(7/:TI)| |w1(1316)|
< (Iy = |f (s 2(5)) | (m) + 77 f (5,2(9)) |(T)

s (o ol
|H)’1((S,C)| 2|w_1(/3¢6)| |w1(,3:€)||w1()/;77)|

|z (y, )IT T2>
—_— + —_—
|71 (ysn)l 2
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X (J72|f (s, 2()) [ (T) + 181 71972 |f (s, %(5)) | (£))
< W(llxll)J* 2As)(T)
. W ([l
|ZD'1(,3,€)|
+]4Q(s)(T))
W(|lxll) (Iwz(ﬂ,G)l )
+T
l1(y, n)l \ |@1(B, €)]
x (ly P11 Q(s) () + % Q(s)(T))
W([lll) <|w3(ﬁ,€)| |2 (B, €|y, n)l
+ +
l1(8, )1 \ 2lm1(B,€)|  |ai(B,e)llai(y,n)l
@y, )| T T_2)
|wl(yr77)| 2
x (JU7?QUs)(T) + 181 1772 Q(s)(¢))

(1817197 Q(s)(e)

T 1
Ta+1)  |@1(8,e)l(a+1)

P(5E) ewson
(1 ey S+ 7)
. 1 (Im(ﬁ,e)l . T)
o1 (y, MIT (@) \ o1 (B, €)|

F(w) na—l+pq
X(W' a—lquw q +Ta1>

: ||s2||w(d){

. 1 ( |os(B, €l
lo1(8, )T (@ = 1) \ 2|1 (B, €))

@28, l@a(y, )l |y, T f)
lo1(B,llmi(y,ml  loly,ml 2

[(e=2:2) cara
14 o—2
X(m a-2+pg+p q +T )}
D(E2L12) - p

= Q) ¥(d) P,

which leads to |H(x)|| < ||2|| W (d)®P. By (S4) there exists d > 0 such that ¥ (d) || 2|| D < d.

Next, we show that the map H : C([0, T],R) — C([0, T],R) is completely continuous.
Therefore, to prove that the map H is completely continuous, we show that H is a map
from bounded sets into equicontinuous sets of C([0, T],R). Let us choose #1, £, from the
interval [0, T] and also #; < £;. Then we have

|(Hx)(£2) - (Hx) (1))

< % (5,%(9)) (12) = J*f (5,%(5)) (21)

[t2 — t1] grat .
oG I (s(6) o)+ 77 [ (5,1(5) [(7)

1 (lwz(y,n)l |t%—t%|>

+ [t —ta +
|w1(81§)| |ZZT1()/,77)| 2
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x (J42|f (s, (9)) | (T) + 181 19772 |f (5,%(5)) | ()

W(|lx)Qes) [ 4 0l a1 2 w1
<W|:/; [t =5 = (t1-9) ]a,’s+v/;1 (ty —$) ds]
w1ty — ) —)_ (|y|1“-lsz<s><n) Q)T

|w1(%77)|

(Im(%n)l &2 + t1] |1 (v, m)]
+
|w1(8,2)] 2 w8, 2)

< O [0 - -9 [ (ot

)(]"‘29(5)(T) 18 Pm“-zms)(c)))

+ |6 - 1]

[(eL)  a-lepg
l1’(61)”9”{ 1 (T“‘1+|y| o n )

|1 (v, M| [ T(@) F(D{—H%er) 01

. 1 (Im(y,n)l . [t + 1] le()/,n)|>
Fle-1)\ |@1(5,¢)] 2 @18, 20)l

Fw oa—2+
X(T“-2+|5| ) ¢ 2pq>}. (22)

a-2+pq+p q
[(&2022) - p

It is clear that the right-hand side of (22) is independent of x. Therefore, as ¢, — £, — 0,
inequality (22) tends to zero. That means H is equicontinuous, and by the Arzela—Ascoli
theorem, the operator H : C([0, T],R) — C([0, T'], R) is completely continuous.

In the last step we show that the operator H has a fixed point. Let H(x) = x be a solution.
Then, for ¢ € [0, T,

I Hacl| = Il < W (llll) 2] D,

which implies that

Il _
w(xDiele

In view of (Sy), there exists positive M such that |x|| # M. Let us set
U={xeC([0,T,R): || < M}.

Then the operator H : U — C([0, T],R) is continuous and completely continuous. From
the choice of U, there is no x € U such that x = wHx for some u € (0,1). It can be proved
by using contraction. Assume that there exists x € U such that x = wHx for some p €
(0,1). Then

llll = llpeHxll < I|Hx]| < W (ll<l) 2],

[l
w(lxiene =

This contradicts

[l
— 0 >
w(llxlDI2] P
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Consequently, by the nonlinear alternative of Leray—Schauder type, we conclude that
H has a fixed point x € U, which is a solution of problem (1). This completes the
proof. O

Theorem 13 ([29]) Let M be a closed, bounded, convex, and nonempty subset of a Banach
space X. Let A, B be the operators such that (a) Ax + By € M whenever x,y € M; (b) A is
compact and continuous; (c) B is a contraction mapping. Then there exists z € M such that

z=Az+ Bz.

Theorem 14 Let f: [0, T] x R — R be a continuous function, and let condition (Sy) hold.
In addition, the function f satisfies the assumptions:
(S5) There exists a nonnegative function Q € C([0, T, R) such that

If (6, u)| < Q)
forany (t,u) € [0, T] x R.
(Se) L®; <1, where @ is defined by (21).

Then the boundary value problem (1) has at least one solution on [0, T].

Proof We first define the new operators H; and H; as

H19(0) = °f (5.39) (0~ — (; 7 (s )(T)
1 (B €) _ a—1 T
+wl(y,n)(wl(/3»€) t>] S (o))
s 1 ( w3(B,¢€) B @ (B, €)ma(y,n)
w1(8,¢) \2w1(B,€)  w@i(B,€)mi(y,n)
(vt N\
+ m - E)I f(S,x(s))(T) (23)
and
(Ha)(0) = —F 1175 (s, x(5)) €)
o1(B,€)
Y @2(B:€) \ pq7a-1
wl(y:ﬂ)<wl(,3:€) t) Y f(s,x(s))(n)
B 8 ( w3(B,€) B @ (B, €)wa(y,n)
@1(8,8) \2w1(B,€) wi(B,€)mi(y,n)
oyt N\ e
P2 2) 1792 (5,1(5)) (©). (24)

Then we consider a closed, bounded, convex, and nonempty subset of the Banach space
X as

By={xeC:llxl| <d} with |QIP <d,

where @ is defined by (20). Now, we show that Hyx + Hyy € B, for any %,y € B;, where H;
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and H, are denoted by (23) and (24), respectively.

[ Hyx + Hoyll < J°|f (s,%(5))|(T)

1 a b
* |w1(ﬁ,6)|(] If (s, 2()) |(T) + 1B 19T | (5,%(5)) | (€))

N 1 <|wz(/3,€)| N T)

|1 (v, M|\ |z1(B, €)l
x (T f (5,2(9)) [(T) + [y | 71977 f (5,(5)) (m))
1 ( |ZD'3(,3,E)| |072(/3,€)||wz(%77)|

T 1216, \ 2l (B, [w1 (. )l ()
@2y, E)
iy, 2
x (J*72|f (s,(5)) [(T) + 181 71972 |f (s, %(9)) | (£))
<J*Qs)(T)
+ m(]“Q(S)(T) +[BIP 1 Q(s)(€))

s 1 (Im(ﬁ,é)l s T)
|1 (y,n)| \|z1(B,€)l

x (J*rQUS)(T) + |y | P17 71 Q(s) ()

. 1 < |z3(B, €)| . |z (B, )|y, )l
|1 (8, O\ 2|@1(B,€)l  |wi(B,e)llmi(y,n)l

@y, )| T 12)
[ (y,m)| 2

X (JA2QUs)(T) + 1817172 Qs)(£))

T 1
Ta+1) o8, e)Ma+1)

< N P(2)  eorra
x| T +|/3|Tq+p—+>
L(=5-=) ot

< IIQII{

+ 1 (|ZD'2(,3,E)| n T)
[ (y, )T (@) \ [@1(B,€)|
I‘(w) na—l+pq>

oa—1 /4
X <T + |V|F(a_1+ppq+p) pq

. 1 < |3 (B, €)l
|1 (8, )T (e — 1) \ 2|1 (B, €]

|2 (B, €)ll@a(y,n)| @y, )T TZ)
+ +—
|w1(ﬁ»€)||w1(%77)| |w1(7/»77)| 2

[(%22)  ra-2+pq
x (T"“2+ 18] ——2— £ )}
I‘(O‘ ppq p) 01

= QP <d.

Therefore, it is clear that |Hyx + Hyy|| < d. Hence, H1x + Hyy € B,.

Page 13 of 17
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The next step is related to the compactness and continuity of the operator H;. The proof
is similar to that of Theorem 12.

Finally, we show that the operator H, is a contraction. By using assumption (S;),

18]
| Hox — Hoyll < m

. b4 (|ZZT2(,3»€)| . T)
|1 (v, mI \ |@1(B, €]
x P17 f (s,%(5)) = f (s,9(5)) | ()
3] ( l3(B,€)l @B, e)llma(y,n)l

ey [f(s,x(s)) —f(s,y(s)) ‘ (€)

o601\ 2018, 1 (B €Ny )
|y, I T 12)
(o) 2

x PIT*|f (s,2(5)) — £ (5,%()) | (©)
) Bl pure

<Llx yll{—ml(ﬁ,e)| IJ%(1)(e)
Yl (1328 prarat

|wl<y,n>|(|wl(ﬁ,e)| +T) F7 i)

6] <IZH3(ﬁ,€)| |28, )ll@a2 (v, n)l

16,0\ 2[@1(B, 0] (B llan(y, )|
|y, mIT T_2>pqa_2 }
|z (v, n)l ) P e)

{ 1] L(T5) e
|@1(B,€)|T (o + 1) T(FELL) o

L (Iwz(ﬁ,e)l +T>
|1 (y, mIT (@) \ |1 (B, €)]
F(%) ne1+ea
F(a—1+ppq+p) 01
N 18] ( |3(B, €)l N |2 (B, €)lla(y,n)]
l1(3, O)IT (e = 1) \ 2[@1(B, )| [1(B, )llm(y,n)l

|@(y, ) T T_Z)
loi(y,ml 2

L) Ca_m}nx—yn

r(a—2+ppq+p ) ,Oq

= Loy flx-yll,

which means ||[Hyx — Hyy|| < L, |lx —y]||. As L®; < 1, the operator H; is a contraction. For

this reason, problem (1) has at least one solution on [0, T]. O

4 Examples

In this section, some examples are illustrated to show our results.
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Example 1 Consider the following nonlinear fractional differential equation with Katu-

gampola fractional integral conditions:

5/2 _ sin(md) ¢ _|x(®)] 1
‘D77x(t) = (et +10) (Ix(t)|+1 +1), tel03]

x()=1°x3/8),  x(3)=1°13x(1/3), (25)

'(4) = 15x(2/5).

Here,a =5/2,T=3,8=1/2,y =1/2,6 =1/2,¢ =3/8,7=1/3,{ =2/5,p=5,q = 5, and
%) sin?( ) x| 1
,X) = +1).
(ef +10) \ x| + 1

Hence, we have |[f(t,x) — f(£,7)| < % | —y|l. Then, assumption (S;) is satisfied with L = %.
By using the Matlab program, w;(3,2) = 0.9361, wi(3,1) = 0.9475, (3, %) = 0.9289,
w2(3,2) = 04779, wa(3, 3) = 0.4838, w3(3, 2) = 0.4922, and P = 1.2261 are found. There-
fore, L® = 0.1226 < 1, which implies that assumption (S) holds true. By using Theorem 10,

the boundary value problem (25) has a unique solution on [0, %]

Example 2 Consider the following nonlinear fractional differential equation with Katu-

gampola fractional integral conditions:

5/2 _ (241 2(8) |%(2)| 1 1
D*2x(0) = (55) (Rt *+ ey + 20 L€ 03]
x5 = 1x38), ¥ =L13x1/3), (26)

(1) = 1°13x(2/5),

where 0 =5/2, T =3, 8=1/2,y=1/2,8=1/2,€ =3/8, n=1/3,{ =2/5, p =5, q = 3.

Moreover,
£2+1 u? Vil 1 &+ 1)(ul +1)
It )| = v o1 < DU+ )
10 lu| +1 21 +4/|ul) 2 10
By using assumption (S3), it is easy to see that Q(t) = t21_51 and W(|u|) = |u| + 1. Moreover,

[|12]] = % and @ = 1.2261 which was found in the previous example. Now, we need to show
that there exists M > 0 such that

M >
VDRl

and such M > 0 exists if
1-[IQ[® > 0.

By using direct computation ||2||® = 0.1533 < 1, assumption (S,) is satisfied. Hence, by

using Theorem 12, the boundary value problem (26) has at least one solution on [0, % .
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Example 3 Consider the following nonlinear fractional differential equation with Katu-
gampola fractional integral conditions:

(ef+10) M |x(2)]+1
x()=83x3/8), (1) =1"13x(1/3), (27)
x'(1) = I3 x(2/5).

CDS/Zx(t) — 9Sin2(77t)( (@) + 1)’ te [0,% ,
5

Here,oz=5/2,T:%,ﬁ=1/2,y=1/2,8=1/2,6=3/8,n=1/3,§=2/5,p=5,q=%,and

~ 9sin®(t) |x|
S =010 (|x| 1 1>'

Since |f(¢,%) — f(t,y)| < 15|x - y|, then it implies that L = & means (S;) is satisfied but (S»),
which is L® < 1, is not satisfied. [L® = 1.10358 > 1.] Therefore, we consider (Ss) which is

9 x| 18
lf(t»x)| < m(|x| 1 + 1) < m = Q(¢).

By using (21), ®; = 0.0561 is found. It is obvious that L&; = 0.05049 < 1. So, (Se) is satisfied.
Hence, by using Theorem 14, the boundary value problem (27) has at least one solution

on [0,%].
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