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Abstract

We study a discrete-time model with diffusion that describe the dynamics of viral
infections by using nonstandard finite difference (NSFD) scheme. The original model
we considered was a viral infection model with cellular infection and general
nonlinear incidence. We analyze thoroughly the dynamical properties of both
discrete and original continuous models and show that the discrete system is
dynamically consistent with the original continuous model, including positivity and
boundedness of solutions, equilibria, and their global properties. The results imply
that the NSFD scheme can efficiently preserve the global dynamics properties of the
corresponding continuous model. Some numerical simulations are carried out to
validate the theoretical results.

Keywords: NSFD scheme; General nonlinear incidence; Discrete-time model; Global
dynamics

1 Introduction

The classical within-host virus dynamics model is a system that includes three variables:
uninfected cells T'(¢), infected cells I(¢), and free virus particles V/(¢) at time ¢ (see [1, 2]).
However, to take some features into consideration of a real system, such as delay between
the moment of infection and the moment when the infected cell begins to produce the
virus, additional classes of cells may be added to the system. For instance, for cells in the
latent state an additional class, the class of exposed cells W(t) has been introduced in [3],

and the model reads as follows:

T =r-dT@)- B T@)V(2),
W= X@)V(t) - (8 +y)W(B),
I'=yW(t) - pl(),

V' = kI(t) - cV(t),

(1)

where T'(t), W(¢), I(¢), and V(£) denote concentrations of uninfected cells, exposed cells,
productively infected cells, and free virus particles at time ¢, respectively, A is the recruit-
ment rate of the uninfected cells, 8; is the virus-to-cell infection rate. d, §, p, and ¢ are
the mortality rate of uninfected cells, exposed cells, infected cells, and free virus particles,

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-018-1560-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-018-1560-8&domain=pdf
mailto:xujinhu09@163.com

Xu et al. Advances in Difference Equations (2018) 2018:108 Page 2 of 17

respectively, and 1/y is the average time of the latent state. Free virus is produced from
infected cells at the rate kI. The global dynamical behavior of model (1) has been studied
in [3] by constructing Lyapunov functions.

Recent study shows that the interaction between pathogens and the immune response
actually tends to be local within the body of infected hosts (see [4]). Hence, it is necessary
to study the effect of spatial structure on virus dynamics, and much attention has been
attracted by many researchers (see [5-9] and references therein). For example, Wang et
al. [5] considered the following model taking the random mobility of viruses into account:

% =A—dT(x,t) - B1T(x,t)V(x,t),

% =1 T(x,t)V(x,t) — pl(x,t), (2)

3V = DAV (x,t) + kI(x,£) - ¢V (x,1),
where T'(x, t),I(x,t), and V(x, t) denote the densities of uninfected cells, infected cells, and
free virus at position x at time ¢, respectively, D is the diffusion coefficient, and A is the
Laplacian operator.

Notice that the studies mentioned only focus on virus-to-cell spread in the bloodstream.
However, some works reveal that cell-to-cell infection is also vital to spread of virus in vivo
(see [10—14]). Motivated by this fact, some models have been proposed to investigate the
dynamics of within-host virus dynamics models to take both virus-to-cell and cell-to-cell
infections into consideration (see [15—-20] and references therein). However, the bilinear
incidence rate is a simple description of the infection in the references mentioned. As
mentioned in [21], a general incidence rate may help us to gain the unification theory by
the omission of unessential details. Hence, inspired by the aforementioned work, we study
the following model with general nonlinear incidence:

S = A —dT(t,%) - BiT(x, ) (V(x, 1) - Ba T, £)g(I(x, 1)),

)
BE = BT, O (V (5, 8) + BT 00gU s 1) = (5 + 1) W, ), ()
Ay W) - pl(x,b),

ot

% =DAV(x,t) + kI(x,t) — cV(x,¢).

Here, B, is the cell-to-cell infection rate, and the other parameters have the same means
as in system (1). The incidences are assumed to be the nonlinear responses to the con-
centrations of virus particles and infected cells, taking the forms 8; T'(x, £)f (V (x,£)) and
BT (x,t)g(I(x,t)), where f and g denote the forces of infection by virus particles and in-
fected cells and satisfy the following properties (see [22, 23]):

f0)=g(0)=0, f(vV)>0, gm>0, f(V)<0, g'(D=<o0. )
It then follows from the mean value theorem that
WV <fvV)<f oV, gl <g(l)<g ), forl,V=>0. (5)

Epidemiologically, condition (4) indicates that: (i) the disease cannot spread if there is
no infection; (ii) the incidences B Tf (V) and B,Tg(I) become faster as the densities of
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the virus particles and infected cells increase; (iii) the per capita infection rates by virus
particles and infected cells will slow down due to certain inhibition effect since (5) implies
that {2y < 0and (£2) <o.
Obviously, the incidence rate with condition (4) contains the bilinear and saturation
incidences. Thus, models (1) and (2) can be regarded as two particular cases of model (3).
In this paper, we assume that model (3) is subject to the initial value conditions

T(x; O) = % (x) = 0’ W(x: 0) = I,[fZ(x) > O)

_ (6)
I(x,0) = Y3(x) > 0, V(x,0)=¢alx) >0, x€€,
and the Neumann boundary condition
A%
— =0, t>0,x€0%, (7)
on

9

o= is an outward

where 2 is a bounded domain in R” with smooth boundary 92, and
normal vector of 9€2.

It is worth noticing that discrete epidemic models have also been paid much attention
by many researchers (see [24—26] and references therein). On one hand, discrete epidemic
models have advantages in describing an infectious disease in comparison with continuous
models since epidemic data are often collected at discrete times (such as daily, monthly,
yearly, etc.). On the other hand, for some certain practical purposes, it is often necessary
to obtain solutions of model (3) that describe the evolution of all variables with time. How-
ever, as we know, an exact analytical solution of differential equation system (3) is gener-
ally difficult or even impossible to be determined. Therefore, technical discretization is
needed to obtain good analytical approximations of the solutions (see [27]). Meanwhile,
we should keep in mind that the obtained discrete model should preserve the major dy-
namical properties of the original continuous model as much as possible. However, since
a discrete model generally can exhibit more complicated dynamical behavior than con-
tinuous models such as bifurcations and chaos (see [25, 28] and references therein). For-
tunately, a nonstandard finite difference scheme (NSED) has been proposed by Mickens
[29] and received much attention (see [20, 30—38] and references therein). One important
advantage of Mickens’ scheme is that it performs well in preserving the major dynami-
cal properties of the approximated original continuous models (see [20, 35-38]). More
recently, Qin et al. [38] applied the NSFD scheme to discretized system (2) and showed
that the discrete model has the same dynamics as the original system. Hence, following
the idea of [29, 38], by applying the NSFD scheme to system (3) we obtain the following
discrete system:

o
wom = A =dT = B T (V) = B T8 (L),
W
=t = BT (V) + BaTgU) = B+ )Wy, -
m._ _m
”“Az == VWrﬁl —[91:,'11,
m__ym m+1_ m m—1
VMMV" = pYuii ?Z;;zﬁv"“ + kI, -V
Here we assume that x € Q = [a, b], At > 0 is the time step size, and Ax = bﬁ“ is the space

stepsize with positive integer N. Denote the mesh points as {(¢,, x,),m = 0,1,2,...,N,
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n € N}, where ¢, = nAt and x,, = a + mAx. Let (T, W), 1", V}') be the approximations
of the solution (T (%, ), W (%, £1), (%, £4), V(%m, 1)) of system (3) at each point. For

convenience, we use an (N + 1)-dimensional vector
u, = (uo,u,...,.uN)"
n - n“preer Yy

to represent the approximation T, W, I, or V at time t,, the notation (-)7 for the transpo-
sition of a vector, and the notation U > 0, meaning that all components of a vector U are
nonnegative. The discrete initial conditions take the form

T§ =y1(xm) =0, WG =va(xn) =0,  Ig' =3(xm) =0,

Vo' = Yax) =0 forme{0,1,...,N},

and the discrete boundary conditions take the form
vi=ve, VNV formeN.

The goal of this paper is to show that the discrete system (8) by using Mickens’ scheme
can efficiently preserve the global asymptotic stability of the equilibria to the correspond-
ing continuous system (3). The organization of this paper is as follows. In Sect. 2, we study
the global dynamics of the continuous system (3). In Sect. 3, we investigate the global dy-
namics of the discrete system (8). It is then followed by numerical simulations in Sect. 4.
A brief conclusion ends the paper.

2 Dynamics behavior of system (3)
In this section, we study the threshold dynamics of the diffused system (3). First, we es-
tablish the global existence, positivity, and boundedness of solutions.

Theorem 2.1 For any given initial data satisfying condition (6), there exists a unique so-
lution of problem (3)—(7) defined on [0, +00), and this solution remains nonnegative and
bounded for all t > 0.

Proof  The system can be written abstractly in the Banach space X = C(Q2) x C(Q) in the

form

U'(t) = AU(e) + F(U()), >0,
(10)
U©o) = U e X,

where U = col(T, W, 1, V), Uy = col(Yr1, Y2, Y3, ¥4), AU = c0l(0,0,0, DAV, and

A=dT(t,x) - B1T(x t)f (V(x,1)) - BT (%, t)g( (. 1))
BT (x, 6)f (V(x, £)) + B T'(ox, £)g (I (x,8)) — (8 + ) W (i, £)
y Wix,£) - pl(x,1)
kl(x,t) —cV(x,t)

F(U() =

It is clear that F is locally Lipschitz in X. It follows from [39] that system (3) admits a
unique local solution on [0, Th.x), where Tp,y is the maximal existence time for solution
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of system (3). In addition, system (3) can be written in the form

or =F(T,W,1,V),

at

w =E(T,W,I,V),

at

i =F(T,W,LV),

at

% —~DAV(x,t) = Es(T, W, V).

It is easy to see that the functions F;(7,W,[,V), 1 < i < 4, are continuously dif-
ferentiable and satisfy the following conditions: Fi(0, W,I,V) = A > 0, F»(T,0,1,V) =
BT (x, t)f (V(x,0) + BT (x,t)gI(x,8)) >0, F3(T,W,0,V) =y W >0, Fy(T,W,1,0) =kI > 0
forall T>0,W > 0,1 >0,V > 0. Since the initial data of system (3) are nonnegative, and
from [40] we deduce the positivity of the local solution.

Next, we show the boundedness of solution. Let G(x,£) = T'(x,£) + W(x, £) + I(x,£). Then
follows from system (3) that

0G(x, t)
dat

=A—dT -sW -pl

<A —uG(xt),
where u = min{d, §, p}. Then we have
—ut )\' —ut
G(x,t) < G(x,0)e™™ + —(1 —et )
m

Thus, T, W, and I are bounded. To proceed, it remains to prove the boundedness of V.

From system (3) we have

& DAV =kI-cV,

W _o, (11)

V(%,0) = Ya(x) < [¥alloc = max,co Yalx).

By the comparison principle (see [41]) we obtain that V(x,f) < V(t), where V(¢) =
Yalx)e ™ + ’;‘III [|(1 — ™) is the solution of the problem

av =
o =kl =V,
V(0) = 1Yalloo-

Then the boundedness of V is deduced from V(t) < max{lz( I, 1Valloo for (x,2) € Q x
[0, Trax)}- Therefore, we have proved that T'(x, t), W(x, t),I(x,t), and V(x,t) are bounded
on € x [0, Timax). Thus, it follows from the standard theory for semilinear parabolic systems
(see [42]) that T, = +00. This completes the proof. O



Xu et al. Advances in Difference Equations (2018) 2018:108 Page 6 of 17

It is easy to see that system (3) has an infection-free steady state Ey = (7p,0,0,0) with
Ty = %. This is the only biologically meaningful equilibrium if

_ Ay (Bikf’(0) + Bacg'(0)

Ro = 1,
0 dpc( +y) <

which is the basic reproduction number of system (3). It then follows from system (3) that
a positive steady state E, = (T, Wi, I, V,) must satisfy the following equations:

A=dT + B Tf(V) + B Tg(D),
BLIf(V) + BoTg(D) = 6 + y)W,

(12)
yW =pl,
kI=cV.
Then we obtain that
8 |4 % \%
h—dr = POV bV eV (13)
ky yk k
This means that in order to have 7' > 0, W,V > 0 at a steady state, we must have V €
(o, 1%]. Substitution of the second and third equations of (13) into the second equation
of (12) gives

8 +y)pcV
T= o
ky (Bif (V) + B2g(5))

Further, by substituting it into the first equation of (12) direct calculation yields

pc(§+y)V dpc(§ +y)V

O T T BV + g (EV)

= F(V). (14)

From (5) we have f(V) — Vf'(V) > 0 and g(I) — Ig’(I) > 0. Thus, for all V' > 0, we obtain that

FI(V) = _B+yIpe dpe +y)BIF(V) - VI(V)) + Bag(F) - 18/ (F))] -

ky ky (B (V) + B2g(F0))?

Furthermore, from (14) we have

dpe(5 + )% - 1)
FV) = B 0) + Bocg (0)

lim
V5ot

< Aky )__ dpc(8 +y)V <0
pe@+y))  ky (B G5) + Bag i)

ped+y) p(8+y)
It follows that an infection steady state E, = (T, W, L, V) exists when R¢ > 1.
Theorem 2.2 For system (3), we have:

(i) IfRo <1, then there exists a unique infection-free equilibrium Ey;
(i) IfRo > 1, then there exists a unique infection equilibrium E, besides Ej.
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2.1 Global stability analysis
In this subsection, we establish the global asymptotic stability of the two steady states of

system (3) by constructing Lyapunov functions.

Theorem 2.3 If Ry < 1, then the infection-free steady state E, is globally asymptotically
stable.

Proof  We construct a Lyapunov function as follows:

T (x,t) +y B1Tof"(0)
C

8
L= / T(x,t) —To— Toln + Wi, t) + ——I(x,t) + Vix, t) | dx.
Q To r Ro

Calculating % along the solutions of system (3) and applying A = dTp and [, AV (x,t) dx =

0, we have

dL T
d—; = /Q [(1 -7 (xO, t))(,\ —dT(x,t) - B T(x, O)f (V(x,0)) = B2 T (x, g (I(x, 1)) )

+ 81T (x, t)f(V(x, t)) + B T (x, t)g(I(x, t)) —(8+y)Wix,t)

S+y BrTof"(0)
f)‘ioc

+ - (y W(x,t) - pI(x, 1)) +

T, T(x, t
:/Q[dTo(l— T(x(,)t))(l_ (;0 )> + BiTof (V(x, 1)) + B2 Tog (I(x, 1))

(kI (x,8) = cVi(x, t))i| dx

B1Tof"(0) B2Tog' (0)
_ 79%0 Vi, t) — 79%0 I(x, t)] dx

T, T o)\  AiTof0)
SL[dT°<1'T(x,t)><l_ T >+ Ry - DV

. B2Tog'(0)

R, (Ro — DI(x, t)] dx.

Here, we used condition (5). Therefore, if Ry < 1, then ‘%—t‘ < 0. Furthermore, it can be

shown that the largest invariant subset of {‘%1 = 0} is the singleton {Ey}. Using LaSalle’s
invariance principle, we derive that E is globally asymptotically stable. This completes

the proof. d
Theorem 2.4 If*R¢ > 1, then the infection steady state E, is globally asymptotically stable.

Proof  We construct a Lyapunov function as follows:

T(x, t Wix,t
L2=/[T(x,t)—T*—T*ln b )+W(x,t)—W*—W*lﬂ 1)
Q * *
) I(x,t
+J(1(x,t)_1*—l*ln & )>
Y L

+ w(wx,t) v _ym /™ ”)] dx.
kI, v,
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Calculating the time derivative of L, along the trajectories of system (3), we obtain

dL T,
d—f: /Q [(1 o t))(x dT(x,t) - i T(x, O)f (V(%,1)) — Bo T(x, g (I(x, 1))

+ (1 W‘/(V t)) (,31 T(x, t)f(V(x, t)) + BT (x, t)g(](x, t)) —(+y)Wix, t))

S+y I,
+ S (1 - I(x,t))(yW(x, t) - pl(x,1))

BiTf (Vy) Vi
T <1_V( )

)(DA Vix, t) + kl(x,t) — cV(x, t)):| dx.
Using the equilibrium conditions for E,

(8 + V)W* =B T*f(V*) + ﬁZT*g(l*)» y W, =pl,, kI, = cVy,

we have

sz T(x,t) T,
/Q[d < xt))(l‘ T, )*(1‘T(x,t))
(

X (BiTef (Vi) + BoTug(L) — BL T(x, t)f (V (%, 1)) — B2 T (, £)g (I(, 1))

+

(1 W (x, t)) (’BlT(x’ Of (V(x, 1)) + BT (x, t)g (I1(x, 1))
( W (x, t)

I, Wx,t) I(x,t) Vi
X<1_I(x,t))< W, - I )+ﬁlT*f(v*)<l_V(x,t)>

[0 VD) ATV v,
X( L ) i, PAVe t)( V(x,t)>]dx

Recalling that [, AV(x,t)dx =0 and fQ ”VV ’” )2 dx, we have

dL, T, T(x,t) T,
EZ/Q[”’T*O‘T(x,t))(l . )“31 LSV )< T 0

LWt) THO)f(VE))W. Ix)Ve [f(Vixi) V(x,t)>

TI0W,  Tf(VOWmD LVt f(V) v,

T, LWt T gl )W,
+h ZT*g(I*)(B" Tt) 160W.  Tgl)Wxo)
+g<1(x,t>)_1(x,t))} B *f( Doy, [ IO
g(I) 1* * Q Vz(xrt)

e (i) (-5 spmaale(50 )

W(x, t)I, I(x, T(x, t)f (V(x,8)) W,
(vm(x, )“"(1 V(xt>) ( *f(V*)W(x,t))

FV@w)) Vw VIV I,
M VAT lf(V(x,t))V} ﬁZT*g(I*)[‘/’<T<x,t>)
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(1* W (x, t)) s <T(x, £)g(I(x, t))W*> s gl(x,t)  I(x,t)

I(x, )W, T.g(L)W (x,1) el L
LI, 1) BiTof (Vs) IVV(x, )]
In U, t))I*:”dx_ i, PV ) TV dx

T, T(x,t) T,
:/Q{dT*<1_ T(m))(l_ T, > Hh *f(v)[ <T( t))
W (x, t)1, I(x,t)V, T(x, t)f (V(x, 1)) W,
"’(vmoc, t)) i “”(I*V(x, t)) ’ “’( T (V)W (x0) )
G(V*)V(x, t)) . (f(V(x, 0 Vi, t)) (1 F(V) )}
v, F(V,) V. FVx0)
T, LW (x, (%, g (x, 1)) W,
+h ZT*gU*)[‘”(T(x t)) (1( t)W) ( T.al)Win D) )
g%, 1) g(l(x, I(x,1) ¢(L,)
"’(gu(x, t)>1*> +< )( gU( 1) )“dx
_ ,31 T*f(v*) ||VV(x, t)HZ

py, | DD L
k. 0 V2w &

where ¢(x) = 1 +Inx —x (x > 0) which has a global maximum at x = 1 and satisfies ¢(1) = 0.

Moreover, from conditions (5) we easily obtain the following inequalities:

\4
) ZK for V<V, f) SK for V>V,
SV — Vi SV T VL
40 > i forI <I,, &) < i forI >1,,
g L g(L) ~ L
which imply that

(M0 2Ly o (20T (, g0y
v v )V Tw) o) L)\ e

Then, it follows that dL2 <0, and dL2 =0ifandonlyif T=T,, W=W,,I=1,and V = V,.
Hence, the largest invariant subset of {dL2 = 0} is the singleton {E,}. Thus, the global
asymptotic stability of the infection steady state E, follows from LaSalle’s invariance prin-

ciple. This completes the proof. d

3 Dynamics behavior of system (8)
The global asymptotic stability of the equilibria for the continuous system (3) have been
obtained by constructing Lyapunov functions in Sect. 2. A natural question is whether the
discrete system (8) can efficiently preserve the global asymptotic stability of the equilibria
for corresponding continuous system (3). In this section, we deal with this problem.

Itis easy to verify that system (8) has the same equilibria as system (3). We also denote the
two equilibria as Ey = (79,0,0,0) and E, = (T, Wi, I, V). Rearranging the formulations
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in equations of (8) yields

AAL+ T

m
T’”l T 1+ AUd+ B (Vi) +Bag ()
wm - Wi+ At(B1 Ty f (Vi) +B2 T, 1 8(1))

n+l — 1+At(5+y) ’ (15)
Mmoo L'+ Aty W)
ntl = 7 1+Ap O’

AV,H.I = Vn + /(Aﬁm_l,

where the square matrix A of dimension (N + 1) x (N + 1) is given by

cq ¢ 0 --- 0 0 O
¢ ¢3 ¢ - 0 0 O
0 ¢ ¢ -+ 0 0 O
0 0 0 -+ ¢g ¢ O
0 0 0 -+ ¢ ¢ ¢
0O 0 0 -+ 0 ¢

with ¢; = 1 + DAt/(Ax)? + cAt, ¢y = —DAt/(Ax)?, and c3 = 1 + 2DAt/(Ax)? + cAt. Hence,
A is nonsingular, and the last equation of system (15) is equivalent to

Vn+1 = Ail(vn + kAtIn+1)-

Since all parameters in (8) are positive, it is clear that if the initial values satisfy T}, > 0,
W, >0,1, >0, V, >0, then the solution remains positive for all m > 0 by mathematical
induction. Therefore, we can obtain the following result.

Theorem 3.1 Given At >0 and Ax > 0, the solutions of system (8) satisfy T, > 0, W,, > 0,
I,>0,V,>0forallneN.

3.1 Global stability
In this subsection, we establish the global stability of the infection-free steady state and
the infection steady state of system (8) by constructing discrete Lyapunov functions.

Theorem 3.2 Given At >0 and Ax > 0, if Ry < 1, then the infection-free equilibrium E,
of system (8) is globally asymptotically stable.

Proof Define a discrete Lyapunov function

N

1 ™ 5 Tog (0

G =S L1y L Y (1 Y BT8O
m:OAt T() 5+]/ 9%0

B qu’(O)(

1+cAD) V™.
Cm() ) n]

Since x — 1 > Inx for all x > 0, it is clear that G,, > 0 for all # € N. Then we have

N1 ™"
Gu1—-G, = —|: =T+ Toln——+Wr", - W"

n+l — m n+l —
m=0 At n+l
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8 Tog' (0
+ +]/(1+ 14 :32 Og()At)X(;ﬁrl_Izn)
Y d+y  Ro

BrTof"(0) m -
+ %(1 +cAD)(Vi - V) )]

N T,
0
S§E[<1_TT>(Trﬁ1_TZH)+ w1 — W

n+l
) Tog' (0
+ +y 1+ 14 ﬂZ Og()At X(]Zyil_lryln)
Y d+y  Ro

B Tof (0) N
N %(1 A (VI -V )]

al T
-3 [(1- 7 ) @ro-azg - s (V) - o0

n+l

5+
FBTIVE) + BT () = 6+ W+ L (W3 - i)

m
n+l — CVn+1)

L BTEO) (g BTSO)
0

mo n+l Cm
BLTof'©O) m BiTof'(0D - —
+ Ro (Vn+1 - vn ) + ci)%(Ax)z (Vnﬁl - 2Vn+1 + Vn+11)
N
To Ty B1Tof"(0)
< dTo(l— )(1-L>+—(9%0—1)v;”
%[ T Ty NRo
B2Tog'(0) w | BiTof'(0)D . _
+ To(mo -1 |+ W(Vﬁll ~ Vot Vi = Vi)
N m !
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It then follows that if SRy < 1, then
Gn+1 - Gn =< 0

for all n € N, which implies that G, is a decreasing sequence. Since G,, > 0, there is a limit
lim,, o G, > 0, which yields lim,—, oo (G,4+1 — G,,) = 0. Thus, we have:

(1) If R < 1, then it follows from lim,,_, oo (Gy41 — G,,) = 0 that lim,,_, o, T = Ty and
limy, o0 I} = lim,,_, o, V}}* = 0. Further, from system (8) we have lim,,_.,, W} = 0.

(2) If Ro = 1, then it follows from lim,,_, oo(G,+1 — G,;) = 0 that lim,,_, o T2 = Tj. By the
first equation of system (8) we obtain that B; Tof (V") + B2 Tog(I)') = 0. Since Tj > 0,
then from (4) we have I’ = V' = 0. Furthermore, from the second equation of
system (8) we obtain that W} = 0.

Thus, we conclude that if Ry < 1, then E, is globally asymptotically stable. This completes

the proof. O

Theorem 3.3 Given At >0 and Ax > 0, the infection equilibrium E, of system (8) is glob-
ally asymptotically stable when Ry > 1.
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Proof Define a discrete Lyapunov function

N
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where ¢(x) =x — 1 —Inx (x > 0) has a global minimum at x = 1 and satisfies ¢(1) = 0.

The difference of én satisfies
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Using the equilibrium condition (12) for E,, we obtain that

A T. T,
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-Sofor (-7 (- ) oo oo(7)
(7w, )l ) (e
(ot )+ (o) (s 02
R C AR zzé‘é”)l’i) (i)

() + (- o) (-2

) Zl DV, B Tof (Vi) (Vimsl = v )?
— kI*(Ax)z Vm+1 ym .

n+l 7 n+l

Similarly, we have

(1- 20 )(f(v:il) ) <o,
f n+1 f(V V*

<1 _ g(f*) )(g(]y}ﬁrl) _ Izn_+1> <o.
g )\ gll) L

Thus, we get E—?,Hl - E;,, <O0foralln € N, that s, E—?,, is a decreasing sequence. Furthermore,

since G, > 0, there is a limit lim,,_, o E—?n > 0. Hence, lim,,ﬁoo(éml -G ) = 0. Combined
with system (8), we can show that lim,,_,oc T} = T}, lim,_.oc W) = W, lim,, o0 I = L,
= Vi forallm € {0,1,...,N}, which implies that E, of system (8) is globally
asymptotically stable. This completes the proof. g

and lim,,_, o, V!

4 Numerical simulations

To illustrate our theoretical results obtained in the preceding sections, we carry out some
numerical simulations in this section. To this end, we use two sets of system parameters
that correspond to $Ry < 1 (when Ej is globally asymptotically stable for both continuous
and discretized models) and Ry > 1 (when E, is globally asymptotically stable for both
continuous and discretized models). For convenience, we consider system (3) with f(V) =

V, g(I) = I, and initial conditions

T(x,0)=100, W(x0)=0.1, I(x0)=01  V(x0)=1 «xe[0,10].

We first choose the parameters A = 1, d = 0.1, 8, = 0.00025, 8, = 0.00065, § = 0.02, y =
0.2, p = 0.5, k = 500, ¢ = 2.4. It follows that 93y = 0.1065 < 1. Theorem 3.2 implies that
the infection-free equilibrium Ey = (10,0,0,0) is globally asymptotically stable, which is
numerically verified in Fig. 1.

Next, we set the parameters A = 10, d = 0.1, 8; = 0.00025, 8, = 0.00065, § =0.02, y =0.2,
p = 0.5, k =500, ¢ = 2.4. It follows that Ry = 9.5879 > 1. By Theorem 3.3 the infection
equilibrium E, = (10.4298,40.7137,16.2855,3392.8093) is globally asymptotically stable,

as shown in Fig. 2.
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T(x,1) W(x,t)

500 500

500

X 0 0 t

Figure 1 $R( =0.1065 < 1. The infection-free equilibrium £ is globally asymptotically stable

T(x,1) W(x,t)

500

I(x,t) V(x,t)

6000
_ > 4000
2000
0

10 500

5
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Figure 2 93y = 9.5879 > 1. The infection equilibrium £, is globally asymptotically stable

5 Conclusions
In this paper, we first investigate the global threshold dynamics of the equilibria of a whin-
host virus infection model with both virus-to-cell and cell-to-cell transmissions. We then



Xu et al. Advances in Difference Equations (2018) 2018:108 Page 16 of 17

derive the discrete model by applying Mickens’ nonstandard finite difference scheme. By
using discrete analogue Lyapunov functions we show that the global stability of the equi-
libria of the discrete model is completely determined by the basic reproduction number
Ro. If Ry < 1, then the infection-free equilibrium is globally asymptotically stable, whereas
the infection equilibrium uniquely exists and is globally asymptotically stable when 53, > 1.
The results show that Mickens’ discretization scheme can efficiently preserve the global
asymptotic stability and positivity and boundedness of the solutions of the corresponding
continuous model. Application of this method to a model with immune response or time

delay is our future work.
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