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Abstract

This paper investigates the existence of infinitely many positive solutions for the
second-order n-dimensional impulsive singular Neumann system

=X"(0) + Mx(t) = A g(OF (£, x(1)), teJ tFt,
—AX/h:[k = /,L|k(fk,X(U<)), k=1,2,....m,
X' 0)=x'(1)=0.

The vector-valued function x is defined by

x=0....x]", gt =diag[gi®)....,gi0),...,g(0)],

where g; € [P[0, 1] forsomep > 1,i=1,2,...,n,and it has infinitely many singularities
in [0, %). Our methods employ the fixed point index theory and the inequality
technique.

Keywords: Multi-parameter; n-dimensional impulsive Neumann system; Infinitely
many singularities; Matrix theory; Fixed point index theory and inequality technique

1 Introduction
Impulsive differential equations have gained considerable importance due to their varied
applications in many problems of physics, chemistry, biology, applied sciences and engi-
neering. For details and explanations, we refer the reader to Refs. [1-9]. In particular, great
interest has been shown by many authors in the subject of impulsive boundary value prob-
lems (IBVPs), and a variety of results for IBVPs equipped with different kinds of boundary
conditions have been obtained, for instance, see [10—28] and the references cited therein.
However, there is almost no paper on second-order #-dimensional impulsive systems,
especially for multi-parameter second-order n-dimensional impulsive singular Neumann
systems. In this paper, we will introduce this new problem and discuss the existence of
infinitely many positive solutions.
Consider the n-dimensional nonlinear second-order impulsive Neumann system

—X"(t) + Mx(t) = Ag(O)f (£, x(8)), te],t#t
(1.1)
—AX|py = Mlk(tk,X(tk)), k=1,2,...,m,
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with the following boundary conditions:
x'(0)=x'(1) =0, (1.2)

where A and p are positive parameters and M is a positive constant, / = [0,1],# € R, k =
1,2,...,m,meNsatisfy O<t; <ty <--- <ty <--- <t, < 1. In addition,

X =[50, %0, %]

g(t) = diag[g1(1), £2(0), ..., g (0],

£(,%) = [ %), ... i %), ... £,

L (60 X(80)) = [1 (86 X)), - o I (86, X(80)), -, I (1, x(8)) ]

T
_Ax/|t:tk = [—Ax/ﬂt:tk;—Ax/2|t:tk,-~,—Ax/y,|t:tk] ,

here
i\b SJi\L X1y e e s Xip oo s X )y ]l( k> = ]l( ks ALsevesHiseeshy).
F6%) = 6% Ko rn)y L0 X) = Lt X1y e er iy o1 )

Therefore, system (1.1) means that

—x7(t) + Mx1(t) = Ag1 () (8,21 (), %2(2), ..., x4 (8)), tEt#,

—AX ey = I b %1 (80, %2(80), - > % (80)), k=1,2,...,m,
—x5(£) + Mxo(t) = A (O)fa(t, %1(8), %2(2), ..., %4(2)), tE€],t #ts,
—Ax ey, = WL (o 21 (81 %2(80)s - . X (), k=1,2,...,m, (1.3)

cey,

_x:«;(t) + Mxn(t) = )"gn(t)ﬁl(t)xl(t)!xZ(t)7 cee xxn(t))) te ]: 4 #tlo
—AX iy = IF (G %1 () %2 (1) -+ 5 % (86)), k=1,2,...,m,

where —Ax(|;—;, = x/((t)*) — x/((tx)7) and in which x}((t;)*) and x}((tx)~) denote the right-
hand limit and left-hand limit of x(¢) at ¢ = £, respectively.
Similarly, (1.2) means that

%1(0) =x1(1) = 0,

%(0) = x,(1) = 0, (1.4)

cey,

%,(0) = x,,(1) = 0.

By a solution x to system (1.1)—(1.2), we understand a vector-valued function x =
[x1,%2,...,%,] T € C2(J,R"), which satisfies (1.1) and (1.2) for ¢ € J. In addition, for each
i=12,...,mk=12,...,m, x(t) and x;(f;) exist and x;() is absolutely continuous on
each interval (0,#] and (£, tx,1]. A solution is positive if, for each i = 1,2,...,n, x;(¢) > 0
for all £ € J and there is at least one nontrivial component of x is positive on /.

For the case of n=1,A=1and Iy =0,k =1,2,...,m, system (1.1)—(1.2) reduces to the
problem studied by Sun, Cho and O’Regan in [29]. By using a cone fixed point theorem,
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the authors obtained some sufficient conditions for the existence of positive solutions in
Banach spaces. Very recently, in the case n = 1,M =0,A =1 and I =0,k = 1,2,...,m,
Sovrano and Zanolin [30] presented a multiplicity result of positive solutions for system
(1.1)-(1.2) by applying shooting method. For other excellent results on Neumann bound-
ary value problems, we refer the reader to the references [31-42].

Here we emphasize that our problem is new in the sense of multi-parameter second-
order n-dimensional impulsive singular Neumann systems introduced here. To the best of
our knowledge, the existence of single or multiple positive solutions for multi-parameter
second-order n-dimensional impulsive singular Neumann systems (1.1)—(1.2) has not yet
to be studied, especially for the existence of infinitely many positive solutions for system
(1.1)-(1.2). In consequence, our main results of the present work will be a useful contri-
bution to the existing literature on the topic of second-order n-dimensional impulsive sin-
gular Neumann systems. The existence of infinitely many positive solutions for the given
problem are new, though they are proved by applying the well-known method based on
the fixed index theory in cones and the inequality technique.

Throughout this paper, we use i = 1,2,...,#, unless otherwise stated.

Let the components of g, f and I, satisfy the following conditions:

(H1) gi(t) € LP[0,1] for some p € [1,+00), and there exists N; > 0 such that g;(¢) > N; a.e.

onJ;

(Ha) for every gi(t),i =1,2,...,n, there exists a sequence {t;};’fl such that ¢] < §, where

8 = min{¢y, %}, t]/ 1 ty>0and limt_ﬁlgg,»(t) =+o0 forallj=1,2,...;
(H3) fi(t,x) € CUJ x RL,R,), I (t,x(tx)) € CJ x R",R.), where R* = [0,+00) and R =
[T, ®..

Remark 1.1 It is not difficult to see that the condition (H;) plays an important role in
the proof of Theorem 3.1, and there are many functions satisfying (H>), for detail to see

Example 3.1.

Remark 1.2 From the proof of the main results reported by Sovrano and Zanolin [30], it is
not difficult to see that f (¢, ) > 0 for u > 0 is an important condition, although we consider
the multiplicity of positive solution on the parameter A and p without using it, for detail,
to see Theorem 3.1.

Our plan of this article is as follows. In Sect. 2, we collect some well-known results to be
used in the subsequent sections and present several new properties of Green’s function,
which plays a pivotal role in obtaining the main results given in Sect. 3. In the final section,
we also give an example of a family of diagonal matrix functions g(¢) such that (H;) holds.

2 Preliminaries
LetJ =]\ {t1,t2,..., Ly} and E = C[0, 1]. We define PC;[0, 1] in E by

PCi[0,1] = {x € E: &/ (t) € Clti, trs1), I (6 ), % (£]), k = 1,2,...,m}. (2.1)

Then PC;[0, 1] is a real Banach space with the norm

lllpc; = max{[|x[loc, ||},
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where [|x]|oo = sup,; [x(2)], %' [lco = sup,¢; [+’ (2)].
Let PC}[0,1] = PC1[0,1] x --- x PC1[0,1], and, for any x = [x1,%3,...,%,] " € PC[0,1],

n

n
lIxll = liillpc, (2.2)
i=1

Then (PCY[0,1], || - ||) is a real Banach space.
Suppose that G(t, s) is the Green’s function of the boundary value problem

—x(t) + Mxi(£) =0, x(0) =x/(1) =0,
then

1 coshy(1—¢)coshys, 0
y sinhy coshy(1-s)coshyt, 0O

IA
“n
IA
=~
IA

G(t,s) =

IA
~
IA
“
A

elve”

L . L —t
5 sinht = &5—, y = VM.
It is obvious that

where cosht =

1 coshy

<G(ts) < —;
y sinh y

A

S =B, Vtse]j, (2.4)
y sinh y

and then we have
A<G(s,s)<B, Vse].
Lemma 2.1 Forany 6 € (t),8), there is

coshy6

<Glts) < coshyf coshy(1-6)

- - , Vtelb,1],s€]. (2.5)
y sinh y y sinh y

Proof We get Eq. (2.5) easily by the definition of G(t,s), we omit it here. O

To establish the existence of positive solutions to system (1.1)—(1.2), for a fixed 6 € (t;, ),
we construct the cone Ky in PC}[0, 1] by

Ky = {x=(x1,%,...,%,) € PCY[0,1] : x;(£) > 0,

n
i=1,2,...,n,tc/, mi () > , 2.6
. " /tg[lglg];x,() a||x||} (2.6)

where

hy6
o= 207 2.7)
py sinhy
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here p is defined by
p = max{B,sinhy}, (2.8)

and it is easy to see Ky is a closed convex cone of PC}[0, 1].
Let {6} be such that ¢, <6 <¢,j=1,2,.... Thenwe get 0 <--- </, <<t <<
ly<B0y<ty<bOp <t] <8<t <ly<-- <ly<1,and then, for any j € N, we can define the

cone I(@i by

n
Ky = {x e PC}[0,1]:xi(t) = 0,t € J,i=1,2,...,m, min Y x(t) > 05Xl {, (2.9)
tE[Q/,l] 1
where
cosh y0;
o= — (2.10)
py sinhy

here p is defined by (2.8), and

91' (S] [t/

M,tf], j=12,.... (2.11)

]

It is easy to see Ky, is also a closed convex cone of PC}[0, 1].

Also, for a positive number 7, define K¢, by
Krf?/ = {x € I(g/. X < ‘L'}.
Remark 2.1 It is obvious that 0 < o, 0 < 1 by the definition of o and o;.

Lemma 2.2 If(H;)—(H3) hold, then system (1.1)—(1.2) has a unique solution x = [x1,x,...,
%] " € R" in which x;(t) given by

1 m
xi(t) = A/ G(,5)gi(s)f;(s,x(s)) ds + Z G(t, 6 (t x(t))- (2.12)

0 k=1

Proof We use the fact that system (1.1)—(1.2) is equivalent to system (1.3)—(1.4). Therefore

system (1.1)—(1.2) has a unique solution x, which is equivalent to the following problem:

—x(t) + Mx;(t) = Agi(£)f (&, 21 (), %2(2), ..., x,(2)), tET,t
—AX g, = Lt 21 (81), %2(82), - . 20 (), k=1,2,...,m, (2.13)
x:(0) =x4(1) =0,

has a unique solution x;, which is given by (2.12).
Next, by a proof which is similar to that of Lemma 2.4 in [40], we can show that (2.12)
holds. This finishes the proof of Lemma 2.2. d
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Let T;,, : Ky, — PCY[0,1] be a map with components (T7,,..., T}
stand that T,,x = (T} x,..., T} ,X,..., T}, x) ", where

T7,)- We under-

PERRRE

1
(Tiﬂx)(t) = A/O G(t,5)gi(9)fi(s,x(s)) dis
Y Gt (X)), i=1,2,...,n. (2.14)
k=1

Remark 2.2 It follows from Lemma 2.2 and the definition of T}, that
X = [x1,%0,...,%,] | € PCY[0,1]

is a solution of the system (1.1)—(1.2) if and only if x = [x1,%,,...,%,] " is a fixed point of
operator T),.

Lemma 2.3 Assume that (H,)—(H3) hold. Then Tku(KO/) C Ky, and T, : Ky — Ky isa
completely continuous.

Proof By the theory of matrix analysis, if we want to prove that T;,,(Kg) C Kq; and T;, :
Ky — Ky isa completely continuous, then, fori =1,2,...,n, we only prove that T} M(I(@,) -
Kg]. and T} Wt Kg]. — I(g}. is a completely continuous.

Firstly, we prove that T u(ng) CKy.Forte [6;, 1], it follows from (2.5) and (2.14) that

1 m
(T2, (&) = /0 G(t,9)g(s)fi(5,x(s)) ds + Y Gt 8T} (b x()

k=1

1 m
< B[A /0 gi(s)fi (s, x(s)) ds+ i ZI,’( (tk,x(tk)):|. (2.15)

k=1

It is obvious that

1 —sinhy(1-¢)coshys, 0<s<t<]l,
Gy(t,5) = — y(1=f)coshy (2.16)
sinhy sinhy (1 —s)cosh y ¢, 0<t<s<l,
and
max !G;(t, s)| <sinhy. (2.17)
t,se/,t#s

By (2.14) and (2.17), we have

1 m
(7 ) ()] = |2 /0 Gt ) ()i(sxX(5)) ds + 1 3 GLlE, )L (4o x(20))

k=1

1 m
< )»/0 |G;(t,s) |gi(s)ﬁ (s, x(s)) ds+ Z|G;(t, tk)|I,’;(tk,x(tk))

k=1

1 m
<sinhy [A /0 gi(8)f; (s, x(s)) ds+ Zl,ﬂ (tk,x(tk)):| . (2.18)

k=1
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For any ¢ € J, combined with (2.15) and (2.18), we have

1 m
|| T){HXHPCl <p |:A/0 gi(s)fi(s, x(s)) ds+ Z[,i(tk,x(tk))j|. (2.19)

k=1

Then, by (2.5), (2.6) and (2.19)

1 m
min (Tiux)(t) = min] |:Af G(t,9)gi(s)fi(s,x(s)) ds + Z G(t, tk)l,i(tk,x(tk)):|
¢ 0

te(6;,1] €[6;,1 1

hyo; 1 m
- % [A/o &6)fi(sx(9) ds + u ;I;((tky)((tk)):|

hy6; 1 m
> %p[k/o gi(s)fi(s,x(s)) ds+uk2_1:1,’<(tk,x(tk)):|

Z0j ” Tiux”pcl' (2.20)
This shows that T} «(Kg) C Ky,
Next, by using similar arguments of Lemmas 5 and 6 [16] one can prove that the operator

Tiu : Kg; — Ky, is completely continuous. So the proof of Lemma 2.3 is complete. 0

To obtain some of the norm inequalities in our main results, we employ the famous

Holder inequality.

Lemma 2.4 (Holder) Lete € LP[a,b]l withp > 1, h € L1[a,b) withq > 1 and}% + %1 =1.Then
eheLa,b] and

llekll < llellpllallg
Lete e L'[a,b], h € L®[a,b]. Then eh € L'[a,b] and
ekl < llell1 7]l co-

Finally, we state the well-known fixed point index theorem in [43].

Lemma 2.5 Let E be a real Banach space and let K be a cone in E. For r > 0, we define
K, = {x € K : ||x|| < r}. Assume that T : K, — K is completely continuous such that Tx # x
forx e dKr={x € K : ||x|| = r}.

Q) If | Tx]| = |1x|| for x € 3K, then i(T,K,,K) = 0.

(i) If | Tx|| < |lx|| for x € 3K, then i(T,K,,K) = 1.

3 Main result
In this section, we establish the solvable intervals of the positive parameters A and u
for the existence of the infinitely many positive solutions for system (1.1)—(1.2) by using

Lemma 2.4 and Lemma 2.5.
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For ease of expression, we introduce the following notation:

(5 =m0 < i <o, £ = ()

1<i<n
SN . filt,x) . i
= mingy min gt <|x|| <t F' = min ;
(f"ff) {te[ejyl] v T Il == 9% <i<n U/T) ’

I (t,x)
T

Iy (k)): = max{ngalx ,0<|Ix|| < r}, I3 (k) = lmax ([5 (k))i;
€ <i<n

Ii(t, i
(1 (k)) min{ min k(r x),ojr <|x| < r}, 15, (k) = 1I§iiéln(1§,f(k)) ,

A telf;1]

wherei=1,2,...,n,j=1,2,...,and

) A
D =max{[|Gllgligillp |Gl lgillos Bllgilln ), po = mln{l, m}

We consider the following three cases for w;(t) € L’[0,1]:p > 1, p = 1 and p = co. Case
p > 1is treated in the following theorem. It is our main result.

Theorem 3.1 Assume that (H,)—(Hz) hold. Let {r;}° fuy {77, 1 and {R;}7%) be such that
Rii<oirj<rj<omi<n<R, j=12,... (3.1)

For each natural number j, we assume that £ and Iy satisfy
(Hy) Fg <L, ng <L and forany k € {1,2,...,m}, Ig(k) <L, Igj(k) <L, where

. 1 1
L <min e (3.2)
nipoD” numA
(Hs) an/ >l and for any k € {1,2,...,m}, IU/,], > [, where [ > 0.
Then there exist Lo > 0, 1o > 0 such that, for A > Aoy 1> /L(), system (1.1)—(1.2) has two
infinite families of positive solutions {x]( 1 {x < and ||x || > ojn;.

Proof Letting Ao = sup{}A;}, A; = WI—H,‘)Z’ and po = sup{u;}, u; = W, j=1,2,.... Then,
for any A > Ag, it > o, (2.14) and Lemma 2.3 imply that T, and T (i=1,2,...,n) areall
completely continuous.

Let £ €], x € 9K, 4. Then ||x| = 7;.

Therefore, for any x € 0K, it follows from (Hj) that

1 m
(T){Mx)(t) = A/ G(t,8)g(s)f; (s, x(s)) ds+ 1 Z G(t, tk)l,’; (tk,x(tk))

0 k=1
1 m
SA/ G(s,s)gi(s)Lrjds+MZG(t, ti)Lr;
0 k=1
<AL|IGl\4lIgillp7j + wLmBr;
oo
AR [l

-2 (3.3)
n n o n n
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Moreover, by (2.4), (2.5), (2.14), (2.16) and (Ha),

(T,) @)

1
= Av/() |G;(t’5)|gi(5)fi(5,x(s)) ds

+u Z|G2(t, tk)|11i((tk’ X(tk))

1 m
<sinhy )L/o gi(s)fi (s, x(s)) ds+ i ZI,’( (tk,x(tk)):|

k=1

k=1
sin

A

IA

sinh y
< — (ML IGllyllgll, + pAmLr;)

Consequently, from (3.3) and (3.4), we have

n
Tl = YN Thxlper < lx], - Vx € 8Ky

i=1

And then, by Lemma 2.5, we get

i(TAu’ I<r]'9i’ 1(91) =L

. 1 “
5 sinh y |:A/ Gt 9)gi()fi(5,x(5)) ds + “ZAI’i(tk’x(tk))}
0

hy 1 -
)»/0 G llqllg Nl ofi (s, x(s)) ds + A ka(tk,x(tk)):|
k=1

Page 9 of 15

(3.5)

(3.6)

Similarly, for x € IKgg, we have || T;,x|| < [Ix||, and it follows from Lemma 2.5 that

(T3, Krig Kg) = 1.

On the other hand, letting

noo_
Xe K(ijgj =

n

x € Ky, : [|x]| < nj, min E xi(t) > omj 15
/ telfp1] <=
i

then [x|| < 7;. And hence, it is similar to the proof of (3.5), we have

T x| < nj.

(3.7)

(3.8)

Furthermore, for x € I_(Zinjei, we have ||x|| < 1j> MiNgefg; 1] Yo xi(t) > o;nj, and then it
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follows from (Hs) that

1 m
min (T)‘;Mx)(t) = min |:}L/o G(t,5)gi(s)f(s,x(s)) ds + Z G(t, tk)l,i(tk,x(tk)):|

tE[@l‘,l] tE[@l‘,l] 1

1 m
> AX /0 gi(s)fi(s,x(s)) ds + A ZI,’( (t x (1))

k=1
1
> AN;A ﬁ(s,x(s)) ds + Apumln;
%
> AN;AM(1 - 0))in; + Aumln;
> AN,)\o(l - 9}')17’}/’ + Apoomlnj

> AN;A;(1 - 81')[7]1‘ + A/,Lj}’l’llnj

2 2
=nj= ”x”1
which shows that
n
min T! x(t)) > min (T x:(2)) > |x|. 3.9
tel0),1] i—l( i ) _te[éj,l]( i )) > IIx|l (3.9)
Letting x¢ = (x(l),...,xf),...,xg) and F(£,x) = (1 — £)Ty,X + txo, where xf) — o,-n,;n/, i =

1,2,...,n,thenF:J x I_(Zj e I(g]. is completely continuous, and from the analysis above,

we obtain for (¢,X) € J x I_(Z;njej,

_,
E(t,x) €K, (3.10)

Therefore, fort € J,x € I_(Z;n/,@j, we have F(¢,x) # x. Hence, by the normality property and
the homotopy invariance property of the fixed point index, we obtain

1lj
oinjt;’

(T K, 0 Kg) =i(x0, K, o, Ky) = 1. (3.11)

o1’

Consequently, by the solution property of the fixed point index, T}, has a fixed point
(V) 1 -
x; and x;’ € Koo
(1.1)—(1.2), and

By Lemma 2.2 and (2.14), it follows that x;l) is a solution to system

”x;(l) H > o).

On the other hand, from (3.6), (3.7) and (3.11) together with the additivity of the fixed
point index, we get

(T Key/ (K UK 5 ), K
nj

= (T Kryg Kg) - i(TM,I’(W,jJ(g,) —i(Ty Kpg, Kg) =1-1-1=-1.  (3.12)
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Hence, by the solution property of the fixed point index, T}, has a fixed point x}Z) and

@) K UK"
x” € K /(K UK,

). Since j € N was arbitrary, the proof is complete. g
The following corollary deals with the case p = co.

Corollary 3.1 Assume that for each natural number j, (H1)—(Hs) hold. Let {r;}?°,
{ﬂj}j’fland {Rj}j=1 be such that

Rj+1<o,»r,~<r,<ojn,~<n,~<R/, l=1,2,....

Then there exists Ao > 0, Lo > 0 such that, for . > ko, it > o, system (1.1)—(1.2) has two

infinite families of positive solutions {x;l)}ffl and {x](-z) fap
Proof Let ||Gll1lgillo replace ||Gll4llg:]l, and repeat the argument above. a
Finally, we consider the case of p = 1.

Corollary 3.2 Assume that for each natural number j, (H1)—(Hs) hold. Let {r; ;’fl,
{n; I.ofland {R,'};’f1 be such that

Ry <orj<rj<omi<n <R, i=12,....

Then there exists Ao > 0, (1o > 0 such that, for . > Lo, & > o, system (1.1)—(1.2) has two
infinite families of positive solutions {x}l) 51 and {x]@ fag

Proof Let B||gi||1 replace || G|l4llg:|l, and repeat the previous argument. Similar to the proof
of Theorem 3.1, we can get Corollary 3.2. O

Corollary 3.3 Assume that for each natural number j, (H1)—(H3) and (Hs) hold. Let {r; ]‘?fl,
{(nj}5iand {R;}72, be such that

Ry <orj<rj<omi<n <R, i=12,....

Then there exists Lo > 0, o > 0 such that, for A > Ao, L > o, system (1.1)—(1.2) has one
infinite families of positive solutions.

Remark 3.1 Some ideas of the n-dimensional system are from [44].

Remark 3.2 Some ideas of the existence of denumerably many positive solutions are from
[45].

Remark 3.3 From the proof of Theorem 3.1, it is not difficult to see that (H5) plays an
important role in the proof that system (1.1)—(1.2) has two infinite families of positive

solutions. As an example, we consider a family of diagonal matrix functions g(¢) as follows.

Example 3.1 We will check that there exists a family of diagonal matrix functions g(t)
satisfying condition (Ha).
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For ease of the discussion, an example of the case n = 2 is given as follows. Define g(z)

by
_[(&®) O
g(t)—( 0 g2(t)),

where gi(¢) and g(¢) singular at ¢, j = 1,2,..., where

2 1< 1
t(:__—E: , i=12,.... 3.13
175710 & (2i- 1) J (3.13)

It follows from (3.13) that

2 1 3
h=——-—=—,
"5 10 10
t—t =; j=12
710027+ 1)
and from )% (2j—11)4 = ’;—:, we have
2 1 = 1 2 1 #* 2 #a* 1
t{,:limtf:———z _ = =5,
jooo ! 5 10 S @2j-D* 5 10 9% 5 960" 10
Let
V2 (72 w2
n=-—[=—-1}), Tp=—2e[ —-1).
' 3(4 ) ’ @(4 )

j=1
where
/ ’
J+2 ['+tj+1
GO, tel0, ")
t+t,
1 UL
(1) u. ft-t tel 2 ’t/)’
— ]
& =1 e, B
—’ e b 2 b
7 /t—r/f U
jr2 ; g4ty 1
G-’ € (=11,
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and
t+t]
2 ALY
@-2E+,,)’ telo=7),
t+t]
1 UL
(2) v Jt-t’ tel 2 ’tj),
]
U 1 / t] t/—l
A 77 t € [t) 2 ])
" 7t/‘ 14
L+t
2 -1
G0, te (=1L

From ZOO j+2 =2e-3, Zlozol ﬁ =e+ 671 and Z}Ozol

j=1 (1)t

j+2

j j+1

t/ 1
T e 1 dt +
N T

Page 13 of 15

%, we have

) R >
Z/O gj1(t)dt_2{/0 TRy dt+

71 8 8
2 2
=2e—3+£(”——1)
1 4
=2e—-3+3=2¢,
%) z}f+z}f+1
@) 2
¢P(0)dr = {/
> [goa-S[ gra

j+2
, dt
A G+112- t]f - t]Ll)
dt}
t
_ L‘;))
(3.14)

V2 & 1
_ -1, vV~
sete T Z((2;'+1)2+(2j—1)2

=1

T2 8 8
)
=e+e +—|—-1
Ty 4
1_ -1

(3.15)
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Thus, from (3.14) and (3.15), it is easy to see that

1 1 > [e%e} 1
/ g(t)dt = / Y glwdr=" / o () dt = 2e < oo,
0 (U j=1 Y0
1 1 > %} 1
/ g(t)dt:/ Zg].(z)(t)dt:Z/ o () dt = e < 0.
0 L o1 /o

Therefore w; (), w,(t) € L'[0, 1], which shows that condition (H;) holds.
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