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Abstract

This paper presents of some new Wirtinger-type integral inequalities by using Bessel
functions. We establish one weighted Wirtinger inequality.
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1 Introduction
The Wirtinger inequality plays a very important role in the theory of approximation, the
theory of Sobolev’s spaces, the theory of function of several variables and functional anal-

ysis. In 1916. Wirtinger established an integral inequality.

Theorem 1.1 (Wirtinger inequality) Letf : R — R be a continuous periodic function with
period 2 and let f' € L2. Then, if foh f(x)dx =0 the following inequality holds:

2 2
fPwdx< | ) dx,
0 0

with equality if and only if f (x) = acosx + bsinx, where a and b are constants.

Theorem 1.2 Let f(x) be a smooth function with period 2r. Then, for all real t,

2w 9 t 2
/ [f(x) —flx+ t)] dx < 4sin® — / [ (x) dx. (1)
0 2 Jo

Equality is attained if and only if f(x) = acosx + bsinx + ¢, where a, b, ¢ are real constants

(for t = 0 equality holds always).

In [1], Beesack obtained the following generalization of the Wirtinger inequality: If k > 1,
f(x) € CX([0,7]), f(0) = O, then

o k_ b g
/0‘ (f’(x))Zk dx > @/; fzk(x) dx, k=>1. 2)

In [2], Hall proved the following theorem:

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-018-1634-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-018-1634-7&domain=pdf
mailto:tatjana.mirkovic@visokaskola.edu.rs

Mirkovi¢ Advances in Difference Equations (2018) 2018:206 Page 2 of 5

Theorem 1.3 Suppose that k € N, f(x) € C2[0,7] and f(0) = f(r) = 0. Let H(u) be an even
function, increasing and strictly convex on R*, and such that H(0) = H'(0) = 0; moreover,
uH"(u) — 0 as u — 0. Then we have

/ i H(F (®)/f @) (%) > (2k — 1)A / i f*@)dx, A= r(k,H), 3)
0 0
where ) = Mk, H) is determined by the equation

> G'(u) du o
fo G ki u km Gl)=uH @) - Hw). @

For each non-negative constant p, the associated Bessel equation is

dy  dy

2 2_ 2

X == +x— + (2" — =0. 5

proRt oyl Gl BV ()
Since Bessel’s differential equation is a second-order equation, there must be two linearly

independent solutions, which are called Bessel functions. These functions play important

roles in many areas of applied mathematics (see [3, 4]). Typically the general solution is

given as
¥ =ai),(x) + a2 Y,(x),

where a; and a, are arbitrary constants.

Special functions /,(x) are Bessel functions of the first kind, which are finite at x = 0 for
all real values of p, and Y, (x) are Bessel functions of the second kind, which are singular
atx =0.

The Bessel function of the first kind of order p can be determined using an infinite power

series expansion as follows: J,(x) = Y ;% ﬁfjﬂ)(g)”ﬂ’ .Since I'(k + 1) = k!, it follows that
+00 (_1)]( x 2k+p

= —— () . 6

Jp®) kXO: Kitk + p)\ 2 ©

For integer order p, functions J, and J_, are not linearly independent, J_, = (-1)J,. In
contrast, for non-integer orders, J, and J_, are linearly independent.

The most important Bessel functions are Jo(x) and J; (x). For p = —% and p = %, this func-
tions expansion as follows:

Jn(x) =/ 2 cos &, (7)
TX
2
Ji2(x) =/ — sinx. (8)
TX

2 Main results
Theorem 2.1 Let f' € L?! on [0,7], with f(0) = f(r) = 0. Then the following inequality
holds:

T ok 1 T 2k< z (l ) )Zk "k
/Of (x)dxfzk_l<2> /o Jo 2kcost costdt /Of (x) dx. 9)
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. §)2r . (% cost
Proof Since J,(z) = (£)" Y% (—1)’%, it follows that Jo(3 cos£) = /% (-1) 2k(r§2

z 71 cost\2r
/0 ]o(—cost)costdt:/ Z(— ) (5 ‘2)2 costdt

2r 2 2r+1
Z ( W /. COS tdt.

ps
Using the integration by parts formula on the integral I,,1 = [, 0052”1 tdt and the fact

that fo”/z costdt = 1, we obtained the recurrence relation Iy, = 52151, which implies

I @) (@enn? _ @m?
2+l = e T @e1)! . @2rD)1”

The above equality becomes

T I g fiad (27r1)?
— t tdt = -1)
/0 ]‘)(2k cos )COS ZO:( ) R @r e 1)

(lk)2r+1 2/( T

Z( o ;SmZ_k’

2r+ 1

which implies

w5 () () 0(Geeose)eoear)”
sm- — =\ — — COS COS .
2%\ 2k o °

By (2) it follows that

/ ka(x) dx
0
1 2k z 2k pm
< ﬁkzk;kzk </0 ’ ]0(211( cos t) cos tdt) /0 £ (x) dx,
/ F(x) dax
0

1 %, a7 % px
Eﬁ(%) </02]0(;T—kcost)costdt> /Of'zk(x)dx. 0

Theorem 2.2 Iff’ € L** is absolutely continuous on [0,7], with f(0) = f (1) = O then

" ok < n? "o 2(k-1)
| f (x)dx_2k+1C(k) | fEw)f (%) dx, (10)

T kK
where C(k) := M.

‘[02 xk+1]12;(2+1 (x) dx

Proof Starting with the right side of (10), we obtain

2 C(k)/ﬂf/z(xyz(k‘l)(x) dx
1

w2 Kw)dx 7,
Tok+1 fo lz/kZ | / SR d
foz Xy (x) da o
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2k fo% (2% sin®* x dx .
- = | e as
(2k +1) [o7 k() 2 )%+t sin?**! x dx J0

k T 2k
= 7 z f02 sin™ xdx /ﬂfIZ(fo(k—l)(x) dx.
2k+1V 2 2 sinZk+ x g Jo

. % . F(p+l)r(q+1 7_

Since [y? sin” xcos?xdx = m for p = 2k and g = 0, we get [;* sin* xdx =
rhrt) 2kl D(3)C(k+1)
W Forp 2k+1andq Owegetf2 * xdx:W.

By integrating by parts, we obtain I'(%) = 22,32:\/— r(%:2) = 22212111; /7, and since

(3) = /7, Dk + 1) = k!, it follows

w2k ngz%(k' ’ (k=
1 23 (2K)DX(2Kk + 1) 22k
=2k+1(\/:) (kKR /f A

1 = 2%k+3 (2k — , Y e
:2k+1( 5) ( k(k?) )l /f @) 25V (x) d.

If in (4) we put H(u) = u?, G(u) = u?, then (6) gives A = m, 50 (3) becomes

" p2ke-) 17 o
/of w)f 1(x)dxzk2/0 [ (x) dx,

which implies

2k+% 2% 1
2k+1 /f’zfokl()dx>(\/Z) ((k(k')l)> /fzk()

Since (\/? 2’”2 >1and (& k(k, 1251, inequality (10) is established. O

Theorem 2.3 Let f(x) be a smooth function with period 25 . Then, for all real t,

2 2
/0 [f(x)—f(x+t)]2dx§tn]lz/z(%) i f2(x) dx. (11)

Equality is attained if and only if f (x) = A cosx + Bsinx + C, where A, B, C are real constants
(for t = 0 equality holds always).

Proof From the equation J2(¢) = 2 fo Jon(2t cosx) dx, for n = %, the right side of (11) be-
comes

z 27
2t/2]1(tcosx) dx f(x) dx
0 0

T (=D [tcosx\ ! 2
=2t _ d 2(x) d.
/(; HX_(;VI!(VI+1)!< 2 ) * 0 S ) dx
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2 — (_1)n L 2l % 2n+1 d o 12 d
= t;—n!(n+1)!<§) /0 cos™ x xfo f(x) dx

Y i (_l)n t2n+1 22nn|n| 27
n(n+1)12-22" 2n+1)! J,

f(x) dx
+too ( l)nn|t2n+1 2 )
A St ot 2(x) d
Z (n+ 1Dn!(2n + 1)! / S &) dx
+00 2 1
Z ( l)nt n+ /< f/2
(n+1)2n+1)!
t £ £ t
t| —— + - +
1 2.3 3.5! 4.7

2
. } f(x) dx
0

282 4t 610 88 1010 e
=t| — - + - + - f f(x) dx
20t 2.4t 3.6t 4-8% 5-100 o

2 ts £10 2
tl———+—-— - f(x)dx
2 A e 8% 101 o

2n

+00 t 2T
_ _1\n+l 12
=2t ,?Zl (-1) —t(2n)! \ fe(x)dx

+00 ; t2n 2 "
=t 1_;(—1) @) | F2(x) dx

2 t 2
=2(1-cost) [ f™(x)dx = 4sin? 3 [ (x) dx.
0 0
Equation (1) implies the desired inequality (11).
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