Zhao and Bi Advances in Difference Equations (2018) 2018:97 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-018-1541-y a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Hopf bifurcation analysis for an epidemic
model over the Internet with two delays

Tao Zhao' and Dianjie Bi

“Correspondence:
zhaotaocaufe@163.com

School of Management Science and
Engineering, Anhui University of
Finance and Economics, Bengbu,
China

@ Springer

Abstract

Taking the delay due to the latent period of computer viruses and the delay due to
the period that the anti-virus software uses to clean the computer viruses as the
bifurcation parameters, local Hopf bifurcation of an epidemic model over the Internet
is studied. We discuss the existence of the Hopf bifurcation under four conditions:
M17>0,1=021=01>0@)Tn==Tt>0and@4) 1, >0, € 0, T).
Properties of the Hopf bifurcation about condition (4) are investigated by means of
the center manifold theorem and the normal form theory. Finally, some simulations
are presented to support our obtained results.
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1 Introduction

The Internet is an indispensable part of our everyday life and it offers us more and
more functionalities and facilities. Meanwhile, its rapid development has witnessed
the overflow of computer viruses. The epidemic dynamics has been considered as an
effective approach to the assessment of the propagation of computer viruses in the
Internet [1, 2]. Since the seminal work of Kephart and White [3], many computer
virus models, such as SIRS (Susceptible—Infectious—Recovered—Susceptible) models
[4-7], SEIRS (Susceptible—Exposed—Infectious—Recovered—Susceptible) models [8—11],
SEIQRS (Susceptible-Infectious—Quarantined—Recovered—Susceptible) models [12-14],
SVEIR (Susceptible—Vaccinated—Exposed—Infectious—Recovered) models [15-17] and so
on, have been proposed by scholars at home and abroad.

However, most of the models above neglect time delays during the spreading process
of the computer viruses in the Internet. As is known, time delays may induce Hopf bi-
furcation and the occurrence of a Hopf bifurcation makes the computer viruses in the
Internet be out of control. Some research has been devoted to the computer virus mod-
els with time delay. In [5, 6], Ren et al. investigated the Hopf bifurcation of a delayed
SIRS computer virus propagation model. In [18], Dong et al. proposed a delayed SEIR
(Susceptible—Exposed—Infectious—Recovered) computer virus model with multistate an-
tivirus and studied the dynamical behaviors, which include local asymptotical stability and
local Hopf bifurcation, by regarding the time delay as bifurcating parameter. Considering
the fact that the recovered computers may be infected again after a temporary immunity
period, Zhang and Yang [19] proposed a computer virus model with two delays based on
the work in [18] and studied the Hopf bifurcation by regarding the possible combinations
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of the two delays as a bifurcation parameter. In addition, many researchers introduced
the quarantine strategy into mathematical models and investigated the Hopf bifurcation
of the models in order to describe dynamics of computer viruses in a network [20-23].
Recently, Zhang and Wang [24] proposed the following SLBQRS (Susceptible—Latent—
Breaking—Quarantined—Recovered—Susceptible) computer virus model with latent and
breaking-out over the Internet:

BU _ y— BS(E)(L(E) + B(t)) + eR(2) — uS(2),

dt
40 = BS()(L(E) + B(D) — (1 + @)L(D),
B0 _ qL(t) - (1 +y +n+0)B(8), )

490 — yB(t) ~ (1 + 0 +8)Q(),
RO = 5Q(t 1)~ (1 + )R(E) + nB(t - T).

Here, S(¢), L(¢), B(t), Q(£), and R(¢) represent the percentages of the susceptible com-
puter, the latent computer, the breaking computer, the quarantined computer, and the
recovered computer at time ¢, respectively. u, o, o, B, ¥, €, 1, and § are the parameters
of system (1) and they have the same meanings as those in [24]. 7 is the time delay due to
the period that the anti-virus software uses to clean the computer viruses in the breaking
and the quarantined computers. Zhang and Wang [24] investigated the effect of the time
delay 7 on the stability of system (1).

One of the typical features of the computer viruses in the Internet is their latent char-
acteristic [5, 25], and there is a time delay before the latent computers develop themselves
into the breaking ones. Thus, we incorporate the time delay due to the latent period of the
latent computers in system (1) and consider the following SLBQRS computer virus with
two delays:

BU = - BS@(L() + B(t)) + eR(t) — uS(8),
LY = BSE)(L(E) + B(t) — uL(t) — aL(t - 1),
BO — oLt —1) - (u+y +n+0)B), 2)
49— yB(t) - (u + 0 +8)Q(H),

RO = 5Q(t ~2) — (1 + &)R(E) + nB(t - T2),

where 17 is the time delay due to the latent period of the viruses and t, is the time delay
due to the period that the anti-virus software uses to clean the computer viruses in the
breaking and the quarantined computers.

The structure of this paper is as follows. In the next section, we study the local stabil-
ity of the viral equilibrium of system (2) and the existence of a local Hopf bifurcation of
system (2). In Sect. 3, properties of the Hopf bifurcation are investigated. In Sect. 4, some
numerical simulations are presented in order to verify our obtained theoretical results.
Section 5 summarizes this work.

2 Local stability of viral equilibrium and existence of local Hopf bifurcation
Based on the analysis in [24], we know that system (2) has a unique viral equilibrium
E*(S*,L*,B*, Q*’R*) lfRO = % >1, where

(@+uw)(y+pu+n+o) 1 Y+u+n+o
*= =) L*:—B*i
Bla+y+u+n+o) Ry o
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Q.= Y g Sy +n(p+o+9)

T u+o+s 7 Ture)uto+8)

_ pa (i +o +8)(u +)(1 = Ro)

* T RoaySe + (u+o0 +8)[Roane — B +e)(u+a+y +n+0o)]

The linearized section of system (2) at E,(Sy, L+, B+, Qy, Ry) is
BO = a118(t) + anL(®) + a13B(t) + asR(E),
dfi_(tt) =anS(t) + anL(t) + apB(t) + bnL(t - 11),

BO = 433B(t) + b, L(E - 11),

% = agB(t) + a1 Q(2),

% = as5R(t) + c53Q(t — 15) + c54B(t — 1),

where

an =—-BLy +By) — 1, ap = -BSs, a3 = —BS;, as = ¢,
ay = B(Ly + By), axn = BS: — 1, ax = BSs,
az=—(u+y+o+n), a =y, ag =—(+0 +9),

ass = —(1 + &), by = —a, by =a, 53 =1, C54 = 6.
The characteristic equation is

)\5 + A4)\,4 + Ag)»S + Az)\.2 + Al)\, + A()
+ (B4A4 +B3A® + Bod? + By + Bo)e_m
+ (Cl)\ + C())e_M'2

=0,
with

Ap = azzauass(anas — andan),

Aj = ass [ﬂ116122(ﬂ33 +dga) + azas(an + ﬂzz)] + a11422433044
— a12a21(A33a44 + A330s55 + A44ds5),

Ay = anan (ass + ass + ass) — anax(ass + as) — aszas(an + a)
—ass [61116122 +as3dag + (a1 + axn)(ass + 6144)],

Az = aya + azsdag + (a1 + axn)(ass + asu) — apd
+ass(ay) + axn + ass + d),

Ay =—(ay1 +ax + ass + g + dass),

By = agassb(anass — ai3as) — a11a2a33a4ubay,

By = a13a1 b3 (as + ass) — apbzn(aiida + andss + asudss)

+ by [61110122(6133 +daq) + azzas(an + ﬂzz)],
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By = asbsy(an + au + ass) — aizas ba
—by [ﬂ11d22 +assag + (an +axn)(ass + 6144)],
B3 = bys(an + ax + ass + daa) — dazbz, By = —by,

Co = (@a4¢s3 — aa3Cs4)a15a21 b3, Ci1 = —ai15a21b3xcs3.
Case 1. T = 0. When 7 = 0, Eq. (4) becomes
)\.5 + A04)\4 + Aog)\?) + Aoz)\.z +A01)\ + A()() = 0, (5)

where

A()() :A0+BQ+C0, A01:A1 +B1+C1!

Agy =As + By, Agz = A3 + Bs, Aoy = Ay + By

Suppose that the following holds:
(Hy) Ao > 0, Aos > 0, ApzAos > Az, ApAosAos > AG, + AgAd,, and Ag1Aoa(2400 +
ApAgs) + AgAnAgs > Ao1 (A, + AgiAg,) + Aco(Aco + A AS).
It can be concluded that the viral equilibrium (S, L, Bx, Q. Ry) is locally asymptotically
stable in the absence of time delay.

Case 2. 11 > 0, 75 = 0. Equation (4) becomes

)\5 + A24)»4 + Azg)\,g + Agzkz + A21)» + A20
+ (Bg4)u4 + Bzg)\s + Bzz)»z + le)\, + Bzo)e_)hrl

=0, (6)

where

A20 = AO: A21 = Al; A22 = A2’ A23 = A3> A24 = A4,

By = By + Co, By =B; + Cy, Byy = By, By3 = B3, Byy = By.

Substituting A = iw; (w; > 0) into Eq. (6) and separating the real and imaginary parts,

one can get that
(Borwi — Bosw?) sin tyw; + (Bagw? — Boyw? + Bog) cos Tiw
2101 — D3wy 101 24W] — D27 + Do 101
_ 2 4
= Apwi — Aywi — Ay,
3 4 2 :
(3210)1 - nga)l) COSTiw1 — (32461)1 — Bgza)l + Bgo) SN Ty w1

3 5
= Agg&)l — Wy —A21a)1.

Adding up the squares of both equations gives

10 8 6 4 2
W] + ] + Z23w] + W] + gnwi + g0 =0, 8)
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with

42 2
&0 =A3 — By

g1 = A3, — 2A50Az — B3, + 2ByyBa,
822 = A%y + 2A50A04 — 2A21Ag3 — B2, + 2By By3 — 2BogBo,
823 = A%y — 2459 A04 + 2A9) — By + 2By Boy — B3,

824 = A%AL =243 - B§4.
Let w? = vy, then Eq. (8) becomes
V? +g24V;L +g23V§) +g221/% +g211/1 +g20 =0. (9)

Based on the discussion in [24], we assume that
(Hy1) Eq. (9) has at least one positive root vyg.
Then Eq. (6) has a pair of purely imaginary roots +iw;o = i,/v10. For w10, one has

1 h
Ti0= — X arccos{ 21(@10) }, (10)
w10 haa(@10)

where
ha1(w10) = (Baz — A24Boa) 0y + (A2Bag — Ag3Baz — Ba1)S,
+ (A23Bo1 + A Boz — AgoBos — A2 Bys — A24Bzo)60£1¥0
+ (A20B2 + AgaBag — AnBay) + @iy — AzoBao,
ha(10) = Boay + (ng - 2322324)0)?0

+ (B3, + 2ByBas — 2By Bys)wyg + (By; — 2B20Bx)wiy + By

Differentiating Eq. (6) with respect to 13,

di -1 _ 5)\4 + 4A24)\3 + 3A23)\2 + 2A22)\ + A21
d‘[l N }\.()\.5 + A24)x4 + Azg)\.s + A22)\.2 + AZI)" + A20)
4324)\3 + SBzg)LZ + ZBZQ)L + Bgl 71

- —. 11
" )\(324)»4 + Bzg)\,3 + Bgz)»z + B21)\. + Bzo) A ( )

This gives

-1 ’
Rel:ﬂ] _ £ (vi0) (12)

3 )2 4 2 2’
fero  (Ba1wio = Bazwig)? + (Baswiy — Bnwiy + Bao)

where vig = @2, and f1(v1) = V5 + goaVi + g23Vs + g22V3 + £21V1 + g20-
Thus, if (Hx): f{(v10) # 0 holds, then Re[ﬂ’;l—t)‘l],l:,10 # 0. Based on the Hopf bifurcation
theorem in [26], we have the following.

Theorem 1 For system (2), if (H1), (H21), and (Hay) hold, then E.(Si, Ly, By, Qs, Ry) is
asymptotically stable for v, € [0,110); a Hopf bifurcation occurs at E.(S, Ly, Bx, Qx, Ry)
when 11 = T19.
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Case 3. 11 =0, 75 > 0. Equation (4) becomes
)‘5 "'1434)\4 +A33)\3 +A32)»2 +A31)u +A30 + (Cgl)» + Cgo)ef)"rz =0,

where

Aszp = Ag + By, Az =A1+B-1, Azy = Ay + By,

Aszz=A3+Bs, A3y =Ayg + By, Cs30 = Co, Ca1=Crh.
Let A = iwy (w3 > 0) be a root of Eq. (13). Then

C31w2 sin Tawy + Cgo COS Ty = AQZw% - A24a)‘2L — Po»

C31w2 COS Trwy — C30 sin Ty = Aggwg — a)g - A21a)2.
Therefore
wéo +g34w8 +g33w6 +g32604 +g31w2 +830 =0,
where

830 = A%o - Cgo» 831 = A%l — 243043 — C?%l’
g3 = A%Z + 2A30A34 — 2A31A33,

g33 = ALy + 2431 — 243,43, g3a =A%, — 2433,
Let ? = vy, Eq. (15) becomes
Vg +g34V§ +g331/§ +g321/§ +g311/2 +g30 =0.

Similar as in Case 2, we assume that

(H31) Eq.(16) has at least one positive root vy.

Then Eq. (13) has a pair of purely imaginary roots +iwyg = £i,/v4g. For wyg, we have

1 { h31(wa0) }
Tyg = —— X arccos ,
w30 hsz(wzo)

where

h31(w20) = —C3105 + (A33C31 — A34Cs0)
+ (A32C30 — A31C31)wsy — A30Cso,

2 2 2
h32(a)20) = C31a)20 + CBO'

Differentiating both sides of Eq. (13) with respect to t,, we get

|: di :|_1 _ 5)\4 + 4-A34)\.3 + 3A33)\,2 + 2A32)\, +A31 C31
dfz

== + - —.
)\()\.5 +A34)\4 +A33)\.3 +A32)\.2 +A31)\ +A30) )\.(Cgl)\. + C30) A

Page 6 of 19
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Thus,

1 ,
Re[ dh ] _fQ(VZO) (19)

=) 2 2
dr et Czo T C51050

where vy = w3, and fo(v2) = V5 + gaaVs + ga3V; + g32V5 + g31V2 + gs0-
Therefore, if (Hsz): f3(v20) # 0 holds, then Re[;—r);]q:m # 0. Based on the Hopf bifurca-
tion theorem in [26], we have the following.

Theorem 2 For system (2), if (Hy), (Hs1), and (Hsy) hold, then E.(Sy, Ly, By, Qs Ry) is
asymptotically stable for t, € [0, 120); a Hopf bifurcation occurs at E.(Ss, Ly, By, Qs Ry)

when T2 = T90-
Case 4. 11 = T, = T > 0. Equation (4) becomes

)\5 + A4)\,4 + Ag)\S + Az)\.2 + Al)\, + A()
+ (B4A4 +B3A® + BoA? + By + Bo)e_“
+ (Cl)\ + C())e_Z)Lr

=0. (20)
Multiplying by *7, Eq. (20) becomes of the following form:

ByA* + B3A® + ByA? + Bid + By
+ (A5 + A + A3 + A% + A +A0)eM
+ (Cl)n + Co)e_“

=0. (21)

Assume that A = iw (@ > 0) is a root of Eq. (21). Then

gu1(w)cos Tw — gga(w) sintw = gus(w), (22)
gua(w) sintw + gas(w) cos Tw = gue(w),
with
ga1(0) = A0 — A20* + Ag + Gy, gn(w) = 0° - A30° + (A1 - C1)o,
g13(w) = Byw® — Byw* — By, gu(w) = Ay — Ayo® + A - C,
25(0) = @° — A30° + (A1 + C1)o, g16(w) = B30 - Bo.
Thus,
h h
COS T = a(w) . 42(w) (23)

) SINTw = f
h40 (a)) ]’140(60)
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where

hao(@) = ' + (A — 243)0® + (A3 — 24,44)0°

+ (A} + 24044 - 24143) 0" + (A} - C} - 2404;5) 0 + A} - C,
hai(w) = (B3 — A4By)w® + (AuBy + AyBy — A3Bs — By)w®

+ (A3By — AyB, — AyBo + B3(A; — C1) — By(Ag — Cp)) o’

+ (A3By + B2(Ao — Cop) — B1(A1 — C1))w® — By(Ao — o),
hay(w) = B4’ + (A4Bs — A3By — By)ow’

+ (Bo + A3By — AuB1 — A»B; + By(A; + C1))w’

+ (A2B1 — A3Bg + B3(Ag + Co) — Ba(A; + C1)) o’

+ (Bo(A1 + Cl) —Bl(Ao + C()))a)
Then
12, () + (o) = B2o(w). (24)

Next, we suppose that
(Hy41) Eq. (24) has at least one positive root wy.
From Eq. (23), we have

0= i X arccos{ a1 (o) } (25)
wo hao(wo)

Differentiating Eq. (21) with respect to 7, we get

dxN
an _ 411(A) _ E’ (26)
dt haa(A) A
where
har1 (M) = 4B42> + 3B3A” + 2Bo) + By + (5A* + 4440% + 34307 + 2450 + A€,
h412()\) = (Cl)\,z + Co)»)e_“ — ()\,6 +A4)\5 +Ag)\.4 +A2)\,3 +A1)x2 +A0)\.)6AT.
Further,
dxt  F F, F. F.
Re[—i| _ a1(wo) X z;s(wo) + z;z(wo) X 44(600), 27)
dt =10 Fiz(wo) + Fiy (o)

with
F41 (a)()) = Bl — 333(0(2) + (50)3 — 3A3a)(2) + Al) COS Towo
- (2A2a)0 - 4A4a)g) sin Towo,
F42(a)0) = 2320)0 - 434608 + (Swg - 3A36()(2) + A]) sin Towo

+ (ZAQQ)() - 4A4a)(3)) COS Towo,
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Fi3(wo) = (A3wg — 0§ — (A1 — C1)wy) cos Towo

- (A4wg — Ar3 + (Ao — Co)wo) sin Towy,
Ful(wo) = (Aswg — 0§ — (A1 + C1)wy) sin towo

+ (Asw] — Asw + (Ag — Co)wo) cOS Towy.

Based on the Hopf bifurcation theorem in [26], if (Hyy): Fa1(wo) X Faz(wg) + Faz(wp) X
Fa(wo) # 0 holds, we have the following.

Theorem 3 For system (2), if (H1), (Ha), and (Hyy) hold, then E.(Si, Ly, By, Qs, Ry) is
asymptotically stable for T € [0, 10); a Hopf bifurcation occurs at E,(Sx, L, B, Qx, Ri) when
T =Tp.

Case 5. 71 >0, 72 > 0, and 13 € (0, To9). Let A = iw] be a root of Eq. (4). Then

g51(w7) sinTyow] + gsa(@]) cos Ty} = gsz(w?),

£51() <05 107 — g2 sin 7107 = ga(w), 9
where
g51(}) = Bioo; - Bs(7)” + Croof cos 1y} — Cysinryf,
g5 (]) = B4(a)f)4 - B, (a)i‘)2 + By + Cio] sin o} + Cy cos Ty},
gs3(@}) = Aa(0])” - Aa(})" - Ao
gss(@}) = 4s(0})” - (0f) - Aoy,
Adding up the squares of both equations in Eq. (28) gives
Fol @) + i () 05 10 +fa7) sin 2} =0, 29)
with
Sro(@f) = (@) + (4] - 245 - B}) (@])°
+ (A2 + 24, - 24,44 - 2B,By - B)(})°
+ (A2 + 24044 — 2A, A3 — B2 — 2BoBy + 2B, Bs) (})"*
+ (A2 = 2404, + 2BB, — B} - C2) (})’ + A2 - B2 - C2,
fir (@F) = 2((BsCy - B4Co)(w?)* + (BoCo — B Cy) (@0})” = BoCo),
fin(@7) = =2(B4Cy (})° = (BoC1 — B3Co) (@}) = (B1Co — BoCr)w?).
Similar as in Case 4, we suppose that
(Hs1) Eq. (29) has at least one positive root wj.
Define
e I
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Differentiating Eq. (4) with respect to 73, we obtain

[ﬁ]l _hsul)
dun] () A

where
hs11(0) = 5% + 4A440° + 3A30% + 2401 + Ay
+ (4B4)A> + 3B3A” + 2By) + By )e ™
+(C1— 12Co — T2 CyA)e 1™,
h512(1) = (Bar® + BsA* + BoA® + B1A” + Bo))e ™

+ (Cl)\2 + Co)\)e_'\(”””.

Thus,

’

Re[@]_l _ Fs1(w}y) X Fsz(wiy) + Fsa(w]y) x Fsa(wiy)

dtl 71=14y FEZB(CUTO) + FF?AL((UTO)

with
Fs1 () = (B1 —3Bs3(wly)” + (C1 — 12Co) cos
— 1 Craty sin Tyw}p) cos Tiwl
+ (2Baly — 4By (@3y)° — (C1 = 12.Co) sin 1oy
— 1 Cry cos Tywly) sin Tyl + 5(wl)” - 343 (wly)” + A1,
Fsa(0}y) = (2Baw}y — 4By ()’ — (C1 — 12Co) sin rao0}
— 1y Crly o8 Tyw}p) COS Tyl
— (B1 = 3Bs(w}y)” + (C1 — 1,Cp) cos 107,
— 1y Crooty Sin Ty}p) sin Thwly + 242007, — 444 ()’
Fss(@}o) = (Ba(w}y)” = Ba(@o) + Bowly + Cowy cos 0y
+ Ci () sin Ty sin Ty,
+ (Bs(010)" - Bi(@o)” + Cowly sinryeof
- Ci(@})” cos Tafy) cos o],
Fsa(}y) = (Ba(@}o)” = Ba(@}o)” + Bowiy + Cowly cos ooy
+ Ci () sinTaw]y) cos 7w,
— (Bs(w}o)" - Bu(wio)” + Cowfy sin o]

2 .
* * * %
- Ci(wy)” cos Tyw}y) sin Tywiy.

Page 10 of 19
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Based on the Hopf bifurcation theorem in [26], if (Hs;): F51(w3,) X Fs3(w],) + Fsa(wiy) X

Fs4(w}y) # 0 holds, we have the following.
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Theorem 4 For system (2), if (H1), (Hs1), and (Hsy) hold, and 7, € (0, 1), then E,(Sy, Ly,
B., Q. R,) is asymptotically stable for T € [0, 1;,); a Hopf bifurcation occurs at E.(Sy, Ly, By,

Q. R,) when 11 = 13,

3 Properties of the Hopf bifurcation

In this section, we consider the properties of the Hopf bifurcation when 7; > 0 and 7, €
(0, T90). We assume that 1y, < 77, where 75, € (0, T) in this section. Let u;(t) = S(£) — S,
u(t) = L(t) — Ly, us(t) = B(t) — By, ua(t) = Q(t) — Qy, us(t) = R(t) — Ry, 71 = iy + i, L €R.
By the transformation ¢ = ¢/t;, system (2) becomes

u(t) = Ly + F(u, uy), (33)

where u; = (u1(2), ua(t), us(t), ua(t), us())" = (S(2),L(2), B(t), Q) R(t))T € R°, u,(0) =
u(t +0) € C([-1,0],R%),and L, : C — R® F(u,u;) — R® are defined as follows:

L = (10 + M)(M1¢>(0) + Mz (—?) ¥ Mz(—l)),

10

and
—B(#1(0)$2(0) + ¢1(0)¢3(0))
B(¢1(0)2(0) + ¢1(0)3(0))
F(M:¢): 0
0
0
with
ail ain ais 0 ais 0 0 0O 0 O
daj1 dyy a3 0 0 0 b22 0 0 O
M1= 0 0 ass 0 0 ) M2= 0 hgz 0o 0 0],
0 0 a3 am O 0O 0 0 0 O
0 0 0 0 ass 0O 0 0 0 O
0 0 O 0 O
00 0 0 O
Mz=]0 0 0 O O
00 0 0 O
0 0 C53 Cs4 0

Then there exists a function n(@, 1) in 6 € [-1,0] such that

0
L - / dn6,1)66), d<C. (34)
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In fact,
(T + WMy + My + M3), 6 =0,
0.1 = (T + )My + M3), 0e [—2—*;,0),
T s, be(-1,-%)
0, 0=-1.
For ¢ € C([-1,0],R®%), we set
dﬁ—ff), -1<6<0,
Al = -
{ f_ol dﬁ(9» M)¢(9)’ 0=0,
and
0, -1<6<0,
R _ <
v {F(M,qﬁ), 6=0,
Then system (33) becomes
u(t) = A()us + R()us. (35)
For ¢ € C1([0,1], (R°)*), define
_dels) 0<s<l1
*( ) = ds ’ =45
Ae)= [ [ dn?(s,00p(-s), 5=0,
and define
0 0
(0(5),6(6)) = 5(0)(0) - / /é F(E — 0) dn(O)B(E) d, (36)
0=-1 =0

where n(0) = n(8,0).

According to the discussion above, A(0) and A*(0) are adjoint operators. And +iw7, are
the eigenvalues of A(0); they are also the eigenvalues of A*(0).

Let ¢(0) = (1,42, 43, g, q5) T €“i0710? and g*(s) = (1, 45, qs, 9 qg)ei”foffos be the eigenvector

of A(0) and A*(0) corresponding to +iwj,7{; and —iw}, 1}, respectively. Then

q3 =

bsze‘iffowfo
. x )
w1y —ass

ok
_ Wwyg — a4 —angz — 41393

qs = ’

ais

. . 5
(la)TO +dy + bzzelrz*wlo)qg +dj)

g a1 + dzsqs
2= % % )
la)’{o —ay — b22€ T10%10
. —7 *
_ (iwiy — ass)gs — cs3e” ™10
Cs4e—it2*wfo ’
o 4
* lwlO ail *
qp=——" qs =
a1
.k iTo
. csa(iwyy + ass)e™ 1o .
qs = qs =

ass(iw]y + asa)

’

bszeirz*wfo

inO +dis

ass
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Using Eq. (36), we can get

(a(s),q(0)) = D[1 + g2 + 4333 + qudy + 4577

* _—itf o — % — % —iTgew¥, %
+ Toe 00 gy (byags + b3y + Tare ™ 10gE (c53q3 + 5444 |-

We choose

D =[1+q:7; + g3q5 + qad; + 953

* _—itf ot — % — % —iTgew¥, % -1
+ Tioe 1010, (byags + b3ads) + Tae P l0gE (cs3q3 + C5aqa) |

such that (g*,¢) = 1 and (g%, q) =

Page 13 of 19

Following the algorithms introduced in [26] and using a computation process similar to

that in [27—-29], we obtain

&0 =211,DB (75 -1
g =11,DB(75 - 1)

go2 = 211,DB (75 — 1) (42 + G3)»

(g2 + g3),
Re{q,} + Re{gs}),

)
(

1 _ 1
g1 = 28770D (7 ~ 1) ( Wi (0)z + 5 W3 (022 + W7 (0) + Wi (0)

+ Wn 0)g3 + = Wzo (0)g3 + Wn 0+ Wzo)(o))

with
WZO(G) lgzoq(()) zr 0®To? M —zr10w100
T1o®o 31:10@10
Wy, (0) = - 8190 oo | 814(0)

* ok
Tloa’lo T10®10

where E; and E, can be determined as follows:

ﬂ'u —aiz —a13
—dn s, —aa3
Ei =2 0 —bggefzirfow% ﬂé?’
0 0 —as3
0 0 —(353672”2*“)%
-B(q2 + g3)
B(q2 + q3)
X 0 )
0

gk ok
e itfywiof +E,,

+ E 62”10("109

0
0
0

!
Ayy

—C54€"

ity 0]
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an an a3 0 ags o -B(Re{q2} + Re{gs})
ay dap+by a3z 0 0 B(Re{q.} + Re{qs})
E,=-| 0 b3y azs O 0 X 0 ’
0 0 ags age O 0
0 0 C53 Csa  dss 0

where

/i %
ap, = 2iwj, — a1,
/ .o =2it{y ]
ayy = 2la)10 — dyy — byye ™ “'F10%10,
I %
A3z = 2w}, — ass,

/e %
gy = 2007 — Aaa,

/e %
asg = 2iw], — dss.

Then we can obtain

. 2
C:(0) = 211*;0% (gngzo —2|gnl* - %) + %, (37)
Re{C,(0)}

__Rel&:(0) 38

12 = " Re(M(thy) (38)
B2 = 2Re{C1(0)}, (39)
T, - _Im{C,(0)} +*u2*1m{)\/(rfo)}' (40)

T10%10

In conclusion, we have the following results.

Theorem 5 Let E,(Sy, Ly, By, Q«, Ry) be the viral equilibrium of system (2). (i) The Hopf
bifurcation at the viral equilibrium E, (S, Ly, B, Qq, Ry) is supercritical if p, > 0 and sub-
critical if iy < 0; (ii) the bifurcating periodic solutions are stable if B < 0 and unstable if
B2 > 0; (iii) the period of the bifurcating periodic solutions increases if T, > 0 and decreases
if T, < 0.

4 Numerical simulations
In this section, we shall carry out some numerical simulations for illustrating our theoret-
ical analysis. By extracting the same values from [24], we consider the following system:

B0 = 0.02-0.3S@E)(L(®) + B(£)) + 0.3R(t) — 0.025(2),

A — 0.35(¢)(L(¢) + B(t)) — 0.02L(¢) — 0.3L(t — 1),

BO - 0.3L(¢ - 1) - 0.72B(t), @)
490 _ 0.1B(t) - 0.32Q(¢),

RO = 0.1Q(t - 72) — 0.32R(¢) + 0.4B(t — 7).

By direct computation, using Matlab software package, we get Ry = 1.3281. Then the
unique viral equilibrium E,(0.7530,0.0326,0.0136,0.0043,0.0183) is obtained. Also, we
know that condition (H;) is satisfied based on the analysis in [24].
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Figure 1 Dynamic behavior of system (41): projection on S-B-R with 7, =4.3762

R(t)

Figure 2 Dynamic behavior of system (41): projection on S-B-R with 71 =4.5342

B(t)

S@)

Figure 3 Dynamic behavior of system (41): projection on S-B-R with 7, =48.2308

Firstly, one can obtain w1o = 1.0921, 719 = 4.5186 by some complicated computations.
Based on Theorem 1, we know that the viral equilibrium E,(0.7530,0.0326,0.0136, 0.0043,
0.0183) is asymptotically stable for t; < 119 = 4.5186. E,(0.7530,0.0326,0.0136,0.0043,
0.0183) loses its stability and a Hopf bifurcation occurs when t; > 119 = 4.5186. Simula-
tions can be shown as in Figs. 1-2. Similarly, we have w;y = 0.5499, 15 = 53.3616. The

corresponding dynamical behavior of system (41) can be depicted in Figs. 3—4.
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Figure 4 Dynamic behavior of system (41): projection on S-B-R with 7, = 68.4658
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Figure 5 Dynamic behavior of system (41): projection on S-B-R with T =4.0628
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Figure 6 Dynamic behavior of system (41): projection on S-B-R with T = 4.3645

Secondly, by computing, we obtain wy = 1.2030, 7 = 4.2686 for 7; = T2 = T > 0. By Theo-
rem 3, the viral equilibrium E,(0.7530, 0.0326, 0.0136, 0.0043, 0.0183) is asymptotically sta-
ble for T < 79. However, E.(0.7530,0.0326,0.0136,0.0043, 0.0183) becomes unstable and a
Hopf bifurcation occurs, when 7, passes through 7y = 4.2686. Dynamical behavior of sys-
tem (41) in this case can be illustrated by Figs. 5-6.

Lastly, we obtain w}, = 2.0254, 7}, = 1.0845 for 7; > 0 and 7, = 42.5 € (0, T29). As is shown
in Fig. 7, the viral equilibrium E,(0.7530,0.0326,0.0136,0.0043,0.0183) is asymptotically
stable when 7, = 0.8345 < 1, = 1.0845. However, E.(0.7530,0.0326,0.0136,0.0043,0.0183)

will lose its stability and a Hopf bifurcation occurs once ; > 735, = 1.0845, which can be



Zhao and Bi Advances in Difference Equations (2018) 2018:97 Page 17 of 19

0.026

0.024~ S

= N
2o0.022 N~
0.02 o

0.018
0.016

0.76

S() B(t)

Figure 7 Dynamic behavior of system (41): projection on S-B-R with 7, =42.5 € (0, T50) and 77 = 0.8345
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Figure 8 Dynamic behavior of system (41): projection on S-B-R with 7, =42.5 € (0, Ty0) and 7y = 1.7365

exhibited by Fig. 8 with 7; = 1.7365. Additionally, we obtain C;(0) = —1.9608 + 0.32514,
By = =3.9216 < 0, 4o = 49.6405 > 0, and T, = —6.3854 < 0. Based on Theorem 5, we can
conclude that the Hopf bifurcation at 7; = 7}, = 1.0845 is supercritical; the bifurcated pe-
riodic solutions are stable and the period of the bifurcated periodic solutions decreases.

5 Conclusions

An epidemic model over the Internet with two delays is investigated in the present paper
by incorporating the time delay due to the latent period of the latent computers in the In-
ternet into the SLBQRS computer virus model considered in the literature [24]. Compared
with the model considered in the literature [24], we not only investigate the effects of the
time delay due to the latent period of the latent computers, but also the effects of the time
delay due to the period that the anti-virus software uses to clean computer viruses in the
breaking and the quarantined computers. Obviously, the computer virus model studied in
the present paper is more general than that considered in the literature [24].

By taking different combinations of the two delays (7; and t,) as the bifurcation parame-
ter, we have successfully studied the local stability of the proposed model and the existence
of the local Hopf bifurcation. It is proved that the propagation of the computer viruses can
be controlled when the delay is below the corresponding critical value and above which
the propagation of the computer viruses will be out of control. For further investigation,
the direction of the Hopf bifurcation and the stability and period of the bifurcated periodic
solutions are also investigated. However, it should be pointed out that the main purpose
of our paper is to investigate the effect of the two delays on system (2), and our study is
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restricted only to the theoretical investigation or experimental studies on the propagation
of computer viruses in networks.

Our further research directions include the possibility of linking the results obtained
in the present paper with the results coming from the networks theory. Especially, the
interest focuses on the impact of the network topology on the propagation of the computer
viruses. We leave this as our near future work.
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