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1 Introduction

In this paper, we consider the following scalar reaction—diffusion equation:
Us = Uy + f (1), (1.1)

where f satisfies (4) f € C%([0,2]),£(0) = f(1) = 0,f(0) = f'(1) = 0, f'(s) > 0,f"(1 —5) < O for
small s > 0, and f () > 0 for u € (0,1).

From (A), it is easy to see that u = 0, = 1 are two constant equilibria of (1.1).

In practical applications, traveling wave solutions can well explain oscillations and finite
velocity propagation phenomena in nature. Thus, in recent years, the existence and the
stability of traveling wave solutions of (1.1) have been extensively studied by many schol-
ars, see [1-5] and the references therein. A traveling wave solution of (1.1) is a solution of
the form u(x, t) = ¢p(x + ct) satisfying

¢" —cd' +f(¢) =0,
$(-00) =0,  ¢(+00) =1,

(1.2)

where ' := %, z =x + ct and c is the wave speed. Moreover, a monotone and bounded trav-
eling wave solution is called a traveling front solution. In [3], Hou et al. investigated the
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existence, uniqueness, asymptotic behavior as well as the stability of the traveling front
solutions for (1.1).

However, it is not enough to understand the dynamical structure of solutions of
reaction—diffusion equations by only considering traveling front solutions. From the dy-
namical view, the study of entire solutions is essential for a full understanding of the tran-
sient dynamics and the structures of the global attractor as mentioned in [6]. For example,
the w-limit sets of bounded solutions of (1.1) and global attractor are comprised of entire
solutions as mentioned in [6, 7]. In recent years, the existence of entire solutions is widely

discussed. Firstly, when f satisfies
£'(0) >0, f'(1) <0, f(u) >0, f'(u) <f'(0), forallue(0,1), (1.3)

then (1.1) becomes the famous Fisher— KPP equation (monostable case). For this equation,
Hamel and Nadirashvili in [8] proved the existence of entire solutions by the comparison
theorem and super-sub estimates, which consists of traveling front solutions and solutions
to the diffusion-free equations. Moreover, they also pointed out that the entire solutions to
(1.1) depend only on t and traveling wave solutions are typical examples of entire solutions,
and they showed various entire solutions of (1.1) with (1.3) in their subsequent paper [9].
While for both f(0) < 0 and f'(1) < 0 (bistable case), Yagisita in [10] revealed that the
annihilation process is approximated by a backward global solution of (1.1), which is the
entire solution. We call this kind of entire solutions annihilating entire solutions, and in
the following, without special indication, we use entire solutions to represent annihilating
entire solutions for short. For Allen—Cahn equation

U = Uyy + U(l — u)(u — a),

with a € (0, 1), as a special example in [10], Fukao et al. in [11] gave a proof for the existence
of entire solutions by using the explicit expression of the traveling front and the compar-
ison theorem. Later, Guo and Morita in [12] extended the results in [8] and [10] to more
general cases including a discrete KPP equation by the super-sub solutions method and
the comparison theorem. At the same time, Chen and Guo in [13] proved the existence
of entire solutions by showing a different technique which used only one function to con-
struct a pair of deterministic super-sub solutions. Moreover, Chen et al. in [14] also used
the method in [13] to construct entire solutions based on standing waves. Furthermore,
in [6], Morita and Ninomiya constructed two kinds of merging entire solutions. Very re-
cently, Wang in [15] investigated the entire solutions for the degenerate Fisher equation
by considering two traveling front solutions with critical speeds. And Zhang et al. in [16]
dealt with the front-like entire solution of a classical nonlocal dispersal equation with ig-
nition nonlinearity, where the dispersal kernel function may not be symmetric.

However, little is known about the entire solutions of reaction—diffusion equations with
doubly degenerate nonlinearities. Thus, encouraged by [6, 12, 13, 15, 16], in this paper we
will investigate the entire solutions of (1.1) under assumption (A). Moreover, from [17] and
the references therein, we know that the doubly degenerate reaction—diffusion equations
usually mean that the diffusion term is assumed to be doubly degenerate. Here, from as-
sumption (A), we mainly focus on the reaction—diffusion equation with doubly degenerate

nonlinearity.
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The rest of this paper is arranged as follows. In Sect. 2, we show the existence and the
asymptotic behaviors of traveling front solutions of (1.1) and give some preparations that
will be used to construct the sup-sub solutions. An entire solution to (1.1) can be obtained
by considering two traveling front solutions with critical speeds that come from both sides
of the x-axis in Sect. 3. Finally, we apply our results to an example.

2 Preliminaries

In this section, we will give some relevant preparations in order to obtain the main con-
clusions later. First of all, we state the definitions of supersolution and subsolution of (1.1)
as follows.

Definition 2.1 Set Q:=R x [r, R] for some R > r. u(x, t) is called a subsolution of (1.1) in
Qif ulx, t) < ulx,t) ((x,t) € Q) for every solution of (1.1) defined in 2 such that u(x,r) <
u(x,7) (x € R). If u(x, ) is a subsolution of (1.1) in R x [r,—T7] for any r < — T, then u(x, )
is called a subsolution of (1.1) in R x [-00,-T1] for some T > 0. Similarly, we can define a
supersolution by reversing the inequalities.

Let F(u) = us — uy, — f (4). We notice that a bounded function u(x, £) is a subsolution of
(1.1) in R x (—o00,-T) (T > 0) if F(u) <O for (x,t) € R x (—o0,-T), while it is a superso-
lution if F(u) > 0.

From [3], we can obtain the following result, which shows the existence and the asymp-
totic behavior of traveling front solutions of (1.1).

Lemma 2.2 ([3]) Suppose that (A) holds, then there is a unique positive number c* such
that, for any ¢ > c*, (1.2) has a monotonically increasing solution ¢(z), while for ¢* > ¢ > 0,
there is no positive solution for (1.2). Moreover, the solutions of (1.2) have the following
asymptotic behaviors:

Be% + o(e€?) asz— —00, ifc=c*,
$(z) = { Ho(2z(1 + 0(1))) asz— —oo, ifc>c*, (2.1)
Hl(%z(1+0(1))) asz — +oo, ifc > c*,

where B > 0 is a constant, Hy = Fy', Fy = [ A

-1
o f(s),O < u < ugp for some small uy, Hy = F{*,F1 =

U ds 1
fm T <u< 1 and u; is close to 1.

By Lemma 2.2, it is obvious that there are positive constants 7; (i = 1,2), « and 5 such that

rie** < ¢(z) < re*, z<0, (2.2)
. 9'(2)
o " 23)

where o < ¢* and ¢(z) is the traveling front solution with critical speed. For simplicity of
statements, we denote c as ¢* in the following.

In order to establish the supersolution of (1.1), we should consider the following ordinary
differential problem:

p(t)=c+Me*?, t<0,
p(0) <0,

(2.4)
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where

(2.5)

Lr? er}
2nr

M>max{ ,

and L := max,ejoy |f” (#)]. From direct calculation, we can obtain the solution of (2.4) ex-
plicitly as

M(1 — et)

1
p(t)=ct—— ln{e"‘p(o) +
a c

}<0, t<0,
and

1 M
q= lim (p(t) - ct) = - m{eap(O) v }

[——-00
Moreover, there exists K > 0 so that for £ <0
0 <p(t) —ct — q < Ke™".

3 The existence of entire solutions
In this section, we discuss the existence of entire solutions of (1.1). Firstly, we construct

the supersolution.

Lemma 3.1 Assume that (A) holds, and let p(t) be the solution of (2.4). Then the function

i(x,1) = ¢ (x + p(2)) + (—x + p(t))
is a supersolution of (1.1) for t <0, where H(—x + p(t)) = p(=x + p(2)).

Proof For simplicity, we use ¢ and ¢ instead of ¢(x + p(t)) and ¢(—x + p(t)). Then we have

Fa)=¢'p +¢'p -¢"~¢" ~f(p+ )
= (@' +¢) (P —c)-f(®+ ) +f(9) +f(P)
= (¢ + ¢')[Me™ - G(x,1)), (3.1)

where

@ +6)-f(9) —f(<5)'

G(x, t) := 5o

Now we need to divide R into three parts to estimate G(x, £).
(i) For p < x < —p, then x + p < 0,—x + p < 0. Noting that £(0) = 0,f € C*([0,2]) and
¢,¢ € [0,1], we can get

1 1
£+ ) —f(@)—f(@) = ( fo £ +59) ds)& . < /0 f/(s<?>)ds>¢3 < 16§,
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Combining with (2.2) and (2.3), it follows that

z 2 2ap 2
Glot) < Loo - Lrse _ Lr;

_ = —= ¢, (3.2)
Conlg+) T 2Znrie? 2nr

(ii) For x < p, then x + p < 0,—x + p > 0. Now we can modify f'(«) for u € (1,2] so that
f'(u) <f'(0) =0 for u € (1,2). Noting hypothesis (A), it follows that there exists § € (0,1)
such that

f'w) <f'0), ue(l-42). (3.3)

Factually, (3.3) can be assured by translating ¢(z) along z-axis. In the following, we may
assume that

¢(z)>1-68 foranyz>0. (3.4)

Then it follows from (3.3) and (3.4) that
~ ~ 1 1
F@+ @) ~f@) 1) = ( | 50 ds)¢> - ( | 0 ds)¢>
0 0

1
<o /0 1F/(0) — £ (s6)] ds < Lg%,

Then

WL Inét in, 55

Gx, ¢ -
(x)§¢’+¢’§¢//¢_ nooom

(iii) For x > —p, then x + p > 0, —x + p < 0. Noting that G(x, ) = G(—«, t) and (3.5), we get
Gx,t) < LTrze"‘p. (3.6)
Then, combining (2.5), (3.1), (3.2), (3.5), and (3.6), we have
F(i) = (¢' +¢')[Me™ - G(x,2)] > 0.
The proof is complete. d

Theorem 3.1 Assume that (A) holds. Let ¢ and ¢ be traveling front solutions of (1.1) with
the critical speed c. Then, for arbitrarily given constants 01, 0,, there exists an entire solution
u(x, t) which satisfies

lim {sup|u(x, t) — ¢(x +ct +01)| + sup|u(x, £) — p(—x + ct + 6,)| } =0, (3.7)
i—>-00l4>0 x<0

lim sup|u(x, t)— 1| =0. (3.8)
t—+00 xeR

Moreover, if coa > N = maxyeoz) |f' ()|, then this entire solution is unique. Furthermore, this
solution satisfies
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(i) 2450 50 for all (x,t) € R x R;
(i) 1imy—s oo SUP,c(q,p) 8%, )| =0 with o, B € R and o < B;
(iii) Timyy— 00 SUP;es,00) [U(x, ) = 1] = O with S € R.
Proof Define
u(x,t) = max{g(x + ct + ), p(~x + ct + q)}.
It is obvious that

u(x,t) < u(x,t), (x1t)eR x(-o00,0].

Combining with the comparison principle, it yields that there exists a solution #(x, ¢) of
(1.1) which satisfies

ulx, t) < ux,t) < u(x,t), for(xt)eR x (-00,0].
Consider the following problem:

Up = Uy, +f(1), (x,2) €R x [0, +00),
u(x,0) = u(x,0), xeR.

(3.9)

It is easy to see that there is a unique solution u(x, £) of (3.9) which also satisfies u(x, ) <
u(x,t) <1 for any (x,£) € R x [0, +00). Let

u(x,t) = u(x,t) for (x,t) € R x (-00,0].
Then we can obtain an entire solution of (1.1) which satisfies
u(x, t) < ulx,t) <u(xt) for(xt)eR x (-00,0]
and
u(x,t) <ulx,t) <1 for (x,t) e R
Next we will prove (3.7). Firstly, we prove
tEI—noo[iggW(x' -l +ct+q)+ ilslg|u(x, t)— ¢(—x + ct+q)| ] =0. (3.10)

Then, for x > 0 and ¢ < 0, we can get

0 <ulx,t) —p(x+ct+q) <uxt)—Plx+ct+q)
<p(x+p®) + d(—x+p(t)) - P(x + ct +q)

< 1”7 4 sup|gp'(2)| (p(2) - ct - q)
zeR

<rpe?® + K sup|¢p’(z)[e*.
zeR
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For x < 0 and ¢ < 0, similarly, we obtain

0 < u(x,t) — p(—x + ct + q) < re?? + K sup|¢'(z) .
zeR

For any given 6, 6,, by choosing

91—02 91+¢92—2q
M: N T=——7,

2 2c

we can obtain the entire solution of (1.1) as z(x, £) = u(x + u, £ + 7).

Now we discuss the uniqueness. Set u; (x, ), us(x, t) be two entire solutions of (1.1). Sup-
pose that u; (x,t) > uy(x, £). Noting that max{u; (x,t), ua(x,£)} is a subsolution, there exists
an entire solution #(x, £) satisfying

max{ul(x, 1), us(x, t)} <iulxt) <ulxt) (t=<O0).

For any given (x,t),t <0, let T < ¢. Setting v(x, £) := u1(x, £) — ua(x, t), we have

1
Vi = Vg + <f f’(ug +s(uy — uz)) ds)v < Ve + Nv.
0

Then
eN(t—r) 0 (xy)?
vix, t) < ———— e W1 y(y,7)d
0= s [ FT00

eN(t—r) 00 N
= NG / eFvix-24t-12,7)dz.
Y4 —-00

Furthermore, from the above estimates it also follows that there exists D > 0 such that
v(x, t) < it(x,t) — max{¢(x + ct + q), p(—x +ct + ) <D™ (t<0).

Thus we can get
0 < v(x,t) < DeNtel@ N7,

Since 7 can be made arbitrarily small and co > N, we can obtain that v(x,¢) = 0 for x € R.
This completes the proof. O

Next we give another type of entire solutions. Suppose that ¢ (¢) is a solution of the fol-
lowing ordinary differential equation:

¢ =f(¢)+Ng, (3.11)
where N is defined in Theorem 3.1 and 0 < ¢ (¢) < 1.

Theorem 3.2 Assume that (A) holds. Define p(t) := poe’’, and let py > O satisfy

0<¢(t)-p(t) <RoeM (¢ <0),
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where R is a positive number. For given ci, ¢, > c*,v1, vy € R and positive constants k; (j =
1,2),R, and T, there exist monotone increasing functions p;(t) (j = 1,2) satisfying

|pj(t)—Cjt—V}‘| §Rlek7t (tS—T)
such that i (%,t) := x:p(x + p(t)) + xxd(—x + p(2)) + p(£) (i, k) = (1,0),(0,1), (1, 1)) are su-
persolutions for t € (—oo,—T], where x; =i (i = 0,1). Furthermore, for (x,t) € R x (—o0,-T],
there are entire solutions u;(x,t), (i,k) = (1,0),(0,1),(1,1) of (1.1) which satisfy

maX{Xi¢(x +ct+ 91)) Xkd;(_x +ct+ 92)1 C(t)} < uik(xr t) < mil’l{ljiik(x, t): 1} (312)
Proof We just need to prove that i (x, £) is a supersolution of (1.1). Now set

i(x,8) = (x + p()) + (~x + p(t)) + p().

Similarly, we can have that

Fa)=¢'p +¢'p +p' 0" -¢"~f(@++p)
=@+ ) —c)-flP+D+p)+f(@) +f(@) +p’
= (¢ + @ )Me”? — H(x,t) + p'(2),

where
H(x,t) =f($ + ¢ + p) —f($) —f ().
If x <0, we can get
H=f(@+¢+p)—f(@+p)—f(¢) +f(¢+p)~f(d)
I 1 I
_ (/ F@+o +s¢)ds)¢ - (/ f’(s¢>)ds>¢ ; (/ £@ +sp>ds>p
0 0 0
1
< ( [lro-res) ds)¢ +Np
0
<L¢*+Np.
Noting that p’ = Np and

2
Le* _Ln,,

¢+ T

then it follows that
F(ir) > (¢ + @) [Me™ — (Lra/n)e*?] > 0.

Similarly, we can prove that F(u#) > 0 if x > 0. That is, u(x,t) is a supersolution of (1.1).
The rest of the proof is similar to that of [8]. O
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4 Applications

For the double degenerated generalized Fisher-type equation,
U=y + X1 -u)?, p>1,q>1, (4.1)

where p and ¢q are not necessarily integers. Now we show the conclusion of the existence
of traveling wave front solutions of (4.1).

Lemma 4.1 ([4]) Ifp>1,q > 1, there exists c*(p, q) > 0 such that, for any ¢ > c*(p, q), there
are traveling front solutions ¢.(z) (z = x — ct) connecting u = 0 and u = 1 which satisfy

ez asz— +00, ifc=c*(p,q),
p@~y 1 o>
[gmlPT asz— +oo, ife>c*(p,q),
1-.(2) [ ‘ ]ql ife=c'(p.q)
—_ cZN N ’ asz%_oo’lczc ,q.
(g -1zl

It is easy to verify that f(u) = 4 (1 — u)? satisfy assumption (A) in Theorem 3.1. Thus we
have the following result for (4.1).

Theorem 4.1 Assume that p > 1,q > 1. Let ¢ and ¢ be traveling front solutions of (4.1)
with the minimum speed c. Then, for arbitrarily given constants 61, 60,, there exists an entire

solution u(x, t) which satisfies

lim {sup|u(x, t)—odx+ct+ 01)| + sup|u(x, ) —p(—x+ct+ 02)|} =0,
t=>-0 >0 x<0
lim sup|u(x,£) - 1| =0.

I—>+00 y R
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