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Abstract

This paper addresses the stability problem of a class of switched positive nonlinear
systems (SPNSs). Both continuous-time systems and discrete-time systems are
studied. By applying the minimum dwell-time (MDT) approach, we design
time-dependent switching rules under which the continuous-time SPNSs is
asymptotically stable. For the corresponding discrete-time case, a sufficient condition
is given for exponential stability of SPNSs. In addition, the MDT switching signals are
designed via analyzing the weighted /», norm for the considered systems. Finally, a
numerical example is provided to illustrate the effectiveness of our result.
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1 Introduction

The qualitative theory of dynamic systems such as oscillation criterion and stability prop-
erty has been widely studied and many results have been reported [1-8]. As a special class
of dynamic systems, positive systems are those systems whose states always take nonneg-
ative values as long as the initial conditions are nonnegative. Examples of this type are
frequently encountered in real word, such as populations levels in biology [9], industrial
process involving chemical reactors [10]. In recent years, more and more researchers have
focussed on the theory of positive systems because of their importance in applications
[11-15]. In the literature on positive systems, the stability property takes an important
position and it has been comprehensively studied from different fields [16—19].

As is well known, positive LTI systems have many special and interesting properties. For
example, it was proved in [20] the stability of positive LTI systems is delay-independent,
which implies that time delays have no effect on the stability of the systems. In [21], some
simple criteria for exponential stability of positive LTI systems were presented. Up to now,
positive linear-time invariant (LTI) systems are well understood [20-22]. As many physical
systems are nonlinear, it is natural to extend the stability theory of positive linear systems
to nonlinear systems. Recently, some excellent work has been done on positive nonlin-
ear systems called cooperative homogeneous systems. For example, [23] showed that the
global asymptotic stability (GAS) of the time-delay cooperative homogeneous systems can
be concluded from the GAS of the corresponding delay-free systems.
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On the other hand, switched systems, which are a class of hybrid systems, have received
much attention in the past decades. Many researchers have highlighted and investigated
the switched system theory [24-26]. As a special class of positive systems, switched pos-
itive systems that inherit the feature of both switched systems and positive systems have
also received ever-increasing research interest [27—32]. The stability of switched positive
linear systems (SPLSs) has been extensively discussed by the approach of common or mul-
tiple linear co-positive Lyapunov functions such as [19, 28, 29, 32]. However, the popular
approaches for analyzing SPLSs cannot be applied for the SPNSs. The stability theory for
SPNSs is considerably less well-developed, so there is a need to exploit valid methods to
study it.

Note that the author of [27] only studied the switched positive systems with the degree
of homogeneity one. However, when the degree is not constrained to be one, the systems
turn to be more complicated, such as the decay rate may depend on initial conditions at
each switched instant. In this case, it is worth studying whether it is possible to design suit-
able switching signals to keep the system stable. In addition, the results in [33] only dealt
with asymptotical stability of positive systems. As is known to us, switched systems may
be unstable even if we ensure that all the subsystems are stable. Therefore, it is meaningful
to combine the positive systems with switched systems. Based on the previous discussion,
in this paper, using the method which does not involve the Lyapunov—Krasovskii func-
tion, we study the SPCHSs with the degree greater than one for the first time. The main
contributions of this paper are as follows. For the continuous-time SPCHSs, we present a
sufficient condition for asymptotic stability of SPCHSs of degree « > 1 by using the MDT
approach. Then, a sufficient condition is also obtained for exponential stability of discrete-
time case with the degree « > 1 under MDT switching. In addition, a new class of the MDT
switching signals are designed via analyzing the weighted /o, norm of the considered sys-
tems.

In Sect. 2, we introduce the notation and review some preliminaries and the main re-
sults of this paper are stated in Sect. 3. Section 4 provides a number example to show the

effectiveness of our results. Finally concluding remarks are given in Sect. 5.

2 Notation and preliminaries

2.1 Notation

R, N and Ny are the sets of real numbers, natural numbers and natural numbers including
zero, respectively. R” means the #-dimensional Euclidean space. Let RY := {x € R",x; >
0,1 <j < n}. Given two vectors X,y € R”, we write: x > y, ifx; > y;, for 1 <j <m; x >y, if
x>yand x Zy; x>y, if x; > y;, 1 <j < n. x; is used to denote the jth component of x.
Similarly, x,; stands for the jth coordinate of vector x,,. In [14] the definition of weighted
loo norm is defined by a vector v > 0, as

||

x||Y, = max —
[1x1l 5 LS

For matrix A € R™", a;; denotes its entry in row i and column j. Given a real n x n
matrix A = (a;)uxn, it is Metzler if its off-diagonal entries a;; (i #j) are nonnegative. Let

C([a, b],R") be the space of continuous functions from [a, b] to R”. The upper-right Dini-
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derivative of a continuous function / : R — R is defined by

h(ty + A) — h(to)

D*h(t)|t:t0 = AIEIOl* sup A

2.2 Preliminaries

Next, we present some definitions and results which are used in this paper.

Definition 1 The vector field f : R” — R” is called homogeneous of degree « > 0, if
f(Ax) = 1“f(x), VxeR", AeR.

Definition 2 The vector field f : R” — R” which is continuous differentiable on R” \ {0}
is said to be cooperative if the Jacobian matrix g—i (a) is Metzler for all a € R" \ {0}.

It follows from Remark 3.1 in [34] that the cooperative systems satisfy the following

property.

Proposition1 Letf:R" — R” be cooperative. For any two vector X andy in R” withx >y
and x; = y;, we have f;(x) > fi(y).

Definition 3 A vector fieldg: R” — R” is said to be order-preserving on R, if g(x) > g(y)
for any x,y € R” such that x > y.

Definition 4 Consider a switched sequence 0 =ty <) <---<f <---.Let Aty = try1 — ths
k € Ny. The constant t is called the minimum dwell time of the switching signals if 7 =
infyen, Aty

We now give the definition of exponentially stable for discrete-time contexts of SPNSs.
Let || - || be some norm on R”.

Definition 5 Consider a fixed class of MDT switching signals. The solution x(k) of system
(12) is exponentially stable if there exist two constants a > 0 and 0 < b < 1 such that x(k)
satisfies

|x(k)|| < ab*||x(0)], k€ No.

3 Main results
3.1 Continuous-time case

In this subsection, we consider the following switched nonlinear system:
x(2) = o0 (x(2)), 1)

where x(¢£) = [x1(£),x2(£), ..., x,(¢)] is the state vector and o (¢) : [0, +00) —> M = {1,2,...,m}
is a piecewise constant, right continuous function. Vp € M, f, : R” — R”" is continuously
differentiable on R”\{0}. In addition, throughout this section, Vp € M, f, always satisfies
Assumption 1.
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Assumption 1
(i) Vp e M, f, is cooperative on R”\{0}.
(ii) Vp e M, f, is homogeneous of degree «.

Remark 1 It should be pointed that, for every p € M, as f, is defined cooperative and
homogeneous, the system (1) is positive under arbitrary switching laws. This implies that
for every x(0) € R” the corresponding state trajectory x(t) € R” for all £ > 0.

Lemma 1 (see [33]) Vp € M, o(t) = p, consider the subsystem x(t) = f,(x(t)) under As-
sumption 1 with the degree o > 1. Then the following two statements are equivalent:
(i) There exists a vector v, = [Up1, Upa, ..., Upn] > 0 such that

fg‘)j(Upl¢Up21---7Upn)<O: VpeM,je{1,2,...,n}.

(ii) The system x(t) = f,(x(t)) is globally polynomially stable for any nonnegative initial
condition. In particular, every solution X(t) of system (1) satisfies

Ix@[2 < ((|Jx©])™ + (@ - D) =, @)

where 1 is such that 0 < n < min; <j<, n; with n; being the unique positive solution of
the equation

bv) o, 3

Upj

Lemma 2 (see [27]) Assume that x(¢) is the solution of system (1), then for any p,q € M
[x@|2, =< [x@]2 < |x@)]2 < 8lx@)] 2,

U/' . — . — S —
where B = max;<j<, o with U; = maXpepm Upj, Yj = Milpey Up), U = [U1,09,...,U,] and v =

[V, Vg, 0, ]

In the following theorem, for p € M, j € {1,2,...,n}, we always assume that f,;(vy1, Ups,
o3V .5 Upy) < 0. Based on Lemma 1 and 2, we next establish a sufficient condition for
asymptotic stability of system (1) and the symbols defined above continue to use. In addi-
tion, Let Q be any given closed subset of R” \ {0} and define

= inf ||x||%,
v = inf 1%l s
which is used to design the switching signals in the following.

Theorem 1 For the switched nonlinear system (1), suppose that Assumption 1 holds with
the degree o > 1. If there exists a vector V, = [Up1, Upg, ..., Upn] > 0 for each p e M, j €
{1,2,...,n}, such that

_];,/‘(Upl, Up2seees Upn) <0.
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Then the system (1) is asymptotically stable for any nonnegative initial condition x(0) € Q
under MDT switching signal t satisfying

a-1 1-o
-1
rx BT @
(@ —1)n
where 0 < 1 < MiNyey Miny <j<, 1y and ny; is the solution of the following equation:
i(v
fitv)

T]p/ =0.
Upj

Proof Let

& = —max max JM
pPeEM 1<j<n Upi ’

where v, > 0 is the vector such that f,;(v,) <0 for each p e M, j € {1,2,
Thus

Joi(vp)

<-£<0, VpeM,je{l,2,...,n}.

(5)
Define

£ 1
o 2 )¢
Oy = (1 + fp/(vp)> .

(6)
Upj
From (5) and (6), we have

0<dy,<1

and

B (1 4 ) )
pj .

-=<0.
2R 3 Upj Upj 2 2
Upj

Hence, one can verify that

6af;7j(vp)
Ui

< (Sp;)“w <

Upj

N | Ve

-=, VpeM,je(l,2,...,n}, (7)
vj
where § = max,ey max; <j<, 8. This implies that 0 < § < 1.

Next, consider a switched sequence 0 =fy < f; <fy <+ <flx <lgy1 <-*

From (4) and the definition of y, for any x(0) € Q, we have

a-1 1-«
-1
Algy1 = b1 — e > T > B by ™

(—1)n
B DXL
= (¢ —1)n
oV V5 (0)\1—a
A (O
(e —=1)n

8)
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In order to prove asymptotically stable of system (1), the proof now proceeds in two
steps:

1. First, we prove || x(t)[z < B|1x(0)||3 for all £ > 0.

2. By induction, we will show for each [ € Ny, there exists a time £ > 0 such that

Ix(£)lI% < 8'BlIx(0)[1% for all £ > #.

Step 1: As for every p € M, there exists a vector v, > 0 such that f,(v,) < 0, it follows
from Lemma 1 that all the subsystems are polynomially stable. Thus, for the first subsys-
tem, we can get

1

[x(e0)[ 22 < (%@ 22©) ™ + (@ = DAt ) =T
< (@] ") + (@ = pr) o,

1
IR

where we have used (8) to get the third inequality.

Furthermore, according to Lemma 2, we arrived at
e < pllxe] 2 < x|

Therefore, IIX(tk)IIZg @ < [%(0)[1o2® is true for k = 1. Next assume for induction that

||x(tk)||ggt" < ||x(0 )||;’o for a given k, we will show that it holds for k + 1, i.e,
o (tps1) Vo

Xtk llac Y < 1x(0))122°.

As the (k + 1)th subsystem is also polynomially stable, we have

1

(@) 2%) ™ + (o = DnAt)

1

[XO)[220)' ¢ (= 1 Ar)

Xt o2 <

1

< ((Ix@[2) "™ + @~ 1ynr) =

This together with Lemma 2, we obtain
[X(te) || 27 %0 < B|X(tre1) || 27 < | %(0) || 2.

By induction, we prove that, for any k € Ny, ||x(x)]l o o) < ||x(0)||gg(°). Then, for any ¢ €
(0, +00), assume ¢t € [#x, t+1). It immediately follows from Lemma 1 that

1

@2 < (e [ 2%) ™ + @ = (e —00) "=
= [xtao |22

= [x@] 2
Hence applying Lemma 2, we can get

[xl = Blx@®]5" = |xO[ L = BlxO]-
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Step 2: According to the previous Step 1, the induction by hypothesis is true for / = 0.
Now, assume that, for a given [ > 0, there exists a time ¢ such that

Ix]% <oplxO)]%, Ve

We will show that it is true for [ + 1. First, we prove there exists a time £;,; > £; such that
[x®|% <8 BIx@)| . =t

Suppose this is not true. Then
sMBIxO) < [x@[ <88 |x O, vizu. ©)

Denote W (x(t)) = ||x(¢)||3 and let j be an index such that

w(x(o) = x| = 22,
=

Then, the upper-right Dini-derivative of W(x(£)) along the trajectories of system (1) is
given by

D*W (x(t)) = ’%’5) - 7{,@,»1(?(;:))' (10)
= =

From the definition of ||x(£)||, we see that

20 ), 22 < wix),..., 2 - wx),..., 29 <
Y Yy CH Yy

W (x(2)),

which, together with the cooperativity and homogeneity of f, ), implies that

S (x(2)) < W (X(®))fyr 0y (W) (11)

Spi(Up1,Up2,--sVjeeUpn)

Let 6; = min min; <;
1 \peM 1<j<nm Toi(p)

(10) yields

%, then we have 0; > 0. Substituting (11) into
=/

D' W (x(t)) < ﬁ"%@ W (x(t))
Yj

Jo (Vo)1 Va(2s+ -+ Upr -+ o> Us ()

< W*(x(1)) —
Yj

Jo (Vo1 Vo253 Vs -+ Vo (t)n)
I+1 v\« j
< (1O -

oS0 (Ve®) Jo (Vs )1, Vo2 - Vjs s Vs (0n) g

= (8'8|x(0)[%)%s
EpxOl ) s =, = oo 0)

&=

< @O 05, =,
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where the third and the fourth inequality is from (9) and (7), respectively. Let 6 =
(8!B11%(0)[1%)* 61 %, we then have D* W (x(¢)) < -0, which means

W (x(2)) < W(x(%)) - 0(¢—t,).
Thus, from (9) we obtain
W (x(2)) <8'B|x(0)]| 0 -0t —t), t=1.

I v
Furthermore, one can verify that for ¢t > ¢ + w

W (x(0)) <51 x(0) 2,

which contradicts (9). So there exists a time #;,1 such that ||x(¢) [z < 81 8]1x(0)]5.

On the other hand, since W (x(¢)) is continuous on R, we claim that
W (x(2)) < 8" Bx(O)] 2,  Vt € [t11,+00).
By contradiction, suppose this is not true, then there must exist a time £* > £;,; such that
W (x(t*)) = "1 81x(0) | and D* W (x(t*)) > 0. As f,(, is cooperative and homogeneous,

we can prove D* W (x(¢*)) < 0. The proof is similar to the previous arguments and is thus
omitted. Then we arrive at a contradiction, which implies that

X)) <" B|xO)|%, ¢t € [t +00).

Therefore, according to Steps 1 and 2, we conclude that for each / € Nj there exists a time
t; such that

xo]% <88 [x0)%, =

Since § < 1, 8/8|x(0) || — 0as ! — +o0. Thus, for any given set Q, the system (1) is asymp-
totically stable under MDT switching. O

3.2 Discrete-time case
Next, we consider the discrete-time case analogue of (1)

x(k+1)= f,,(k)(x(k)). (12)

Here x(k) € R” is the state variable. oy : Ng — M = {1,2,...,m} is the switching signal. Vk €
No, ox = p, f, : R” — R” is continuous on R\ {0}, which satisfies the following assumption.

Assumption 2 Vp € M, f, is homogeneous of degree « and order-preserving on R”.

Remark 2 For every p € M, as f, is order-preserving, one can verify that the system (12) is
positive for any nonnegative condition under arbitrarily switching laws. That is, if x(0) > 0
then x(k) € R” for all k € Ny.



Tian and Liu Advances in Difference Equations (2018) 2018:95 Page 9 of 13

Based on Lemma 2, we present and prove the main result of this section. In addition,
Let R = {x e R}| 1X(0)||l2 < 1}, which is used in Theorem 2.

Theorem 2 Counsider the system (12) with o > 1. Suppose that Assumption 2 holds. If for
every p € M, there exists a vector v, > 0 such that

f,(v,) < v, (13)

Then the switched nonlinear system (12) is exponentially stable for any initial condition
x(0) € R under the MDT switching signal t satisfying

Ing

o

In particular, every solution x(k) of system (12) satisfies
_ g _
[xW2 = s x| L,

where © = MaX,ep MAX] <j<, Wy With wy; being the solution to the equation

pj = 0.

fitvs)

Upj

Proof 1t follows from (13) that

(v
JM =wyy<w<l, VpeM,je{l,2,...,n}.
Upj
Consider a switched sequence 0 = ky < k; < --- <k, <---, which is a sub-sequence of Ny.

It immediately follows that
o(k)=o(k), Vkeky,ky1).
Using Lemma 2 for any x(0) € R, we have
X0 < |x©O)|% <1, VYpeMm. (14)
In the following, we fix a nonnegative solution x(k) of system (12). Then the proof now

proceeds in two steps.
1: First, we show that, for an arbitrary interval [k, k;,1), the following conditions hold:

k)22 < ko) |22 <1, (15)
[ ]22% < x| 2k, Vi € ki) (16)

2: Then we prove the solution of system (12) is exponentially stable. That is, there exist
two constants @ > 0 and 0 < b < 1 such that

x5 = ab|xO]-
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Step 1: Consider the first interval [k, k1) on which o (k) = o (ko). Next we prove that for
any k € [ko, k1)

X(R) 2700 < [x(0)] "ot o, 17)
oo 0

Obviously, it holds true for k = ky. Assume for induction that (17) holds for all k up to
some k € [ko, k1). Thus

@[22 =[x =0a. as)
This means for each j € {1,2,...,n}
) = [x©@ 2 0* Dy,

On the other hand, as f, () is order-preserving and homogeneous of degree « on R”, then,
foranyj e {1,2,...,n}, we have

x,(% + 1) :fa(ko)j (X(E))
< Fotkoy (X 2740 0w )
= ([ %0 2% (&) fy ) (Vart)

o k—k
= (%@ |22 ) (@ ) fo ko) (Vo)
where the last inequality is from (14) and 0 < @ < 1. Furthermore, we can get

x,(k + 1) (” Hva ko) )(wi_ko)f;f(ko)j(uafko))
Vs (ko Vo (ko)j

< HX(O ”Ua ko) ((%+1)—k0),

which implies that (17) is true for k = k + 1. Thus, by induction, we conclude that (17)
holds for all k € [ko, k1). It immediately follows that

)| 2200 < [x(0) | "= et ~Fo < %”x(o)”;r(ko),

where the second inequality is from the inequality

ki—-ko>t >—n—ﬁ
Inw

Then using Lemma 2, one can verify that

I |22 = Blxtk] 220 < [x@)] 2% < 1. 9

From (17) and (19), we claim that (15) and (16) hold for the first interval [ko, k1). By induc-
tion, we assume that (15) and (16) are true for the /th interval. Then we can use similar
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arguments to the proofs of (17) and (19) to show that (15) and (16) also hold for the (+1)th
interval.

By now, we show that (15) and (16) hold for arbitrarily interval of any fixed switching
sequence.

Step 2: Vk € Ny, suppose that k € [k, k;,1). Then we have

IO, = @2 < o] 2t
< (k)| 2ot
< Bx(kiy) | 2060 o
<...
< B0 |x(0) |t o

= k(%L 4w [x@]*

< ﬁek(ﬁﬂnw) ||x(0) ”Zo

Let
a= ﬂ’ b= e(lnTﬁHnw)7
which can easily be verified that 2 > 0 and 0 < b < 1 from the fact that v > —%.
Therefore, system (12) is exponentially stable for the initial condition x(0) € R. O

4 Numerical simulation
Consider the switched nonlinear system consisting of two subsystems given by

Ty x(t) = fi(x(2)),
Ty: x(2) = fo(x(2)),

where

—2x2(t) + x2(¢) —2x3(8) + %1 (£)x2(8)
fi(x(®) - [ x;(ci) - 2x§2(t) ] - falx®)= [ xla(ctl)xz(t)x—1 2x§2(t) ] '

It is easy to verify that f,, f, satisfy the conditions of Theorem 1. Let Q = {x € R”|x; >
0.5,i = 1,2}. It follows from Theorem 1 that the corresponding switched nonlinear system
is asymptotically stable under MDT switching t > 1.67, where v = [2,3], v = [2,2], B = %,
n =1.2and y = 0.25. From Fig. 1, we see that x(¢) converges to origin. This agrees with the

implication of Theorem 1.

5 Conclusion

In this paper, we study the stability of SPCHSs. For the continuous-time SPCHSs, we
present a sufficient condition for asymptotic stability of SPCHSs with the degree o > 1
by using the MDT approach. Then, for the discrete-time case, a sufficient condition is
also obtained for exponential stability of SPNSs with & > 1 under MDT switching.
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1.3 T T T T T T T T T

o 20 40 60 80 100 120 140 160 180 200
Time

Figure 1 The simulation results of the actual decay rate with the initial condition x(0) = [1.2,0.6]” and the
MDT T =2
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