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Abstract

This paper deals with the existence and non-existence of the global solutions to the
Cauchy problem of a semilinear parabolic equation with a gradient term. The blow-up
theorems of Fujita type are established and the critical Fujita exponent is determined
by the behavior of the three variable coefficients at infinity associated to the gradient
term and the diffusion—reaction terms, respectively, as well as the spacial dimension.
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1 Introduction
In the paper, we investigate the blow-up theorems of Fujita type for the following Cauchy

problem:
A du A2 n
(|x|+1) o :Au+b(|x|)x~Vu+(|x| +1) w, xeR"t>0, (1.1)
u(x,0) = up(x), xeR”, (1.2)

where p > 1, =2 < A1 < A3, 0 < g € Co(R") and b € C([0, +00)) satisfies

lim $?b(s) =k (00 <k < +00), (1.3)

§—>+00

and in the case that —n — A1 < ¥ < +00, b also satisfies
Ko = inf{s(s +1)b(s):s > 0} >—1—Aq. (1.4)

The critical exponents for nonlinear diffusion equations have attached extensive atten-
tion since 1966, when Fujita [1] proved that, for the Cauchy problem of Eq. (1.1) with
b =0 and X = A, = 0, the nontrivial nonnegative solution blows up in a finite time if
1<p<pc=1+2/n, whereas it exists globally for small initial data and blows up in a fi-
nite time for large ones if p > p. = 1 + 2/n. This result reveals that the exponent p of the
nonlinear reaction plays a remarkable role in affecting the properties of solutions. We call
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p. with the above properties the critical Fujita exponent and the similar result a blow-up
theorem of Fujita type. There have been many kinds of extensions of Fuyjita’s results since
then, such as different types of parabolic equations and systems with or without degen-
eracies or singularities, various geometries of domains, different nonlinear reactions or
nonhomogeneous boundary sources, etc. One can see the survey papers [2, 3] and the
references therein, and more recent work [4—18]. For the Cauchy problem of

]

u
g:Au+b0~Vu+up, xeR"t>0,

with by being a nonzero constant vector, Aguirre and Escobedo [19] showed that
pe=1+2/(n+1)

is its critical Fujita exponent. Wang and Zheng [11] considered the Cauchy problem of
Eq. (1.1) with » =0, and showed that the critical Fyjita exponent is

Pe=1+2+A)/(n+A).

Recently, the Cauchy problem of Eq. (1.1) with A; = A, = 0 was studied in [18] and it was
shown that

1, K = +00,
Pc=31+2/(n+k), —-n<k<+00,

+00, —0 <Kk <-n

As to Neumann exterior problems, Levine and Zhang [20] investigated the critical Fu-
jita exponent of the homogeneous Neumann exterior problem of (1.1) with b = 0 and
A1 =Xy =0, and proved that p, is still 1 + 2/n. In [21], Zheng and Wang concerned the
homogeneous Neumann exterior problem of (1.1) with

b(s):%, $>0 (—00 < K < +00),
s

and formulated the critical Fujita exponent as

1+Q2+M)/(n+K+A1), k>-n-—»A,

P =
+00, K <-n-—2Aj.

Moreover, the general case of b is considered in [8] if 0 < A; < Xy <pA; + (p — 1)n and
Kk >0.

In this paper, we investigate the blow-up theorems of Fujita type for the Cauchy problem
(1.1), (1.2). It is proved that the critical Fujita exponent to the problem is

1, K =400,
Pe=31+Q+M)/(m+Kk+X1), —H—A <Kk <+00, (1.5)

+00, —00 <Kk <-n-—2Aj.
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That is to say, if 1 < p < p,, there does not exist any nontrivial nonnegative global solution,
whereas if p > p., there exist both nontrivial nonnegative global and blow-up solutions.
The technique used in this paper is mainly inspired by [11, 18, 21, 22]. To prove the blow-
up of solutions, we use precise energy integral estimates instead of constructing subso-
lutions. For the global existence of nontrivial solutions, we construct a nontrivial global
supersolution. It should be noted that we have to seek a complicated supersolution and
do some precise calculations in order to overcome the difficulty from the non-self-similar
construction of (1.1). Furthermore, the properties of such models which will be proved
in the paper provide theoretical foundation for the numerical simulation which involved
difference schemes.

The paper is organized as follows. Some preliminaries and main results are introduced
in Sect. 2, such as the local well-posedness of the problem (1.1), (1.2) and some auxiliary
lemmas to be used later, as well as the blow-up theorems of Fujita type. The main results

are proved in Sect. 3.

2 Preliminaries and main results
The solutions to the problem (1.1), (1.2) are defined as follows.

Definition 2.1 A nonnegative function u is called a solution to the problem (1.1), (1.2) in
(0, T) with 0 < T < +00, if

ue C([O’ T)’Llloc (Rn)) n Ll%cc(o’ T;LOO (Rn))’
T
/ / (|x| + l)klu(x, t)a—w(x, t)dxdt
0 n 8t
T
+ / / u(x, t)(A<p(x, t)— div(b(|x|)¢>(x, t)x)) dxdt
0 n
T
+/ f (|x| + I)Azup(x, Hox,t)dedt =0, ¢e CSO(R” x (0, T)),
0o Jrr
and

lim [ u(x,t)y(x)dx = / @)y (x)dx, ¥ € C°(R").

t—0 Jpn n

Definition 2.2 A solution « to the problem (1.1), (1.2) is called a blow-up solution if there

exists some T, € (0, +00), which is called blow-up time, such that
e, 2) ||L°°(R”) — +00 ast— T,.
Otherwise, u is called a global solution.
For 0 < uy € Co(R") and b € C'([0,+00)) and p > 1, one can establish the existence,
uniqueness and the comparison principle for solutions to the problem (1.1), (1.2) locally

in time by use of the classical theory on parabolic equations (see, e.g., [23]).

The blow-up theorems of Fujita type for the problem (1.1), (1.2) are stated as follows.
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Theorem 2.1 Assume that b € C*([0,+00)) satisfies (1.3) and (1.4) with —oo < k < +00. If
1 < p < p. with p, given by (1.5), then, for any nontrivial 0 < uy € Co(R"), the solution to
the problem (1.1), (1.2) must blow up in a finite time.

Theorem 2.2 Assume that b € C1([0, +00)) satisfies (1.3) and (1.4) with —n < k < +00. If
P > p. with p. given by (1.5), then there exist both nontrivial nonnegative global and blow-
up solutions to the problem (1.1), (1.2).

3 Proofs of main results
To prove Theorem 2.1, the following auxiliary lemma is needed. We omit the proof and a
similar one may be found in [18, 21].

Lemma 3.1 Assume that b € C([0, +00)) satisfies (1.3) and (1.4) with —o0o < k < +00, U is
a solution to the problem (1.1), (1.2), and

h(r), 0<r<Rg
ne(r) = %h(r)(l + COs ((g__]f))g), R<r <8R,
0, r>0R,

with
h(r) = exp{/rsb(s) ds}, r>0.
0

Then there exist three numbers Ry > 0, § > 1 and My > 0 depending only on n and b, such
that, for any R > Ry,

(Jocl + l)hu(x, Onr(lxl) dx > —MOR’Z/ u(x, )ng(|x]) dx
Bsr\Br

+/ (|x| + l)xzup(x, t)nR(|x|) dx, t>0, (3.1)
R"

ERH

in the distribution sense, where B, denotes the open ball in R" with radius r and centered

at the origin.

Remark 3.1 For the case k = +00, one can prove that (3.1) holds for each fixed R > 0, but
8 > 1 and My > 0 depend also on R.

Proof of Theorem 2.1 Let ng, h, Ry, § and My be introduced in Lemma 3.1. It follows from
—00 <k <+ooand 1< p < p, that

Ay 2
p-1 p-1

n+K+A—

Fix i > « to satisfy

)‘1 ~ )»2 2
<H+K+A— < —,
p- p-1 p-1

(3.2)

Page 4 of 12
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which, together with (1.3), shows that there exists R; > 1 such that
$*b(s) <k, s>R.
For any R > R;, one can get

r 1(0; OSrSer
/ sb(s)ds < 5
0 Ko +Inr*, r>R;,

and

r o,  0<r<R, :
h(r) = exp / sh(s)ds; < <K(r+1), r=>0,
0

X0k rs Ry,

where
eKo eKQrJ? r
K =max{ su —, su — ¢, Kop=|k|InR; + su / sb(s)ds.
{Ofrprl (r+ 1)« r>RIT (r+ 1)« } 0 ! 057521 0
Therefore,
0 < nr(lxl) < h(lxl) sz (1) = K (12l + 1) x5z (11),  x€RR, (3.3)

where x[osr) is the characteristic function of the interval [0, 8R], while K > 0 depends only
onn, b, Ry, § and k. Let u be the solution to the problem (1.1), (1.2), and denote

wi(t) = /R n(|x|+1)hu(x,t)nk(x)dx, t>0.

For any R > max{Ry, R;}, Lemma 3.1 implies

d
—wr(t) > ~MoR™ f u(x, t)ng(|x]) dx
de Bsr\BRr

+ / (|x| + 1)k2up(x, t)nR(|x|) dx, t>0. (3.4)
RYI

The Holder inequality and (3.3) yield

/ u(x, t)ng(|x]) dx
Bsr\Br

< ( / (1] + 1)V e (1)) dx)
Bsgp\Br

X (f (|x| + 1)A2up(x, t)nR(|x|) dx)
Bsp\Br

‘—a2/(p-1) -1)ip s
< (K/ (|x| + 1) 2 dx) (/ (|x| + 1) 2uP (x, t)nR(|x|) dx)
Bsr\Br Bsp\Br

(p-1/p

1/p

1/p
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1/p

5R ) (p-Dip N
< (Kwn / (r+ 1)t /D dr) ( / (Il + 1) u (v, t)nR(|x|)dx)
R Bsr\Br

IA

5 5 1/p
Mgp—l)/pRnw—(mmAz)/p (/ (le n 1))‘2 up(x’ t)ﬂR(|x|) dx) , t>0, (3.5)
R”

where w,, is the volume of the unit ball in R”, while M; > 0 depends only on #, b, Ry, §
and k. Substituting (3.5) into (3.4) gives

d - y y 1/p
EWR(t) > _MOM(lp 1)/PRn+K—2—(n+K+>»2)/p (/ (|x| n l)lzup(x’ t)nR(|x|) dx)
Rﬂ

+ / (|x| + l)kzup(x, t)nR(|x|) dx, t>0. (3.6)
R}’l

It follows from (3.2), (3.3) and the Holder inequality that

(pr1-22)/(p-1) p-D/p
wr(t) < / (|l + 1) ne(lx]) dx
A lip
X </ (I +1) 2up(x,t)nR(|x|)dx>
R”
7 (-D/p
< <K/ (I« + 1)"””“1—12)/@—1) dx)
Bsr
A Up
X (f (x| +1) 2uP(x,t)nR(|x|)dx)
R
SR
= (Kwn/ (r + 1) &=L+ (a=22)/(p-1) dr)
0

(p-Dip

1/p
X (/n(|x| + l)kzup(x, t)nR(|x|) dx)

y y 1/p
< Mép—l)/PRmKMl—(n+K+A2)/17 (/ (|x| n l)lzup(x, t)’?R(|x|) dx> , t>0,
RVI
with M, > 0 depending only on #, b, Ry, é and k, and
/ (|x| + l)kzup(x, t)nR(|x|) dx > M;(pfl)R_(”_l)(”“”“)_h”2wfg(t), t>0. (3.7)
Rﬂ

Substituting (3.7) into (3.6), one gets, for any R > max{Ro, R},

(-V/p
Z _MO <%) R—Z—)»l WR(t) + M;@*1)R—@—l)(n+ﬁ+ll)—A1+)LzM/Z(t)

M (p-1/p o . .
= wp(t) <—M0<271> R™2M +M2(I7 1)R—(,t9—1)(n+l<Jrkl)—)\1+)L2Wf2 1(t)),
2

t>0. (3.8)
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Note that (3.2) implies
2-AM<—=p-1)m+K+Xr)—Xr+Ay

while wg(0) is nondecreasing with respect to R € (0, +00) and
sup{wg(0) : R >0} > 0.

Therefore, there exists R, > 0 such that, for any R > Ry,

(p-1ip
M, (%) R2 M < %M;(P—I)R—(p—l)(n+)?+k1)—)q +Ag WZ_I(O) (39)
2

Fix R > max{Ry, Ry, R,}. (3.8) and (3.9) yield

%WR(t) > %M;(p—l)R—(p—l)(n+lz+)»1)—A1+)»2M,Z(t)’ £>0.

Since p > 1, there exists T, > 0 such that
wr(t) = / (I + I)Alu(x, Oner(jxl)dx — +o0  ast— T;.
RVI

It follows from supp nz(|x|) = Bsg that
e, 2) ||L00(Rn) — +00 ast—> T,
i.e., u blows up in a finite time. O

Now, let us prove Theorem 2.2. Firstly, we study self-similar supersolutions of (1.1) of
the form

u,t) =+ 1) U +1)P(Ixl + 1)), xeR%,t>0, (3.10)

with

2+)»2 1
=", /3:—7
(2+)\.1)(p—1) 2+)n1

and 7 > 0 will be determined. If U € C1([0, +00)) with U’ < 0 in (0, +00) satisfies

u'(r) + nT_lLI’(r) +(t+1) ((t+ )Pr— l)b((t +7)Pr— I)U’(r) + Briu (r)

+ar U@) + 2UP(r) <0, r>(@E+1)7P,

then u given by (3.10) is a supersolution to (1.1).

Lemma 3.2 Assume that b € C*([0, +00)) satisfies (1.3) and (1.4) with —n — L1 <k < +00,
P >Pe

U(r)=ee 4", r>0, (3.11)



Na et al. Advances in Difference Equations (2018) 2018:128 Page 8 of 12

with A € CY1([0, +00)) satisfies A(0) = 0 and

Alrl+A1, 0 <r< l2,
A/(r) = (AZ + (Al _A2) PR )rl+)»], 12 <r< l’
(Az + (A1 = Ap)lmratiyplen, oy >,

[2(n+Kg+21)

where 0 < [ < 1 will be determined,

2(2 + Ap) 2(2 + A2)

A= 3 A= )
TRk + )P+ pe—2) 2T+ M)t ro+ )P+ pe—2)

With k1, ky satisfying

2(2+)\.2)
K1<Kgp —-HM—A<KI<——————HN—A1<Kky<K.
p+pc—2

Then there exist € >0,0 <1< 1 and t > 0 such that u given by (3.10) and (3.11) is a super-
solution to (1.1).

Proof The choice of k1, k; leads to A, < 8 < A;. Fix

) Ko _ Kl 1/(4+2)»1) (2 + )\.2)([9 _pc) 1/(2+)\.1)
0</<minj1, s 5 ;
Aq 2412+ M) +pc-2)(p-1)

_A 1/(n+k3+11)
p-As ) (3.12)
A -A,

Additionally, (1.3) allows us to choose t > 0 sufficiently large such that
(t+1)° ((t +1)Pr- l)b((t +1)Pr— 1) > Q, r>02,t>0. (3.13)
r
For 0 < r < [? and t > 0, we have from (1.3) and (3.12)

u'(r) + n—;lLI'(r) +(E+ )P (E+ ) Pr-1)b(Et+0)Pr-1)U'(r)
+ Bri U (r) + ar™ U(r)
= (~(n+ A)A = A1+ TP r((t+ )P r=1)b((t + T)fr - 1) +a
+A1(A; - B U(r)
< (~(n+ko + A1)A; + o + AT M U(r)

2+ X)p-p)
2+r)p+p.-2)(p-1)

 @e)p-p)
T 22+ M)pp-2)p-1)

< (—(KO — K1)A1 — +A%l4+2)\1>}")\1 U(f)

U(r). (3.14)
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Then, for /> <r <[ and ¢ >0, (3.12) and (3.13) ensure that

u'(r) + n—;llj’(r) +(t+7)P ((¢+ )fr— 1)b((t +7)Pr- n)u'(r)
+ BrMU(r) + ar U(r)

n+Ky—

<Uu'(r)+ 1LI'(V) + Bri U (r) + ar™ U(r)

n+ky—1

_ ((A’(r))z A -

[2ln+ica+h1) J2n+ica+hg)
- ((Az + (A —Az)—) (Az +(A1—Ay)——— - ﬂ)rml
|4 |4

n+ka+h1 n+ka+i1

A'(r) - Brith 4 ar“) U(r)

_ (2 + 7»2)(!’ _pc) Vel

(2+A1)<p+pc—2)(p—1>)’ o
(_ 2+ 1) -pc)

"\ C+M)p+p-2)p-1)
_ (2+)»2)(P—19c)

T 22+ M) rp-2)p-1)

A

+A§12+“>rh U(r)

U (3.15)

Finally, for r > [ and £ > 0, (3.12) and (3.13) guarantee that

n

u’'@r) + ; 1 U'@r)+E+0)P(E+0)Pr-1)b((t+0)Pr-1)U'(r)

+ BriU (r) + ar™ U(r)

U+ I B U ) e UG)

= (A2 + (A1 = A" 2 M1) (Ay + (Ag = A2 — B) M1 L (r)
+ (0 = (m+ Ko + A1) (A2 + (Ay = A" 1)) M U(r)

< (o= (1 + K2+ 11)A2) P U(r)

_ (2‘”\2)(?—1%)
T 22+ A)pprp-2)p-1)

PLU(r). (3.16)

Due to -2 < A1 < Ay, p > 1 and the definition of the function A(r),

0 < 0p =sup 241 P-DA0) ¢ o0,
>0

Let ¢ > 0 be sufficiently small such that

1 2 +22)(p-pe)
= 2002 + M) +p—2)(p-1)




Na et al. Advances in Difference Equations (2018) 2018:128 Page 10 of 12

then (3.14)—(3.16) imply that

n

u'(r) + ; ! U@+ @+t (E+0)fr-1)b((t+0)Pr-1)U'(r)
+ BrMU(r) + ar U(r) + P2 UP(r)

. ~ (2+A2)(p—pc) 1. Ay—A1 —(p—l)A(r)>
=r L[(r)( 22+ 1) p+p.-2)p-1) rerre

<M U(r) (_2 (2+22)(p-po) ) + 81710'0)

Q+r)p+p.-2)(p-1
<0, re (0, 12) U (12,1) U ([, +00),t > 0.

Therefore, u given by (3.10) and (3.11) is a supersolution to (1.1). O

Proof of Theorem 2.2 The comparison principle and Lemma 3.2 show that there exists a
nontrivial global solution to the problem (1.1), (1.2). We will show that the problem also
admits a blow-up solutions. Fix R > Ry. Assume that « is a solution to the problem (1.1),
(1.2). Lemma 3.1 and Remark 3.1 imply that

d
EWR(t) > —MoR >wg(t) + / (|x| + l)kzup(x, t)nR(|x|) dx, t>0, (3.17)

where ng, Ry, §, My and wg(t) are given in Lemma 3.1, Remark 3.1 and the proof of Theo-
rem 2.1. The Holder inequality yields

/p

(r-1)
we(t) < </n(|x| + 1)w1—x2)/(p—1>nR(|x|)dx>

1/p
X <A;{n(|x| + l)xzup(x,t)nR(ldex)
(-1)/

< ( f (Il + 1)“"‘”‘“nk(|x|)dx) ’

1/p

X (/ (lcl + l)kzup(x,t)nR(|x|)dx) , t>0,
R}’l

which implies
/ (|x| + l)xzu”(x, t)nR(|x|) dox

> (_/Rn(lxl + l)ph/(p_l)ﬂk(|x|) dx)

Substituting (3.18) into (3.17) we get

1—

P
wh(t), t>0. (3.18)

d
EWR(t)

1
> we(t) (—MOR—2 + ( /R CE 17D e (11) dx)

P

wﬁ;l(t)>, £>0.  (3.19)
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If ug is so large that

1-p
MoR™ < %( / (al+ 1)1 (1) dx) Wi (0),

then (3.19) leads to

d 1 ph/p-D) o
&WR(L‘) > 3 / (|x| + 1) nR(|x|) dx u/lne(t), t>0.
Rn

The same argument as in the proof of Theorem 2.1 shows that # must blow up in a finite
time. g

Remark 3.2 For the critical case p = p. with —n — A1 < k¥ < +00. we need an additional
condition (see [18]) that

+00 2b _
—005/ wds<+oo if —n—Xx <k <+o00. (3.20)
1 N

Similar to the proof in critical case in [18, 21], one can show the blow-up of the solutions
to the problem (1.1), (1.2) for the critical case p = p, with —n— A1 < k < +00 if (3.20) holds.
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