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based on RBFNNS, the assumptions with respect to unmodeled dynamics are also
relaxed. This paper provides a new finite-time stability criterion, making the adaptive
tracking control scheme more suitable in the practice than traditional methods.
Combining RBFNNs and the backstepping technique, a novel adaptive controller is
designed. Under the presented controller, the desired system performance is realized
in finite time. Finally, a numerical example is presented to demonstrate the
effectiveness of the proposed control method.
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1 Introduction

In recent years, the adaptive control of nonlinear systems has achieved remarkable break-
throughs by combining with the backstepping technology [1-24]. Many of the technical
limitations in traditional adaptive control, such as matching condition and relative-degree
constraint, can be eliminated by an adaptive backstepping control scheme. Fuzzy logic
systems and neural networks (NNs) provide useful tools for designing control schemes of
uncertain nonlinear systems, because of their capability of nonlinear approximation [7,
25-52]. One of the breakthroughs in neural networks control is the introduction of adap-
tive algorithms for tuning the weighs of NNs [53]. However, the application of this method
is limited by the large computation. This phenomenon is due mainly to the fact that the
number of adaptive parameters is always affected by the nodes of the neural network. This
problem has been resolved by the adaptive control scheme proposed in [54] to a certain
extent. In [54], the key technique to relaxing the limitation lies in employing norms of un-
known neural weight vectors as the estimated parameters. It is also well known that the
applicability of the adaptive backstepping control method is limited by unmodeled dy-
namics existing in many practical nonlinear systems. Consequently, adaptive control for
nonlinear systems with unmodeled dynamics has been given widely attention in the past
several years [55, 56].
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Unmodeled dynamics are caused by many factors, such as measuring errors, model-
ing errors and uncertain perturbations. The traditional adaptive control methods are not
suitable in the presence of unmodeled dynamics. There are two possible ways to eliminate
the influence of unmodeled dynamics. The first way is to introduce a dynamics signal to
dominate the dynamics perturbation. In [57], K-filters and dynamic signal are introduced
to estimate the unmeasured states and deal with the dynamic uncertainties, respectively.
This method also was employed in nonlinear systems with fuzzy dead zone and dynamic
uncertainties based on fuzzy adaptive algorithm [58]. The second avenue is to make the
assumption with respect to unmodeled dynamics satisfying a lower triangular condition
[59, 60]. The control laws designed in [59] did not require an extra dynamic signal to prove
Lagrange stability. The same method was also employed in nonlinear systems with many
types of uncertainties, such as unknown dead-zone inputs, time-varying delay uncertain-
ties, unknown dynamic disturbances [60]. However, the control schemes proposed in the
above literature can only achieve desired system performance when the time tends to in-
finity. In practical engineering, it is necessary to ensure that the performance of the system
can be realized in finite time.

Finite-time control has received much attention because it can provide many benefits
such as strong robustness and better disturbance resistance capability [3, 4, 61]. The Lya-
punov theory of finite-time stability for nonlinear systems has been clearly established
by several authors [62, 63]. It is necessary to point out that the nonlinear functions in
these systems all meet the linear growth condition. However, in practice, the nonlinear
functions are often completely unknown for the constraints of the modeling method or
unknown dynamic disturbances. In this case, the linear growth condition might not be
satisfied. To eliminate this limitation, a new finite-time stability criterion was proposed in
[64]. However, the controller proposed in [64] cannot be applied to the nonlinear system
with unmodeled dynamics. In other words, there is still some room for improvement in
making the finite-time control scheme implemented more efficiently. These facts moti-
vate us to provide a new finite-time adaptive backstepping control scheme for uncertain
nonlinear system with unmodeled dynamics. In contrast with the existing literature, the
control scheme in this note offers the following benefits.

(1) The traditional adaptive neural or fuzzy control strategies can only guarantee the
system performance when time tends to infinity. These existing adaptive fuzzy control
methods are not suitable for the finite-time tracking control for uncertain nonlinear sys-
tem. Based on the Lyapunov theory of finite-time stability of nonlinear systems, this paper
constructs a neural network controller which can ensure the tracking performance of the
system in finite time. Therefore, to a certain extent, the control strategy proposed in this
paper is more meaningful than the control methods presented in [1, 2, 5, 56] in the prac-
tical application fields.

(2) During the design process of control scheme, the unmodeled dynamics are consid-
ered. Meanwhile, based on RBFNN, the assumptions with respect to unmodeled dynam-
ics are also relaxed. Moreover, in the presence of unknown dynamic disturbances and
unmodeled dynamics, finite-time control can provide many benefits such as strong ro-
bustness and better disturbance resistance capability.

(3) The classical stability criteria draw a conclusion on finite-time stability based on
inequality V < —ao V¥ with 4o >0 and 0 < p < 1. In contrast with the existing finite-time

control methods, the corresponding approximation errors in this paper will result in a
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positive constant dy appearing in the right side of the inequality V < —aoV*. These facts
motivate us to provide a novel criterion of finite-time stability, say V < —ao V¥ + dy with
dy > 0. With the new adaptive control scheme based on the novel criterion of finite-time
stability proposed in this article, the nonlinear functions can be completely unknown and
they are only required to be continuous. Consequently, in contrast with the existing finite-
time control methods in [62—64], the control method in this note is more adaptable to the
realistic systems.

The paper is organized as follows. The control problem of the nonlinear system with
unmodeled dynamics is formulated in Sect. 2. The main results are presented in Sect. 3,
where the adaptive neural networks controller is presented to achieve the control objec-
tive in finite time. Simulation results are presented in Sect. 4. The paper ends with the

conclusion in Sect. 5.

2 Preliminaries and problem formulation

2.1 System description

The nonlinear systems with unmodeled dynamics in this paper can be expressed as fol-
lows:

:S = @(t’-srzl)r

7'51' =Xi+1 +f;(561) +Pt(t’ va)r (1)

xn =Uu +ﬁl(x) +pn(t¢ er))

Yy =X

where ¥; = [x1,...,%;]7, f; denotes unknown smooth nonlinear function, « represents the
control input, z; = x; — y; and y,; denotes the desired trajectory. Unmodeled dynamics
are represented by s(¢) € R", while x = [x},%y,...,%,]T denotes part of the measured states.
pi(t,s,x) (i = 1,...,n) are the uncertain dynamic disturbances. In this paper, it is assumed
that p;(t, s, x) are unknown Lipschitz continuous functions.

In this article, the adaptive neural networks controller # is proposed, so that the control
performance can be guaranteed in finite time.

Definition 1 ([65]) The solution {z(¢),t > 0} of z = f(z, v) is semi-globally uniformly finite-
time bounded (SGUFB), if for all z(¢y) = zg € Qo (some compact set containing the origin),
there exist € > 0 and a settling time T'(¢,zp) < 00, such that ||z(¢)| <€, forall £ > £, + T.

Assumption 1 Assume that the desired trajectory y, = yS)) and its kth time derivative y;k)
(1 < k < n) are continuous and bounded.

Assumption 2 Consider $ = ¢(t,s,z;) and p;(¢,s,x) in (1). Suppose that:
« The equilibrium s = 0 of § = ¢(z,5,0) — ¢(£,0,0) is globally exponentially stable
equilibrium point, and there is a Lyapunov function V,(t,s) that satisfies

killsl* < Vy(t,5) < kallsll?, )
v, Vv, 5

— + — t,s,0) —(t,0,0)) < -k , 3
5.t as (¢(t,5,0) - ¢(£,0,0)) < —ksls]| 3)



Lv et al. Advances in Difference Equations (2018) 2018:159 Page 4 of 17

aV,
‘3—;" <kallsll, ()
|o(t0,0)| <ks, V=0, (5)

where ky, ko, k3, kq and ks are unknown positive constants.
o pandp; (i =1,...,n) satisfy the inequalities

|o(t,s,21) — 9(t,5,0) | < eopo(llz1l)s (6)
|pi(ts, )| < eion (i) +ellsllon), i=1,...,n, (7)

where ey and e; (i = 1,...,n) are unknown positive constants, po(||z1|]) € C; is
unknown continuous function, po(0) = 0, 0,1 (||%;|) and 0;»(%;) are unknown positive

continuous functions.

Remark1 Assumption 2 is similar to assumptions used in [59, 66]. However, in this article,
po, 0i1 and o, can be completely unknown. To a certain extent, the control method in this
note is more adaptable to realistic systems, in contrast with [59].

Lemma 1 ([67]) Fora, eR, j=1,...,M,0<0 <1, we have

M Q M M o
(Z|a,|) sZ|a,|@sM1Q(Z|a,|) : ®)
J=1 J=1 J=1

Lemma 2 ([68]) For ¥(xo, o) € R? and positive constants i, p, A, the following inequality

holds:

ol Iyol” < ——Alwol*? + —E—375 [yo |1+ ©)
Lemma 3 Counusider the system

z=f(z,v). (10)
Let V(z) € C* satisfy the inequality

V(z) < —coVP(z) +do, t>01(co>0,0<gp<1,dy>0), (11)

where ¢y, § and dy are constants. Then the solution of the nonlinear system z = f(z,v) is
semi-globally uniformly finite-time bounded (SGUFB).

Proof 1t follows from (11) that
V(z) < -CcoVP (@) - (1-C)coVP(2) +dy, VO< <1.

Let Q, = {z|V¥(z) < (lfig)co} and , = {z| V¥ (z) > (lio)co }.

Let z(¢) € Q,. Then we have

V(z) < ~¢coVP(2). (12)
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Therefore

T V(Z) T
/0 Vo) dt < —/0 Ccodt. (13)

Hence

VIPET)  VIPEO)

T. 14
I~ p —p {eo (14)

Let

1 - do (1-p)/e
T’z(l—mco[v (z(o))‘((l—oco) } 15

where z(0) denotes the initial value of z(¢). Then one has z; € Q, for VT > T,.If z, € Q,, z;

does not exceed the set €2,. In conclusion, the solution of the nonlinear system z = f(z, v)
is SGUEB. O

Remark 2 1t is difficult to achieve the asymptotic stability of the nonlinear system in the
presence of uncertain perturbations. The system performance we can expect to realize is
that the solution of the system is bounded in finite time and the bound can be sufficiently
small.

2.2 RBF neural networks

In the following design, the radial basis function neural networks (RBFNNs) will be uti-
lized to approximate the unknown function f(¢) defined on some compact set 2 € R?.
R(2) = [MRi(2), Ra(2), ..., Re(0)]T is the basis function vector and k7 = [k, hy, ..., b ]T de-
notes the weight vector. In this research, the following Gaussian basis function R;(¢) will
be utilized:

)\ (r — 4.
ﬂii(g)zexp[—@h)co#], i=1,2,...,k, (16)

where « is the neural networks node number, ¢; = [t;1, L2, ... Lip) T denotes the center of the

receptive field and w; represents the width of the Gaussian function.

Lemma 4 ([69]) Let f(¢) be a continuous function defined on a compact set Q2. Then, for
Ve > 0, there exists a neural network h*T W\ (¢) such that

F@) =HTRE) +€(0), 17)
where Ii* = arg minyege {sup; cq |f (¢) = FTR()|} and €(¢) <.

3 Adaptive tracking controller design and stability analysis

3.1 Controller design

In this section we propose a novel adaptive backstepping controller in which the uncertain
nonlinear function is approximated by RBFNNs.
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The controller design is based on the coordinate transformation as follows:

21 =X1 — Yd,
(18)
zk =%k —&k1, k=2,...,m,
where &;_; denotes an intermediate controller, which will be established later.
Before the design procedure, we define a positive constant as follows:
rk:”hlt 2, k=0,1,2,...,n. (19)

Obviously, 7x is an unknown positive constant because ||/ || is unknown. Define 7y as the
estimate of 1, and Ty = 7x — Tx. The control law is defined as

1 A T 1 2-1
u= —2—M%zntniﬁn N, — Ezn -1z, (20)
where [, >0, 0 < p < 1, 4, are design parameters.
The adaptive laws are designed as
o= K 20T 9 — g, (21)

= ZMIZ(

where g, (i and ¢ are positive constants.

3.2 Stability analysis

Theorem 1 Consider the uncertain nonlinear system with unmodeled dynamics (1). If the
state feedback controller is designed as (20) and the adaptive laws are designed as (21), then
all the signals in the system are SGUFB for any bounded initial conditions and the tracking
error converges to a small neighborhood of the origin.

Proof Step 1. Consider a Lyapunov function candidate

_ 1 1
Vo(t,s,21) = y_Vw(’f’S) + sz, (22)
0

where yy is a positive constant and V,,(¢,s) is given in Assumption 2. In the light of As-
sumption 2, the time derivative of V, (¢, s) along the solutions of (1) satisfies

. aV, aV,
V(t,s) = —2 + —Swgo(t,s,zl)

ot 9
v, 9V,
= 8_;) + 8—;)(go(t,s,z1) - ¢(t,s,0))

v, v,
+ a—s“’(go(t,s, 0) — ¢(t,0,0)) + 8—:’(¢;(t, 0,0))

< —kslIslI* + Kaks|Is|| + Kallslleopo(lz11).- (23)

According to Lemma 2, one has

1 /(3 2
—kaks|isl < ==|Is||* + —k2k? (24)
Yo e 8 Yoks 0
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and
kalls]| k3 2 999
e z —|Isl|* + ——kje z
” opo(llz1ll) < 8% [HE Yok 00 (1211)
ks 4,
=< 8 ”S” +l0()(|zll) 2k2k

Now, by substituting (23)—(25) into (22) we obtain

- 3ks 2
%m&mh&z;WW+——ﬁ@+£ﬂmD+ >

1
Yoks Vozk§

According to Assumption 2 and Lemma 2, we also obtain

2i-3.,2 2 2 2,2 2 4

Yo 2 04 Zi%i1 16 | %8
o212 2
o;1k3 28, 2 2

ks
| - 2z+1

|zl |p: lIsl|* +

and

i-1

J=1 J J=1

+Z 08,1 > 30]21+ﬂ,1e N ?134;
dx, ) 28 2 2 )

J=1

where «;; and B (i=1,2,...,n) are design parameters.
Now consider the Lyapunov function candidate V;

%)
.

= (t )+— + —
V V 38,2 4 .
1 @ 1 1 1 21

Differentiating (29) with respect to time and using (27)—(28) yield

. X 1. 1.
Vi=ziz1+ —V,-—1i7y
Yo q1
_ . 1. 1.
=Zl(x2 +f1(x1) +p1—yd) +—V¢——‘L’1T1
Yo q1

S VR
52122+21$1+21f1+|Zl||p1|—21yd+y—vw—q—T1T1
0 1

k ~ 1 1.
< ——3||s||2 + A1+ Ao+2z1f1 + —z% +z15 - —11 11,
2yo 2 74l

where
Ag = %ksz 2/(2 kA‘e0 + ,oo(llzlll),
A= ,31161 + “?16411
2 2’

2 2
211071 Yo Bod +—1p
2 2 12°1Y12 210"
2811 207, k3 ki

~ 1 X
fi=gatfi-ja+

1
k;feg + =z121.

& ks o e 227392(0-1) (022,08, \ *
a4 G P S 2irtyg > o2 K2 ox,
J

Page 7 of 17

(25)

(26)

(27)

(28)

(29)

(30)

(31)
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Obviously, fi is an unknown function because o3, 015 and f; are unknown. According to
Lemma 4, for Ve; > 0, there is a RBENN h*lTiﬁl such that

Fi =l TR () + e (),

|€1(X1)| =én (32)
where X1 = [¥,94,74]7. Based on Lemma 4 and (19), one has
zih = 2 R () + zie (X))
< Z—M%z%rﬁ)%{ml + %,u% + %z% + %8% (33)
Choose the virtual control signal as
£ = —ﬁzlflmfml - %zl —LhZ, (34)

where o and /; are design parameters. Substituting (21), (33) and (34) into (30) yields the
following:

1 1 1 ISV 2
Vi<——=|s|I>+ A1+ Ao+ =22+ —p? + >+ =117, — Lz, (35)
27 22t ot DA 1
Stepm (2 <m=<n-1).Let Vyy_1 = Viuy + 122, 72

Zq »_1» where g,,,_1 > 0 are design
parameters. Assuming that V,,,_; satisfies the following mequahty

le_

(36)
2 2 4
whereA,’:ﬂ”Ti+% (1<i<n).

Consider the Lyapunov function candidate

1 1 22
Vm—Vm1+22 +—‘L’

(37)
2qm

Establish the virtual control signal as

1 1
=5 b 52— ™
m

(38)

where g and /,, are design parameters. Differentiating &,,_; with respect to time yields

m-1 m—1
- 06, - 96,
Emo1 = ale(xJH +f](x,))+ Dm—1+Z !

’ 39
ox, P, (39)

J=1

= _ m-1,0&,_1 8%‘ 1
where 8,1 = 37 (5=t + ’7 L)),



Lv et al. Advances in Difference Equations (2018) 2018:159 Page 9 of 17

Differentiating V,,, with respect to time and using (39) yield

. . . 1,2
Vm = Vm—l t ZmZm — —— TmTm

m
L,
+ Zmbm — rmrm 5 Emen (40)
m
where

m-1 2 Im-3, 2
2 &m- L i O 2" 5
Jn= Zm +fon + Z x,+1 +f](x,)) + Byt + 5 Zm O

j=1 3%, 2:3 O‘mlks

Obviously, fm is an unknown function. According to Lemma 4, for Ve, > 0, there is a
RBFNN /I 9t,, such that

fm = h*z;lmm + em(Xm)r |6m(Xm)| = &m (41)
where X, = [xT, Sm,l,jzfim), ?m]T. Based on Lemma 4 and (19), one has

mem = th*;zmm(Xm) + Zin€m(Xon)

L o gt 1, 1, 1,
< mzmrmiﬁmﬂtm ot t St e (42)
where
- 1
34" =Dd 0],
ém = [fl:yfm]

Substituting (21), (38), (41) and (42) into (40) yields the following:

+ZA +Z( EREEAR i_’:

+ 52 Zl ZP. (43)
Step n. Consider the Lyapunov function candidate
1 1
Vi=Vu+ =22+ — 12, (44)
27" 2g, "

where g,,_1,4, > 0. Establish the control signal as (20).
Differentiating &, ; with respect to time yields

Ein = Z il (%01 +£,x))) + B + Z Yo “p (45)

jlax X,

a_ Non-l88, 8&1 (1)
where B,_; = ZFI( agjl + ay(;‘j)yd ).
d
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Differentiating V,, with respect to time and using (45) yield

Vn = Vn—l + Znén - _‘Enfn
n

1

+ZA + Zafo + Znth — — Tyt (46)
qn

where

A o i L
Ju=fa+ Z —— (%1 +£, (%)) + Bt

= ox,

2 2n-3,,2
29 27V 3 4
+ —5—5%2,0,5.
2[32 az k2 nn2
nl n1™3

Obviously, f,, is an unknown function. According to Lemma 4, for Ve, > 0, there is a
RBENN 7/*I9, such that

fn = h*gmn + En(Xn)y ’En(Xn)‘ <é&u (47)
where X, = [a'c,{,én_l,)'/g), £,]7. Based on Lemma 2, one has

Zr(ﬁ't = Znh*z;mn(Xn) + Znen(Xn)
1 1 1 1
< 53 27, RIN, + 21)2 + 223 + 285 (48)

n

Performing in the same way as in step m, one has

( u + 8) Zg_f & -1y 2, (49)
=1 ]

where ] = min; -y, .{/,}.
Nothing that 7, = t; — 7,, the following inequality holds for j = 1,...,n

v 2~
n,5t =01, TJ+TJ)—'71( J+TJTJ)

(50)

where a is a positive constant satisfying a > 3, l,and n, = %.
According to Lemma 1 and Lemma 2, we get

n &
A A A 1. k3
—2“1\””2—1223”—[(2 Tf) —2,,—3/0”5”2

J=1

(51)




Lv et al. Advances in Difference Equations (2018) 2018:159 Page 11 of 17

_1 -5 1 1 1 1 1
0 5 10 15 20 25 30
time(sec)
Figure 1 y and yy4
and
1 (a-1) 2 %/ 1\ Tp
N a— a =) -
[ p)(fp) (7) . (52)
q) 2a n,(2a-1) q;

From (49)—(52) we have

Vi <=6 V¥ +dy, (53)

where ¢g = —2%¢g, ¢g = mln{l p } and

do_ZA +Z< M,+ £)+ ; %VJZ

Jj=1

N

—) . 54
<q7) Gy

oo where ¢ is a constant which satisfies 0 < {5 < 1.

L
1-

2ap€
+Z(1 50)(17]2 —1))

Define a positive constant ¢y =
Let

(14“

1
" (1-9)doco

-
é”

[V, *(X(0) -5," ], (55)

r

where V,,(X(0)) represents the initial of V,,(X) with X = [x],&,_, 5/;”), %,17. Then according
to Lemma 3, the time to reach the set X(¢) € 2, is bounded as T, where ©, = {X| V¥ (X) <

- {0)60} Consequently, all signals in the resulting system are SGUEFB. d
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40 + ]

_60 1 1 1 1 1
0 5 10 15 20 25 30

time(sec)

Figure2 u

0.15 T T T T T

0.1

0.05

-0.05

_0-1 1 1 1 1 1
0 5 10 15 20 25 30

time(sec)

Figure 3 Unmodeled dynamic

4 Simulation example
In this section, an example will be used to expound our design scheme and verify the
results obtained.

The nonlinear system with unmodeled dynamics is given as

. L,.
§=—-5+ gxl sint,
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d 7o

T1 an

1 1 1

0 5 10 15 20 25 30
time(sec)

Figure 4 Adaptive parameters

15 T T T T T T T

-1.5 :
0 1 2 3 4 5 6 7 8 9 10
time(sec)
Figure 5 y and yy with o =0.99
o 2
X1 =% + 2%7 + p1,
(56)

7’(:2 =U+x1xX2 + po,

y:xl;

where s(¢) represents the unmodeled dynamics, p; = s*> + 0.5x;sint and p, = 5s% +

0.2 c0s(0.5x5,). The reference signal is chosen as y,; = sin(%t) +0.5 sin(%t).
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time(sec)

Figure 6 y and yy with g0 =0.8

15 1 1 1 1 1 1 1 1 1

time(sec)

Figure 7 y and yy with the controller in [29]

The intermediate control function, adaptive laws and control law are, respectively, cho-
sen as (20), (21), (34). The related simulation parameters are selected as p; = 0.3, py =
0.36, 1/, =0.1, [, = 0.1, p = 0.8, £; = 0.01 and &, = 0.05. Choose the initial conditions as
%1(0) = 0.6, x2(0) = 10, s(0) = 0, 71(0) = 1 and 7,(0) = 12. Gaussian basis function i, (X ) is
chosen as (16), where X; = [x1, ¥4, ¥]7 and X, = [x1, %2, €1, Y, Va, fl, %2] T The results of the

simulation are shown in Figs. 1, 2, 3, 4.
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In order to give some suggestions in choosing the design parameter g, we select o =
0.99, while the rest of parameters remain the same. Compared with the existing control
strategies, a previous adaptive fuzzy control scheme proposed in [29] is also utilized to
control this system with the above controller parameter. The simulation results are shown
in Figs. 5, 6, 7. From Figs. 5, 6, we see that the tracking errors converge to a small neigh-
borhood of the origin in finite time T, &~ 1.7 and T, = 2.2, respectively. It can be seen
from Figs. 5, 6, 7 that the control system with the developed finite-time adaptive neural
controller has a smaller tracking error.

5 Conclusion

In this paper, the issue of finite-time control for a class of uncertain nonlinearity systems
with unmodeled dynamics is investigated. During the design process of the adaptive NN
control scheme, the unmodeled dynamics are considered. The proposed adaptive NN con-
trol can guarantee that all the signals in the closed-loop system are semi-globally uniformly
finite-time bounded.
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