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1 Introduction
The following famous population dynamics

dXt = Xt(ﬂ — bXt) dt

is often used to model population growth of a single species, where X, represents its pop-
ulation size at time ¢, 4 > 0 is the rate of growth, and b > 0 represents the effect of in-
traspecies interaction. This equation is also known as the Lotka—Volterra model or logistic
equation. In this paper, we consider one-dimensional stochastic Lotka—Volterra equation
with both multiplicative Brownian noises and additive jump noises, that is,

dX; = Xi(a - bX;)dt + 6 X; dW; +rdJ;, forallt>0, (L1)

Xo = %o, a.s.,

where x( is a positive initial value, 4, b, o, r € (0,00), (Wy)i>0 is a one-dimensional
Brownian motion (which is also known as the Wiener process), and (J;);>0 is a one-
dimensional subordinator independent of (W}).>o (the precise characterization is given
below in Sect. 2). The “a.s” above is the abbreviation of “almost surely”. Suppose that o
and r are known parameters, while 4 and b are unknown parameters. We will focus on the
maximum likelihood estimation (MLE) of the parameter 6 = (a,b)' € R?, based on the
continuous time observations of the path X7 := (Xt)o<t<r- Here and after, ' denotes the
transposition of a vector or a matrix.
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Stochastic Lotka—Volterra equation, being a reasonable and popular approach to model
population dynamics perturbed by random environment, has recently been studied by
many authors both from a mathematical perspective and in the context of real biologi-
cal dynamics. For the mathematical studies, see, for example, [1-8]. In particular, Mao
et al. [3] investigated a multi-dimensional stochastic Lotka—Volterra system driven by
one-dimensional standard Brownian motion. They revealed that the environmental noise
could suppress population explosion. Later, Mao [4] proved a finite second moment of the
stationary distribution under Brownian noise, which is very important in application.

The other case is the stochastic dynamics with Lévy noise, which can be used to describe
the sudden environmental shocks, e.g., earthquakes, hurricanes, and epidemics. Bao et
al. [5] considered a competitive Lotka—Volterra population model with Lévy jumps, see
also Bao et al. [6]. Recently, Zhang et al. [8] considered a stochastic Lotka—Volterra model
driven by a-stable noise, they got a unique positive strong solution of their model. More-
over, they proved stationary property and exponential ergodicity under relatively small
noise and extinction under large enough noise.

We note that our equation (1.1) cannot be covered by [5, 6, 8]. The proof of positive
solution in [5, 8] heavily depends on the explicit solution of the corresponding equation.
This method does not work for our equation (1.1). We turn to prove that the hitting time
of point 0 of the solution is almost surely infinite. We also prove that stationary property
and exponential ergodicity do not depend on the weight of the noise, which is different
from the conditions needed in [5, 6, 8]. From this point of view, equation (1.1) has its own
interest.

On the other hand, the study of the influence of noise is active in the context of real
ecosystems. The influence of noise is of paramount importance in open systems, and
many noise induced phenomena have been found, like stochastic resonance, noise en-
hanced stability, noise delayed extinction, and so on. For more details, see, for example,
[9-11]. However, in this paper, we shall mainly study our equation (1.1) from the view of
mathematics.

We notice that there are huge works in economics and finance considering MLE of jump-
diffusion models, where the data is usually observed discretely. In this case, transition
densities play an important role, but their closed-form expressions cannot be obtained in
general. It will be computationally expensive to conduct MLE. To overcome the difficulty,
a popular method is to use closed-form expansions to approximate transition densities. To
deepen this topic, we refer the reader to [12—14] and the references therein. The situation
of this paper is different from the topic mentioned above. We focus on the MLE of equation
(1.1) with regard to the continuous observations. The main difficulty is how to check the
existence of the likelihood function. After that, we can get our MLE explicitly.

Our motivation also comes from the problem of parameter estimation for jump-type
CIR (Cox—Ingersoll-Ross) process as in Barczy et al. [15] (for related topics, see, e.g., Li
et al. [16]). The authors considered the following jump-type CIR process:

dX, = (a-bX,)dt + VX, dW, + dJ,, forallt>0,

Xo = %o, a.s.,

where (W;);>0 and (J;);>0 are the same as in equation (1.1). By using the Laplace transform
of the process fot Xsds, t > 0, they proved the asymptotic properties of MLE of b under



Zhao et al. Advances in Difference Equations (2018) 2018:148 Page 3 of 22

different cases. As the authors pointed out, the asymptotic property for MLE of  or joint
MLE of (a, b) is still open because of the lack of the necessary explicit Laplace transform
fot 1/Xds, t > 0. By studying equation (1.1), we wish to bring some light to this question.
For other topics of statical inference for stochastic processes, the reader can refer to the
excellent monograph [17].

The rest of this paper is organized as follows. In Sect. 2, we firstly prove the existence
of a unique strong positive solution of equation (1.1). After that, we derive the unique
stationary distribution and the exponential ergodicity of the solution. In Sect. 3, joint MLE
of parameter 6 = (a, )’ is deduced from the theory of semimartingale. We prove the strong
consistency and asymptotic normality in Sect. 4. In Sect. 5, we illustrate our results by

computer simulations.

2 Preliminaries

Let (2, F, (F¢)i=0, P) be a filtered probability space with the filtration (F;),>¢ satisfying the
usual conditions. Equation (1.1) will be considered in this probability space. Let (W;);>¢ in
equation (1.1) be a Wiener process. We assume that the jump process (J;):~0 in equation
(1.1) is a subordinator with zero drift. That is, its characteristic function takes the form

oo
E(e) = ¢ / (€% — 1)v(da), 2.1)
0
where v is the Lévy measure concentrated on (0, 00) satisfying

/w(z A 1)v(dz) < oo. (2.2)
0

We recall that a subordinator is an increasing Lévy process. For example, the Poisson pro-
cess, a-stable subordinators, and gamma subordinators are all of this type; for more de-
tails, see, e.g., Applebaum [18] p. 52—54. Moreover, we suppose that (W}):>o and (J;);>0 in
(1.1) are independent. Let N(dt, dz) be the random measure associated with the subordi-

nator (J;)ser, , that is,

Nt d2) =) 1,120 8waro)\dt d2),

u>0

where 8, is the Dirac measure at point p. Let N(dt,dz) := N(dt,dz) — v(dz) dt. Then, for
t € R,, we can write equation (1.1) as

t t [els]
Xt=x0+/ (a—bXS)Xsds+/ / rzv(dz) ds
0 o Jo
t t [e%e] -
+/ aXdes+/ / rzN (ds, dz). (2.3)
0 o Jo

The following assumptions are needed.

(A1) a,b,0,r€(0,00) and [y zv(dz) < oc.

(A2) [, 7%v(dz) < 0.
Throughout this paper, we write R, R,, and R,, for real numbers, nonnegative real num-
bers, and positive real numbers, respectively. The value of constant C with or without
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subscript may vary from line to line. First, we prove there is a unique strong positive so-
lution for equation (2.3).

Proposition 2.1 Assume that (A1) holds. Then, for any xy € R,,, there is a unique
strong solution (Xp)ier, of equation (2.3) such that PXo, = x) = 1 and
PX; eR,, forallt e R,) =1.

Proof Since the coefficients of equation (2.3) are locally Lipschitz continuous, for the given
initial value xy € R, ,, there is a unique solution X; on [0, t.), where t, is the explosion time.
In the following, we shall prove that the solution is nonexplosive and positive. The proof
below is divided into two steps.

Step 1: We show that the solution of (2.3) is nonexplosive. That is, 7, = 0o a.s. To this
end, let ko be a sufficiently large real number such that xy < ko. For each integer k > ko,
define the stopping time

Ty = inf{t €[0,t.): X; > k},
and we set inf{J} = co by invention. It is easy to see that t; is increasing as k — oo. Let

Too = liMg_, o Tk, then 1o < 7, a.s. If we can prove to, = 00 a.s., then 7, = oo a.s. Let T > 0
be arbitrary. For any 0 < < T, we have

ENTK ENTK [e'e}
Xing, = %0 + / (a—bX\)Xds + / / rzv(dz) ds
0 0 0

EATE ENT o0 N
+/ oXSdWS+/ / rzN(ds, dz).
0 0 0

Taking the expectation, we get

EATE o0 ENT
EXiag) = %0 + / / rzv(dz) ds + E(/ (a - bX,)X; ds)
0 0 0

[oe] t
<xg+ rT/ zv(dz) + a/ EXsnr,) ds.
0 0

By using Gronwall’s inequality

E(X7ag) < (xo + VT/OOo zv(dz))e“T <C.
On the other hand,

Pty < T)k = EX1ag Ling <)) < E(X7A7),s
therefore

Pz < T)k < C.
Putting k — oo yields

Pt <T)=0.



Zhao et al. Advances in Difference Equations (2018) 2018:148 Page 5 of 22

Since T is arbitrary, we get
Pty = 00) = 1.

Step 2: We show that the solution is positive. Let 7y := inf{z € [0, 00) : X; = 0}. Let ko be a
large enough number such that xo > 1/ko. For each integer k > ko, define the stopping time

7 == inf{£ € [0,00) : X, < 1/k}.

Similarly, if we can prove To, := limg_, oo Tx = 00 a.s., then we get 7y = 00 a.s., which implies
the positive solution. Let g(x) = x — logx, for any 0 < ¢ < T, by Itd’s formula

ATk
g(Xt/\fk) = g(x()) + Ag(XS) dS + MtA‘fk’
0

where
Ag(x) = —bx* + (a+ b)x + a + 0/2

+ r/o zv(dz) +/0 [logx—log(x + rz)]v(dz)

and M.z, is a local martingale defined by

AT 00 B
Mipz, = / / [rz +log X;_ —log(X,_ + rz)]N(ds, dz)
0 0
t/\fk
+ / (X, —1)dW,.
0

Note that (M;.z,)ser, is a true martingale and fooo [logx —log(x + rz)]v(dz) < 0. Therefore,
there exists a positive number C such that Af(x) < C for all x € R,, it follows

E(g(XTrz,)) < glxo) + C.
On the other hand,

E(g(X7rz,)) = P(T < T)(1/k +logk).
By taking k — oo and T — oo, we get

P(Too = 00) = 1.
The proof is complete. O
Remark 2.2 From the study of real ecosystems (see, e.g., [19]), it is known that the effects
of random fluctuations are proportional to the population size in the presence of mul-

tiplicative noise, while they are not proportional to the population size any more in the
presence of additive noise. For the latter case, strongly negative values of the noise can
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cause negative values of the population size. For our equation, there are in fact two types
of noise: one is the multiplicative Brownian noise and the other one is additive positive
jump noise. Due to the positivity of the additive noise, our equation has a unique positive
solution. Therefore, the phenomena stated above are not in contradiction with our result.

In the following, our aim is to show that under assumption (A1) equation (2.3) has a
unique stationary distribution. We need the following lemmas.

Lemma 2.3 Let assumption (A1) hold. Then there exists a constant C > 0 such that

sup E(X;) < C.

teRy

Proof Applying Itd’s formula, we have
t o0
E(e'X;) =0 + IEf é (Xs +aX, - bX? + r/ zv(dz)) ds.
0 0

It is easy to see that (@ + 1)x — bx® + rfooo zv(dz) has an upper bound for all x € R,. Hence
eE(X;) <x+C(ef - 1),

which implies the desired result. d

Lemma 2.4 Under assumption (A1), equation (2.3) has the Feller property.

Proof The proof is essentially the same as the proof of Lemma 3.2 of [7], so we omit the
proof. O

Based on the standard argument, we can obtain the following result from Lemma 2.3
and Lemma 2.4 (see, e.g., [7, 20]).

Proposition 2.5 Under assumption (A1), equation (2.3) has a unique stationary distribu-
tion.

Proposition 2.6 Under assumption (Al), equation (2.3) is exponentially ergodic.

Proof We define the Lyapunov function V(x) = x. Then
LV (x) = (a — bx)x + r/ zv(dz),
0

where L is the infinitesimal generator of the solution (X;);cr, . It is easy to see, for all x €
R,,, there exist two positive constants y and K such that

LV(x) +yV(x) = (a+y)x—bx* + r/oozv(dz) <K,
0

which satisfies the condition for exponential ergodicity in [21]. Then our desired result
follows from Theorem 6.1 of [21]. O
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Remark 2.7 The results above show that stationary property and exponential ergodicity
do not depend on the weight of the noise. These are different from the conditions needed

in [5, 6, 8], in which the results only hold under relatively small noise.
Here is a result we will use later to prove the existence of the likelihood function.

Proposition 2.8 Suppose that assumption (A1) holds, then
t
/ X?ds<oo as.
0

forteR,.

Proof From equation (2.3), for t € R, we have

b t t b [e’e)
X+ = / Xs2 ds = xo + / (aXS - —st + r/ zv(dz)) ds
2 Jo 0 2 0

t t [ee]
+/ aXdes+/ / rzN (ds, dz).
0 o Jo

By taking the expectation and noting that function ax — b/2x> + r fooo zv(dz) has an upper
bound, we obtain

t
]E/ XZds < xo + Ct,
0
which implies our result. d

3 Existence and uniqueness of MLE
In this section, we shall deduce our maximum likelihood estimation by using the semi-
martingale theory.

Let D := D(R,,R) be the space of cadlag functions (right-continuous with left limits)
from R, to R. We denote by (B;(ID));>0 the canonical filtration on D. That is, for the canon-
ical process n = (1;);>0 defined by

n:D>w— ot) eR.
Then

B;(D) := ﬂa(ns;s <t+e).

>0

Let B(D) be the smallest o-algebra containing (B:(ID));>o. We shall call (D, 5(D),
(B:(D))>0) the canonical space.

In this section, we denote by X = (X?),cg, the unique strong solution of equation (2.3)
with parameter @ = (a,b)’. Let P? be the probability measures induced by X? on the canon-

ical space and P! be the restriction probability measure of P’ on o -algebra B,(ID). We can
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write equation (2.3) in the form
t t 00
X =x0+ / (a—bX) X, dt + / / rzly,<1yv(dz) ds

t
/ O’Xt dVVt / / I’Zl{rz<1}N(dS, dZ)

/ / rz1{,.1)N (ds, dz).

This form is the so-called Grigelionis decomposition for a semimartingale (see, e.g., [22]
Theorem 2.1.2 and [23]). It follows that, under probability measure P?, (1,);cr, is a semi-
martingale with semimartingale characteristics (B?, C?, 1?), where

t [e%e)

Bf = / |:((,l - bns)ns + / }“Zl{rzfl}\)(dZ)i| dS, (31)

0 0

t
Cl = 02/ n?ds (3.2)
0
and

ul(dt,dz) = K (n,, dz) dt,

where K is a Borel kernel from R, to R,, given by

K(x,A) = /00 14(rxz)v(dz)
0

fort e R, and A € B(R,,).
In order to get the likelihood ratio process, we present the following result from [23],
see also [15, 24].

Lemma 3.1 Let ¥ be a parametric space. For ¥, € WV, let PV and PV be two proba-
bility measures on the canonical space (D, B(D), (B;(D));>0). We assume that, under these
two probability measures, the canonical process (1:)icr, is a semimartingale with char-
acteristics (BY,CY, V) and (BY,CV, "), respectively. We further assume that, for each
¢ € (W, V), there exists a nondecreasing, continuous, and adapted process (Ff’ )ter, With

Fg =0 and a predictable process (C?)t€R+ such that
t
C? = / c?dF? P’-as. foreveryt e R,.
0

This can be guaranteed by the condition

(B1) P?(u?({t} x R) = 0) = 1 for each ¢ € {1, ).
Let P be the predictable o -algebra on D x R, . We also assume that there exist a P @ B(R)-
measurable function VYV : D x R, x R — R,, and a predictable R-valued process BV
satisfying

(B2) wY(dt,dz) = VYV (t,2)uY (dt,dz),

(B3) [1 [o(/ V¥ (s,2) - 1)2u¥ (ds, dz) < o0,
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(B4) BY =By + [y BV dEY + [} [}, AV (5,2) — DY (ds, ),

(B5) fy el (B dFY < oo
PY-a.s. for every t € R,. Moreover, we assume that, for each ¢ € {,V}, local unique-
ness holds for the martingale problem on the canonical space corresponding to the triple
(B?,C?, u?) with the given initial value x,, and P? is the unique solution. Then, for any

T e Ry, ]P’]g is absolutely continuous with respect to ]P’g. The corresponding Randon—
Nikodym derivative is

dPGT Tw& cont _ L Tw Va2 gy
—~(n)=/ B i ——/ o/ (B!) dF;
dar’, 0 2 Jo
T 5 5
—/ /(V‘l'"/’(s,z)—l)uw(ds,dz)
0o JR

T ;
vy n
+/0 /H‘glog(\/ (s,z))N (ds, dz),

where (n°™)cr, is a continuous martingale part of (n;)icr, under PY and N is the random
jump measure of process (1:)cer, defined as

N"(@;dt, dz) = 1{an,(@)70) 5w an(w) (@ d2),
u
where 8, is the Dirac measure at p.
In the following, let 6 = (a,b)’, 6 = (a,b) € R?,.
Proposition 3.2 Let assumption (A1) hold, then for all T € R, ., we have
P4, ~ Pl
Moreover, under probability measure P, we have

dr 1 [T 1 -
log( “Lm)) = = —@)= —(b-b) ) dn™
og(dPQT (n)) =3 ((a B )) e

T ~
507 |, ((a—a)—(b-Dbyn,)’ ds,

where n°°™ denotes the continuous martingale part of n under probability measure P’

Proof The main task is to check the conditions in Lemma 3.1 and then to apply Lemma 3.1

to get our result. First, it is clear that u’ and ,ué do not depend on the unknown parameter.
Hence

P? (1” ({2} x R) = 0) = P* (1’ ({t} x R) =0) =P (0- v(R,,) = 0) = 1
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and V% = 1. Therefore, conditions (B1)—(B3) readily hold. From (3.1) and (3.2), we see
that, for t € R, ¢/ = o?n? with F/ =t and

~ t ~
BY ~B) - f ((a=bnon. — @By ds
0
L1 fa-a .
=f Cf—z( —(b—b))ds.
0 g Ns

By choosing g/ = (n— —(b-b)) fort € R,, we get (B4). Now we check (B5), that is, for

o2
teR,
! 5\ 2
]Pﬂ(/ <(BYY) ds<oo>:1.
0
Note that

t

t - ~
EPQ/ & fﬂ)zdsﬂfzﬂ,ﬁ/ iz(a-z;-(b—b)ns)zds
0 00O
t

§C(a,h,21,l;,az)Epe/ nszds

0

t
= C(a,b,Zz,l;,az)Ep/ X2 ds.

0

According to Proposition 2.8, we see that

t .
]E]Pu@/ < f’6)2d5<oo
0

for t € R,, which implies that (B5) holds. Finally, the local unique property of the corre-
sponding martingale problem comes from the fact that our equation has a unique strong
solution. Therefore, all the conditions of Lemma 3.1 are satisfied. For T € R, ,, by exchang-

ing the roles of 6 and 6, we obtain
PS ~ P%.
The proof is complete. d

In the following, our aim is to estimate the parameter based on the continuous time

observations of XT := (X;)o<;<7. Now, we set P’ as a fixed reference measure. Since

d(X°)°™ = o X! dw;

s

= dx? - (a-bX?)x? ds - rdJ,
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then under P we have

log<ﬁ(Xé)> _ L /T((a B LI 15)) [ax? — (a-bx?)X? ds - rdJ]
d]P)% o2 0 X9 s s s

S

T -
307 ), ((a—a) - (b-b)X?)* ds

[(u a)/ dX‘9 rd]s) - (b- b)/ dX9 - rd]s)
1 - 1 - T .5 T
- 5(gz -a*)T - E(b2 —bz)/o X7 ds + (ab—ab)/o des].

Next, we can define the log-likelihood function with respect to the dominated measure
P as

dp!
17(0;XT) = 6210 xT
( )ogdp()

t

Then the maximum likelihood estimator (MLE) O of the unknown parameter 6 is defined
as

f7 := arg max Ir(6;X7).
0eR2,

Proposition 3.3 If assumption (A1) holds, then for every T € R,,, there exists a unique
MLE 7 with the form

S x2ds [T 4 = (@dXs—r dfs) — I Xy ds [T (@dXs—rdJ)
éT _ Tfo X2 ds—(ff Xs ds)?
S xods [T 4 XS (@Xs=rdJ)-T [ (dXs=rdJs)
Tjo X2 ds—( /0 X ds)?

almost surely.

Proof By Holder’s inequality, we have

T 2 T 1/2 T 1727 2 T
(o) <(([[0)" ([ ) oo 0
0 0 0 0
and
T T 2
IP’(T/ st ds — (/ X ds) = O> = ]P’(XS = k,s € [0, T], for some number k).
0 0

From equation (1.1), we see that the constant solution is impossible. Hence,

T T 2
T/ des—(/ Xsds> >0 as.
0 0

It follows that (3.3) is well defined almost surely. Note that

Jo= Y A=Y AX/r.

0<s<t 0<s<t
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Hence, for t € [0, T, ], is a measurable function of X, which implies that (3.3) is a true

statistic. Next, we have

9, (e-XT)—/Ti(dX dj;) —aT b/TXd
aaT, _OXs s—rajs)—al + A s as,

P T T T
—lT(e;XT):—/ (dXs—rd]s)+a/ Xsds—b/ X ds.
ab 0 0 0

By direct calculation, we can get our desired result. 0

4 Asymptotic properties

In order to get the asymptotic properties of our estimator, we need the following result.

Proposition 4.1 Let assumptions (A1)—(A2) hold. Then, for any xo € R,,, there exists a

positive constant C such that

1 t
lim sup n / X2ds<C as.
0

teRy

Proof We follow the approach used in Lemma 4.1 of [4]. By the exponential martingale

inequality, we get

g a [t o, 2 1
Pl sup oX;dWs— — | o°X;ds)>—logk) < =
o0<t<k \Jo 2 Jo a k

where we choose « = b/(202). The well-known Borel-Cantelli lemma implies that for al-

most all w € Q, there is a random integer kj = ko(®) such that
t 2 t
/ oX;dW; < —logk + g/ oszzds
0 o 2 Jo
for all ¢ € [0, k], k > ko, almost surely. Substituting this to our equation (2.3), we have

2 t 3 o
X; <xp+ —logk + / (aXS - —bXS2 + rf zv(dz)> ds
o 0 4 0

t [oe]
+ / / rzN (ds, dz)
o Jo
for all £ € [0, k], k > ko, almost surely. Hence
b [t 2 4 b o
—/ X?ds < xo+ — 10g/<+/ <aXs -=X2+ r/ zv(dz)) ds
2 Jo o 0 4 0

t [ee]
+ / / rzN(ds, dz)
o Jo

2 t [ee] -
<xo+ —10gk+C1t+/ / rzN(ds, dz)
(07 0 0
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forallt € [0, k], k > ko, almost surely. Now, for almostall v € Q,letk > kpand k—1 < ¢ <k,

then
1 t 2 2 k [e%s) »
E/o XZds < & _l)b(x0+&10gk+C1k+/(; /(; er(ds,dz)).

Letting £ — oo and hence k — oo, we obtain

1 [t 2 1 [k o .
lim sup — / st ds < —| x0 + Cy + limsup — f / rzN(ds,dz) . (4.1)

t—00 k—o00

Under assumption (A2), note that ( fot fooo rzN (ds,dz))er, is a local martingale with
Meyer’s angle bracket process ( fot 15 rz*v(dz) ds)ser, and

lim
t—>00

< 0.

/fo rzvdz

(1+5)?

By using the strong law of large numbers for local martingales (Lemma A.1), we get

lim — /f erds dz) =
t—oo

almost surely. Hence, there exists a constant C; such that

1 k 00 5
lim sup X / / rzN(ds,dz) < C,
o Jo

k— 00

almost surely. Combining this with (4.1), we complete the proof. O

Corollary 4.2 Suppose that assumptions (A1)—(A2) hold. The invariant measure 7w has a
finite second moment, moreover

1 t [e%e)
lim — | X,ds= / yr(dy) a.s.
tJo 0

teRy

and

1 2 =
lim — X ds = y'r(dy) a.s.
teRy £ 0 0

Proof The proof of the first result is essentially the same as the proof of Theorem 4.2 in
[4], and the second is the same as the proof in [20]. So, we omit them. (]

In the following, we present the weak and strong consistency of our estimator.

Theorem 4.3 Under assumption (Al), the estimator or = (ar, l;T)’ of 0 = (a, b) admits the
weak consistency, i.e.,

AP
Or >0 asT — oo,
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where 5> denotes the convergence in probability. Under assumptions (A1)—(A2), the esti-

mator éT =(ar, Z)T)/ of 0 = (a, b) admits the strong consistency, i.e.,
éT—>0 a.s.as T — o0.
Proof We have

[ X2ds [,| dW, - [ Xds [, X;dW,

ar=a+
' T [y X2ds—(fy X,ds)?
T T T
I;T=b+ fo Xsdsfo dWS—TfO XstVs
TfoTst ds — (fOTXS ds)?
Note that
T T T T
Gr—a = fo stdsfo dVVs—fO Xsdsfo X, dW,
TfoTXs2 ds — (fOTXsds)2
_ R Xdsfaw, [ Xds [} X.dw;
TfoTst ds — (fOTXs ds)? TfOTXs2 ds — (fOTXs ds)?
= 11 —12,

Case 1: Under assumption (A1), for I;, we have

T
/ dW/S/T‘,
0

According to the strong law of large numbers for continuous local martingales

L] <

(Lemma A.2), we have

T
lim dW,/T =0 a.s.

T—o0 Jo

Then we obtain limr_, o I; = 0, a.s. For I, we have

[ Xods [ X, dW,

|| < =
r ) X2ds

I Xsds

Note (<

)T>0 is tight. Indeed, by Lemma 2.3, for M > 0, we have

T T
X, d EX,d
P(f" S>M)§M§£. (4.2)
T MT M

On the other hand, by Proposition 2.5 and Proposition 2.6, we have

[ X2ds

oo
. — 2
Tli)nolC T ‘/0 y°m(dy) >0,
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where 7 is the unique invariant measure. It follows that

T

lim X?ds=00 as.
T—o0 Jo

By Proposition 2.8, we also have
T
/ X?ds<oo as.
0

for each T > 0. Then, again by Lemma A.2, we get

[ Xoaw
lim =2 —* -0 as. (4.3)
T—00 fO XSZ ds

From (4.2) and (4.3), we get limy_ I, = 0 in probability. Therefore, we obtain
limy_  d7 = a in probability. Similarly, we can prove limr_, br=bin probability.
Case 2: Under assumptions (A1)—(A2). For I, we have

T
X2ds/T T
I = Jo X5 ds! f AW,/T.
0

[T X2ds/T - (f) X, ds/T)?
According to Corollary 4.2 and Lemma A.2, we have limr_, » /; = 0, a.s. For I, we have

- [ Xods [ X2dsiT? [ X, aw;
Jy X2dsIT ([, X dsIT)? [, X2ds

Again by Corollary 4.2 and Lemma A.2, we immediately get limr_, o I3 = 0, a.s. Therefore,
we obtain limy_, o, ar = a a.s. Similarly, we can prove lim7_, o lAaT = b a.s. We complete the
proof. 0

For simplicity of our notations, we denote 1 := f0°° yr(dy) and py := fooo y*m (dy). Now
we present the following asymptotic normality.

Theorem 4.4 Under assumptions (A1)—(A2). The estimator 1 of 0 is asymptotically nor-

mal, i.e.,
VT(br -0) 3 N(©, %)
as T — oo, where 2 denotes the convergence in distribution, © = AA" and

P (uzﬂﬁ /m/uz)

Cpe-pd\ 2w N/

By a random scaling, we also have

1 _IOT;{S ds
A D
VT 2 xayr TR ayre(f xedsm? | O =6) = N(O,])
JIT X2 dsiT VI X2 dsiT

as T — oo, where I is the identity matrix.
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Proof We write our estimator in the matrix form

Jo X2 ds Jo Xsds

T
oo | TR R (T X2 T x5 xede? Jo AW
o Xgds T _ foT X, dw,) "
T f X2ds-(J§ Xsds)? T [ X2 ds—(ff Xsds)?
Let

Jo AW

Mt = ¢ »
X,

then (M;):er, is a 2-dimensional continuous local martingale with M, = 0 a.s. and with

quadratic variation process

t _foth ds
[M]t: ¢ T 9 .
- Jo Xeds [y XZds
Let

_[(uvE 0
o= (" 0)

Then, by Corollary 4.2, we have

QML — ( 1

=¢¢ as.as T — oo,
n1 M2

where

§O_<1 0
N )

By applying Lemma (A.3), we get
1/~ TMr z (Z asT — oo, (4.4)

where Z is a 2-dimensional standard normal random vector. Note that, again by Corol-

lary 4.2,
fOTXSZ ds fOTXS ds
| S x2ds-(ff xgd92 T L X2ds—(ff X;ds)?
fOTXS ds T

T X2ds—(f§ Xsds)2 T Jf X2ds—(f X;ds)?

1
— 5 K2 a.s. T — oo. (4.5)
Ma—pg \p1 1
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Combining (4.4) with (4.5), by using Slutsky’s lemma, we have

VT (07 -0)
J x2 ds S Xsds
_rlr JEx2 ds—( Jo Xsd9 T [ X2ds—(fy X;ds2 | 1 My
./0 Xs ds T ﬁ

T (I x2ds—(f X;d9? T [ x2ds—(J] X, ds)?

p 1 2 pr\ 1 0

— 5 Z
Ma—py \p1 1 )\ e

1 <,U«2 + ;m/m) 7

-\ 2w Ji2

=AZ

as T — oco. We have proved the first result. Next, it is easy to see that

fTXS ds
1 —7 1 —i1 i
_ ZfOTXS ds/T fOT X2 ds/T+(fOTX5 asiTy?: | = _2u ;/.p—u% =A

N I x2asit vz V2

a.s. T — o0o. Again by Slutsky’s lemma, we have
1 _ fOTXS ds
T A
VT _2ff XsdsiT [ X2 dsiT+(f Xsds/T)? (Or -0)
JIE X2 dsiT JIE Xz asiT

D 41

—>ATAZ=27, asT — oo.
We finish the proof. O

5 Simulation results
In this section, we present some computer simulations. First, we apply Euler—Maruyama
method to illustrate the stationary solution of equation (1.1) under assumption (A1). We

consider the following two examples.

Examples 5.1 Leta=5,b=1,0 =1,r=1, and x = 10 for equation (1.1). Let (J;);>0 be a
Poisson process with intensity 1. Note that the Poisson process with intensity 1 is a subor-
dinator with Lévy measure v(dz) = §; (dz). It follows from Proposition 2.5 there is a unique
stationary distribution. We apply the Euler—-Maruyama method to perform a computer
simulation of 30,000 iterations of the single path of X; with initial value x, = 10, T = 30,
and step size A =0.001, which is shown in Fig. 1.

Examples 5.2 Leta=5,b=1,0 =1,r =1, and x¢ = 10 for equation (1.1). Let (J;);>0 be a

compound Poisson process with exponentially distributed jump size, namely

v(dz) = che 1,00 (2) dz.
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Figure 1 (Left) Computer simulation of 30,000 iterations of a single path X; of Example 5.1. (Right) The
histogram of the path
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Figure 2 (Left) Computer simulation of 2000 iterations of a single path X; of Example 5.2. (Right) The
histogram of the path

We set ¢ = 1 and A = 10. It is easy to see that v satisfies assumption (A1). Again by Proposi-
tion 2.5 there is a unique stationary distribution. We apply the Euler—Maruyama method
to perform a computer simulation of 2000 iterations of the single path of X, with initial

value xp = 10, T = 20, and step size A = 0.01, which is shown in Fig. 2.

From the simulation paths of Fig. 1 and Fig. 2, we can see their stationary trends. The dis-
tributions implied by their histograms can be seen as the approximations of the stationary
distributions.

Next, we exhibit the consistency of the MLE. It follows from Theorem 3.3 that our MLE

is

Jo X¢ds [ 3 (dXs-rdjs)- [y Xsds [} (@Xs—r dJs)
by = T [ X2 ds—(f X;ds)?
Jo Xsds [ 3 (dXs—rdfg)-T [ (dXs-rdJs)
T [ X2 ds—(f X;ds)?

(5.1)
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Table 1 Mean and standard deviation of the estimators

Parameters Ex.1 Ex.2
a-a b-b a-a b-b
Mean Stddev Mean Stddev Mean Stddev Mean Stddev

A=001 T=10 0.34571 1.07444 007110 021637 037412 101528 0.08287  0.21657
T=10> 003285 030957 000639 006176 004797 030105 001051 006318
T=10> 000469 009906 000082 001975 000384 009616 000091 001993

0 0

Figure 3 (Left) 3D histogram of 1000 Monte Carlo simulations of Br of Example 5.1 witha=1,b=7,0 =1,
r=1,T=10,and A =0.01 and xp = 10. (Right) The 3D histogram of 1000 random vectors from 2-dimensional
standard normal distribution

We perform 1000 Monte Carlo simulations of the sample paths generated by Example 5.1
and Example 5.2. The results are presented in Table 1. We see that the estimate errors
become small as the observation time increases. This is consistent with our theoretical
result.

Finally, we investigate the asymptotic distribution of the MLE in (5.1). That is, we will
focus on the distribution of the following statistic:

1 _ fOT X ds
T A
pr=~T 2 Xodsi T fL X2dsIT+(J X ds/T)> (Or ~0).
JIE X2 dsiT VAT X2 dsiT

We perform 1000 Monte Carlo simulations for Example 5.1 witha=1,b=7,0 =1,r=1,
T =10, and A =0.01 and x¢ = 10. The 3D histogram of the 1000 simulations is presented
in Fig. 3. By comparing the 3D histogram of the 1000 simulations to the 3D histogram of
standard normal distribution (Fig. 3), we can see the tendency of the joint normality. The
trend of normality of each element of the estimator 87 can be seen from Fig. 4, where the

histogram of each element is given.

6 Conclusions

In this paper, we consider a stochastic Lotka—Volterra model with both multiplicative
Brownian noises and additive jump noises. Some desired properties of the solution, such
as existence and uniqueness of positive strong solution, unique stationary distribution,
and exponential ergodicity, are proved. We also investigate the maximum likelihood es-
timation for the drift coefficients based on continuous time observations. The likelihood
function and explicit estimator are derived by using semimartingale theory, and then con-
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Figure 4 1000 Monte Carlo simulations of Example 5.1 witha=1,b=7,0 =1,r=1,T=10,and A =0.01
and xp = 10. (Left) The histogram of the first element of Br. (Right) The histogram of the second element of B

sistency and asymptotic normality of the estimator are proved. Finally, we give some com-
puter simulations, which are consistent with our theoretical results. The case with multi-

plicative jump noises will be the subject of future investigation.

Appendix: Limit theorems for local martingales
In this section, we recall some limit theorems for local martingales. The first one is a strong

law of large numbers for local martingales, e.g., [25].

Lemma A.1 Let (M;)er, be a one-dimensional local martingale vanishing at time t = 0.
Fort e R,, we define

¢ 1
om(t) == /0 m d(M),,

where ((M),)icr, is Meyer’s angle bracket process. Then
tlim oam(t) <00 a.s.

implies
t—00

M,
lim Tt =0 as.

The next result is a strong law of large numbers for continuous local martingales, see,
e.g., Lemma 17.4 of [26].

Lemma A.2 Let (M;)icr, be a one-dimensional square-integrable continuous local mar-
tingale vanishing at time t = 0. Let ([M];)ier, be the quadratic variation process of M such
that, for t € R,,

[M]; <00  a.s.
and

[M]; > 00 a.s. ast— oo.
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Then

. M
lim

=0 as.
t—00 [M]t

The last one is about the asymptotic behavior of continuous multivariate local martin-
gales, see Theorem 4.1 of [27].

Lemma A.3 Let (M;);cr, be a d-dimensional square-integrable continuous local martin-
gale vanishing at time t = 0. Suppose that there exists a function Q : R, — R*? sych that
Q(¢) is an invertible (non-random) matrix for all t € R, lim;_, o ||Q(¢)|| = 0 and

QWIMILQWT = ¢ ast— oo,

where ||Q(t)|| := sup{|Q(t)x| : x € RY, |x| = 1}, [M); is the quadratic variation process of M
and ¢ is a d x d random matrix. Then

Q(t)yM; 4 LZ ast— oo,

where Z is a d-dimensional standard normally distributed random vector independent of ¢ .
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