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Abstract

In the paper, we are concerned with the existence and the exponential asymptotic
behavior of traveling waves for the delayed Volterra-type cooperative system with
nonguasimonotone condition
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modeling the variation of the populations. Here, the major contribution to population
model is the introduction of population self-regulation depending on not only the
populations at time t, but also on the earlier population time t — 7; (i=1,3). By
constructing a pair of suitable upper and lower solutions we obtain the existence of
traveling wave fronts connecting the trivial equilibrium and the positive equilibrium,
which indicates that there is a transition zone moving the steady state with no species
to the steady state with the coexistence of two species. Furthermore, with the help of
lkehara's theorem, the exponential asymptotic behavior of traveling wave front is
exactly derived for this system without quasi-monotone conditions. The results are
not only an extension of existing results for the known logistic or cooperative system,
but also can extend another type of delayed logistic equation with spatial diffusion
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T D ) +rulx, [ 1 - aulx, 1) - bulx,t - )].
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1 Introduction

The first model of interacting populations to be considered is a classical one, usually
associated with the names of Lotka and Volterra. One of the simplest models of the dy-
namics of two interacting mutualistic species was in the form of an autonomous system
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of ordinary differential equations with quadratic nonlinearities,

298 iy (8)[1 - brua (8) + c1ua(8)), 1)
40 — ryus (O)[1 = bour(£) + o ()],

where b;, ¢;, r; (i = 1,2) are positive constants, u;, i = 1,2, are the numbers of individuals of
species i, K; = bli, i = 1,2, are the carrying capacities of species i, r;, i = 1,2, are the intrinsic
rates of increase of species i, ¢1(c;) measures the rate at which an individual of uy(u;)
benefits the growth rate of population u; (). We refer to [1, 20, 26, 30, 42] for the details.

Time delays in the growth dynamics of a population or of several interacting species can
arise from a great variety of causes and are undoubtedly always present to some extent;
see [3, 18, 37, 42]. Certainly, the most famous example is the familiar Volterra-type logistic

equation with infinite time delay

du(t)
dt

= u(t) |:b —au(t) — d/t u(s)k(t —s) ds], (1.2)

which means that the growth rates at time ¢ are effected by population sizes at (possibly all)
previous times s < ¢ distributed (or weighted) in the past by the delay kernel k(s), where a,
b, d are positive constants. Cushing [3] investigated the asymptotic behavior (as £ — +00)
of solutions or, more specifically, of topics such as the stability or instability of equilibria
and the oscillatory nature of solutions. Seifert [29] obtained asymptotic behavior results
by using different methods for a particular case of (1.2)

dz(tt) = u(t)[b - aut) — dut ~ 1)), (13)

which arises in models for the variation of the population of species where the death rate
depends on not only the population at time ¢, but also on the population one unit of earlier
time. Gopalsamy [7] also studied the asymptotic behavior (as £ — +00) of solutions for a
logistic equation with two delays

du(t)
dt

= u(t)[b —au(t—11) —du(t — rz)], (1.4)

where 11, 75 are positive constants.

To specify an interacting species model, the spatial dispersal interactions often cannot
be neglected (see [1, 26]). The theory of traveling wave solutions for the system with spa-
tial dispersal is one of the fast developing areas of modern mathematics. Traveling wave
solutions are solutions of special type. They can be usually characterized as the solutions
invariant with respect to the translation in space. The most frequently used model for
studying the spread of a single population in a homogenous environment is the Fisher
equation

u(x, t) 0%u(x, t)
=D +
ot 0x2

ru(x, t)[1 - au(x, 1)), (1.5)

introduced by Fisher [5], where a,r, D are positive constants. Fisher found that (1.5) has
a traveling wave solution u(x, t) = ¢(x + ct) with speed ¢ > 2+/Dr. We refer to [17, 26, 34]
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for more detail. In the case where there are more than one species, we can incorporate
the interaction between the species to obtain the so-called Lotka—Volterra-type diffusive
model. The interaction can be either competitive or cooperative. Some related problems
on traveling wave solutions for the Lotka—Volterra competitive system with spatial diffu-

sion

2
dmbed) _ p, Tnlsl) riu (%, 0)[1 — ayu (%, £) — brua(x, 2)],

R )
Au (x,t) 82 uy (x,t) (16)
2= =Dy =2 + raun(x, 1) [1 - axun(x, £) — baun (%, )],

were investigated in [8-10, 14-16, 31, 33] and the references therein, where a;, b;,r;, D;
(i = 1,2) are positive constants. For the Lotka—Volterra competitive system with delays
and spatial diffusion, the existence of traveling wave solutions was also admitted in [4,
21, 22, 25, 40]. Huang and Zou [12] naturally considered the system with two mutualistic

species

duq (x,t) -D Bzul(x,t)

at oy riun(x 0)[1 = b (6t — 1) + ciun(x, £ = 1)),

dup (1) 92ua(x,t) (1.7)
20 = Dy =2+ raun (6, 1) [1 = baua (x, £ — T3) + ot (%, £ — T)],

where a;, b;, i, D; (i = 1,2) and 7; (j = 1,2,3,4) are positive constants. By using the tech-
nique developed by Wu and Zou [38], they obtained that, for every ¢ > 2max{+/D1ry,
+/Dar3}, (1.7) has a monotone traveling wave solution (i.e., a traveling wave front), which
connects (0,0) to

( b2 + C bl + Cy
blbz - 61C2, blbz —C1Cp ’

provided that 7; and t3 are sufficiently small and b,b; > ¢ ¢,.

Motivated by the works mentioned, we consider the revised delayed Volterra-type co-
operative system with spatial diffusion

2
dunbsl) _ ) Cenlul) ru (X, 0)[1 — ayui(x, ) — brui (x, £ — 71) + crua(x, £ — 1)),

ar Ul a2
dup(x,t) 929 (x,0)
257 = Dy ZEE 4 oty (%, 1) [1 = aquan (x, 1) — byt (x, £ — T3) + Coua (%, £ — 7)),

(1.8)

where7;>0,a;>0,b;>0,¢;>0,i=1,2,7;>0,j=1,2,3,4. Here, the major contribution to
population modeling is the introduction of population self-regulation depending not only
on the population at time ¢, but also on the population at earlier time ¢ — 7; (i = 1, 3). Thus,
it is a very interesting and important mathematical problem to investigate its dynamics
on traveling wave solutions. In this paper, we mainly study the existence and exponential
asymptotic behavior of traveling wave fronts for (1.8).

To obtain the existence of traveling wave fronts connecting the trivial equilibrium (0, 0)
to the positive equilibrium

( as+ by + ¢ ar+bi+c )
( b

ay +bi)(as + by) - 6162’ (a1 + b1)(as + b)) — cicn

we still adopt the theory in [13, 38] by constructing a pair of suitable upper and lower solu-
tions. We notice that the result is an extension of the existing results for the known logistic
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or cooperative system. For example, letting a; = a; = 0, (1.8) reduces to system (1.7) inves-
tigated by Huang and Zou [12]. Especially, taking ¢; = ¢; = 0, (1.8) can be decoupled into
another type of two delayed logistic scaler equations with spatial diffusion

dulx,t) b 0%u(x,t)

o o2 + ru(x, t)[l —au(x, t) — bu(x, t — r)], (1.9)

wherea >0,b>0,D>0,r >0, t >0. It is obvious that (1.9) reduces to (1.5) by choosing
the parameter b = 0 or 7 = 0. Taking the parameter a = 0, (1.9) reduces to the delayed
logistic equation

du(x, t) 0%u(x, t)
=D +
ot 0x?

ru(x, t)[l —bu(x, t - r)], (1.10)

which was widely studied in [6, 19, 28, 38].

To our knowledge, the exponential asymptotic behavior at negative infinity of traveling
wave fronts for (1.7) cannot be obtained by construction of the upper and lower solutions;
see [12]. Notice that the exponential asymptotic behavior of traveling wave fronts for kinds
of equations with quasimonotone conditions is widely investigated (see [2, 11, 35, 39,
41]). For a nonquasimonotone equation, Pan [28] obtained the exponential asymptotic
behavior at negative infinity of traveling wave fronts. However, for nonquasimonotone
systems, the exponential asymptotic behavior of traveling wave fronts is still open. In this
paper, we also answer this problem for system (1.9) with the help of Ikehara’s theorem.

The rest of our paper is organized as follow. Section 2 is devoted to recalling a known
abstract result. In Sect. 3, we establish the existence of traveling wave fronts for (1.8) by
applying a known result. In Sect. 4, we investigate the exponential asymptotic behavior at

negative infinity of any traveling wave fronts for (1.7)—(1.9).

2 An abstract theory

In the remainder of this paper, we use the usual notation for the standard ordering in R”,
that is, for u = (uy,...,u,)  andv=(v1,...,v,)", wedenote u < vifu; <v;,i=1,2,...,n,
and u < v if u < v but u # v. In particular, if # < v, then we denote (u,v] = {we R": u <
w=<v}[uv)={weR":u<w<v},and [u,v] = {w e R" : u < w < v}. Let | - | denote the
Euclidean norm in R” and || - || denote the supremum norm in C([-7,0], R").

We first consider the following reaction—diffusion system with time delay:

u(x, t) D 9%u(x, t) .

5 ™ S (), (2.1)

where t > 0, x € R, u € R", D = diag(D;,D»,...,D,) with D; >0 (i = 1,...,n), f:
C([-7,0];R") — R” is continuous, and u,(x) is parameterized in C([-7,0; R”) by x € R
and given by

u;(x)(0) = u(x,t +0), 6e[-1,0].
A traveling wave solution of (2.1) is a special translation invariant solution of the form

u(x, ) = ¢(x + ct). Here ¢ € C*(R,R") is the wave profile that propagates through the one-
dimensional spatial domain at constant velocity ¢ > 0. Substituting ¢(x + ct) into (2.1) and
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letting & = x + ct, we have the corresponding wave profile equation

D¢"(&) —cp'(§) + fe(¢pe) =0 for& eR, (2.2)

where f; : X, = C([-c7,0];R") — R”" is defined by

f@) =f(#°),  ¢(s)=¢lcs), se[-7,0].

If (2.2) has a monotone solution ¢ defined on R for ¢ > 0 and the limits
Slim P(E) =0, slim ¢(E)=K (2.3)

exist, where 0 := (0,...,0) and K := (ky,...,k,) are two equilibria, then u(x, f) = ¢(x + ct)
is called a traveling wave front of (2.1) with wave speed c. Therefore, (1.8) has a traveling
wave front if and only if (2.2) has a solution on R satisfying the asymptotic boundary
condition (2.3).

To tackle the existence of traveling wave fronts of (1.8), suppose that the reaction term f
satisfies the following exponential quasimonotonicity condition:

(QM*) There exists a matrix 8 = diag(84, ..., B,) with 8; >0, i=1,...,n, such that

f(@) —fW) + B[¢(0)—v(0)] =0

for ¢ == (¢1,...,Pn), ¥ = (Y1,..., ¥u) € X = C([~7,0[; R") with (i) 0 < ¥(s) < ¢(s) <K for
s € [-1,0], (ii) e’*[¢(s) — ¥ (s)] is nondecreasing in s € [-7,0], that is, e/*(¢;(s) — V(s)) is
nondecreasing in s € [-7,0],i=1,2,...,n.
To state a known result, we introduce the following hypotheses:
(H1) £ 0) = f (K) = 0 with 0 < K, where, for any u € R”, & denotes the constant value
function on [-t, 0] taking the value u.
(H2) There is a constant L > 0 such that

If(@)—f()| <Ll - vl

for ¢, ¥ € C([-1,0],R") with 0 < ¢(s), ¥ (s) <K, s € [-7,0].
Now we define upper and lower solutions for (2.2).

Definition 2.1 A continuous function ¢ : R — R” is called an upper solution of (2.2) if
¢’ and ¢” exist almost everywhere (a.e.) in R, they are essentially bounded on R, and the
following inequality holds:

D¢"(£) —cd'(€) + () <0 ae.inR. (2.4)

A lower solution of (2.2) is defined in a similar way by reversing the inequality in (2.4).

In what follows, we assume that (2.2) has an upper solution ® and a lower solution ®
satisfying the following hypotheses:
(P1) 0 <®(§) < @(¢) < Kand sup,_; (1) < D(§) for § € R;
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(P2) f(ir) #0 for it € (0, infrcr ®(£)] U [sup; . P(£), K);
(P3) e5[® (&) — ®(£)] are nondecreasing in & € R.
Define

Ciox (R, R") = {¢: ¢ € C(R,R")|0 < ¢ < K]}
and the profile set

(i) @) < ®(£) < ®(£) and is nondecreasing
in£ eR.

_ (i) e [PE) - @], [@() - ()]

(@, ®) = { P € Cpox(R,R") :

are nondecreasing in £ € R.

(iii) e?* [@(& +5) — D(§)] is nondecreasing in

& e R for every s > 0.
Now we recall the following result in [13].

Theorem 2.1 Assume that (H1)—(H2) and (QM*) hold. If (2.2) has an upper solution
(&) in T*(D, ®) and a lower solution D (€) (which is not necessarily in T'*(®, ®)) satisfying
hypotheses (P1)—(P3), then (2.2)—(2.3) have a solution ® € T*(®, @), that is, (2.1) has a
traveling wave front ®(&) satisfying ®(—o0) = 0 and d(+00) = K.

Remark 2.1 According to the proofin [23, 27], we can obtain that the traveling wave front
® (&) satisfies P(€) < (&) < D(&) forall £ e R.

3 Existence of traveling wave fronts
Assume that (a; + by)(ay + by) — c1¢3 > 0, (1.8) has four equilibria: (0, 0), (0, ——-), (=, 0),

’ a2+b2 al +h1 ’
and

(ky, ky) = (

as + by + 1 ar+b+c )
(a1 + b1)(ay + by) — 01C2, (a1 + b1)(ay + by) — cic2 ’

We are mainly interested in the existence of traveling wave fronts connecting the trivial
equilibrium 0 := (0, 0) to the positive equilibrium K := (ky, k3), which indicates that there
is a transition zone moving the steady state with no species to the steady state with the
coexistence of two species. Substituting u; (x, £) = ¢1(x + ct) and uy(x, £) = ¢a(x + ct) into
(1.8) and denoting the moving variable x + ct by &, we can reduce (1.8) to the following

wave profile equations:

D1¢] (&) — c1 (&) + 1191 (E)[1 — a191(§) — b1¢1(§ —c11) + c12(£ —cT2)] = 0,
Doy (&) — ey (&) + raa(E)[1 — @ (&) — bagha(§ — cT3) + 201 (€ — cTa)] = 0.

(3.1)
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Thus, we will tackle the existence of solutions to (3.1) with the asymptotic boundary con-
ditions

limg_, o ¢1() =0, limg s 400 91(§) = k1,
limg_, _o ¢2(§) =0

(3.2)
) 1im§—>+oo ¢2(E) =ky.

Define f.(¢) = (fu1(¢), fea (¢))" : X = C([—ct,0};R?) — R by

fa(9) = r1¢1(0)[1 - a1¢1(0) — brgp1(—cT1) + c1¢h2(—cT2) ],
Je2(9) = r2¢2(0)[1 = @262(0) — bagpa(—cT3) + Ca29p1 (—cT4) ],

where T = max{ty, 13, 73, T4}.
Now, we prove that f,(¢) satisfies (QM™).

Lemma 3.1 For any ¢ > ¢* = 2max{s/D1r1,/Dars}, f:(P) satisfies (QM*) if 1y and t3 are
sufficiently small.

Proof For any ¢ = (¢1,¢2), ¥ = (V1,¥2) € X; = C([-ct,0];R?) with (i) (0,0) < ¥(s) <
#(s) < (k1,ky) for s € [—ct,0] and (ii) ef*[¢;(s) — ¥i(s)] nondecreasing in s € [-ct,0], we
have

Ja (@) = fa ()
=r1¢1(0)[1 - a1¢1(0) — bigh1(—cT1) + c1¢h2(—cT2) |
=y (0)[1 = a1¥1(0) — bryi (—cty) + €1 Pa(—c12) ]
=r1[¢1(0) = ¥1(0)] - r1a1 [¢1*(0) — ¥1%(0) ]
= r1bi[$1(0)¢ (—ct1) = Y1 (0)¢r1 (—c1)]
+r161[¢1(0)¢2(—cT2) — ¥1(0) Y2 (—cT2)
= r1[¢1(0) = ¥1(0)] - a1 [$1(0) — ¥1(0)|[¢1(0) + ¥1(0)]
= r1b1[1(0)p1(—cT1) — 1 (0) Y1 (—c1) + P1(0) 91 (—cT1) — Y1 (0) Y1 (—cT1) ]
+ r1c1[¢1(0)da(—cta) — ¥1(0)pa(—cT2) + Y1 (0)pa(—cT) — Y1 (0)Ya(—cT2) ]
=r1[1-a1(¢1(0) + ¥1(0)) — ribyyi (—ct1) + ric1ga(—c12) |1 (0) — ¥1(0)]
= 11611 (0)[$1(—ct1) — Y1 (—ct1) | + 111 (0)[ha(—cT2) — Ya(—cT) |
> r1[1 + c1¢a(—cta) — a1 (41(0) + ¥1(0)) — bryi (—cmy)
~ b1y (0)e17 ] [41(0) - v1(0)]
> r1[1 - a1 ($1(0) + ¥1(0)) — biky — biki P ][¢1(0) - ¥1(0)].

Hence we get
J1(@) = fa (W) + B1[¢1(0) — 41 (0)]

> [B1+ 11— arri(61(0) + ¥1(0)) — ribiky — ribiki e |[¢1(0) — 41 (0)]
> [,31 +r1 = 2riarky — ribiky — rlblkleﬂlcrl][(pl(o) - 1/f1(0)]'
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Similarly, we have

S (@) = fa (V) + Ba[62(0) — ¥2(0) ]
> [B2 + 12 = 2raasks — raboky — rabokye™ ][ $(0) — ¥2(0)].

Choose B; >0 and B, > 0 such that

,31 > 2}"11’)1/(1 + 2)"1&1/(1 —-Tr,

(3.3)
,32 > 27’2b2k2 + 2}"2612](2 —Ia.
Thus we have
+11 —ribiky = 2raiky — ribik efren > 0,
B1+ 711 —ribik; 141K1 — 1101K1 > 6a)

Bo+ 19— roboky — 2raanky — 7‘21’)2](26[32”3 >0

if 7; and 73 are sufficiently small. Therefore f.(¢) = (f.1(¢), f2(¢)) satisfies (QM™). This com-
pletes the proof. O

Next, we construct a pair of suitable upper and lower solutions. For ¢ > ¢* =

2max{/D1r1,+/Dar3}, define
A1(h¢) =DA% —ch + 11, Ay(Ah, ) =DaA% —ch + 1y,
Thus we have

>0 for A € (0,A1(c)) U (Aa(c), +00),

Al()\‘, C)
<0 for A € (r1(c), Aa(c)),
and
Ay >0 for A € (0,A3(c)) U (Aslc), +00),
2 <0 for A € (A3(c), a(c)),
where
M(0) = c—+/c*—4Din; holc) 1= c+ /¢ —4Dry
1= 2D; ’ S 2D, ’
ha(0) 1= c—~/c*—4Dyry hal) = C++/c%—4Dyry
)= ——p W)=
Let
ne (1 min{ Aa(c) Aa(c) Ai(c) + Asz(c) Ai(c) + As(c) })
’ M) Ase) Ao T Aslo)

and g > max{q1, ¢, g3}, where

i1 (0) nt3(c)

—max{(i) '3 <i> M 1}
7= Aa©,0) T\ Muasne) )
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{ 4-}"1 4-7’2 1 }
= max ) ) ’
” ~A1(1(0,0) =R (a(0),)
and
{ 27’1(&1 + bl)kl 27‘2(612 + b2)k2 }
3= ) ) .
1 A 21(0,0) =R (0), )
For these constants, we define the following continuous functions:
_ kl, %‘ > Elr
¢1(8) =
ky(e1©5 4 qenh(C)E), £ <&,
— ks, §>&,
$,(8) =
ky(e¥3195 4 gen38) £ < &y,
and
0, g > %'3»
$.(6)=
Ky (€15 — qenM(C)é), £ <&,
0) g Z 54;
$,() =
k(3196 — gen3%) £ < g,
If q is large enough, then we easily see that —&; > 0 (i = 1,2, 3,4) are large enough.
By choosing
2h,eM251 20q4€M452
B> 1 2ot and S > 1206 (3.5)

we easily check that ®(¢) € I'*(®, @) and ® (&), ®(£) satisfy (P1)—(P3). In view of (3.3) and
(3.5), we choose

2)L26)»2$1
Bi> max{2V1b1k1 +2ratk; -, 1 - 2eraf1
and
2)»46)‘452
By > max{Zrzbzkz +2ryazky = 13, 1—2eM [

Next, it suffices to prove that ®(£) and ®(£) are a pair of upper and lower solutions of
(3.1), respectively.

Lemma 3.2 If 1) and t3 are sufficiently small, then ® (&) = (¢,(£), §,(£)) is an upper solu-
tion of (3.1).

Proof For ¢,(£), it suffices to prove that
Di§{(§) ~ (&) + nd1 (E)[1 - 0161 (€) - 161 (5 — ) + a1dy(§ —cm)| <0 (3.6)

for£ eR\ &.

Page 9 of 19
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If& > & +cty, then ¢1(€) = ¢, (& — cty) = ki, ¢5(& — cT2) < ky. Thus we get

Dig}(§) — b, () + 111 ()1 -a10,(6) — b1, (€ — ct1) + c105(§ — cTo) ]
<nki[1- (a1 + bk +c1¢y(& — c1o)]
< 1"1/(1[1 - (6!1 + bl)kl + C1k2] =0.
If & <& <& +cry, then ¢,(§) = ky, ¢1(§ — c1y) < ky (€M OE—) 4 ger1 =)y g5, (& —
¢Ty) < ky. Thus
D1$(§) — ¢, (8) + 111 (B)[1 - 01651 (5) — b1y (6 — 1) + 16, - cm)]
< rlkl[l — a1k, — br1ky (e“(c)@’”l) + qe"“(c)(s’”l)) + c1k2] <0
for & = & + cty. Since 5,1/(5 )s 5,1 (£), ¢1(&), and ¢, (&) are uniformly bounded and uniformly
continuous for § € R\ {&1, &}, (3.6) still holds for & <& < &; + ct; and small enough 7;.
If £ < &, then al(g) — kl(e)‘l(c)g + qenll(C)E), 51(5 —cn) = kl(ell(C)(S*CH) + qerlh(C)(E*CTl)),
(£ — cTy) < ky(e}3E—m2) 4 gen*3(E—cr2)) \hich yields
D191 (&) — ey (§) + 1 (E)[1 - a1, (§) — b1gp1 (€ — ct1) + 15(§ — cT0) ]
<Dk [)Lfe“f + q(nkl)ze"“g] —cky [)»16’\lg + qn)\le"“g]
+riky (€15 + ge™5) {1 - arky (15 + ge"1%)
- bk (e)\l(S*Ul) + qenll(éfcfl)) + crky (e?»s(éfcfz) + qerlh(éfcfz))}
= kM (lef —CA1 + r1) + qkle"“g(Dl(n)\l)z —cnhy + rl)
+rik (61\15 + qe"’\lf){—alkl (eMS + qermf) —bik (eh(é—cn) + qeﬂh(é—cn))
+ 1k (els(é—cfz) + qenls(é—cfz))}
= A1(nr1,¢)gki ™ + ik (e)‘lg + qe”)‘lg){—alkl (e“s + qe”“é)
—biky (ekl(é—crl) + qem\l(é—cn)) +crky (eka(é—crz) + qenks(é—crz)) }
We divide this inequality into two cases.
Case 1. Assume that A; > A3 and 75 is large enough. We easily see that
—arky (ehé + qenhé) — bk (61\1(S—Cf1) + qenh(é—crl))

+c1ky (313(5_”’2) + qe’m(é’”m) <263
for all £ < &;. According to the definition of g, we have
—A1(pA1,€)qe™ 1 > 4r 3t et —A1(nAy,¢) > 4", (3.7)
which implies that
Al(n)\l,c)qkle”xls + 2r ke3¢ (e’“é*qemé) <0 for& <&. (3.8)

Then (3.6) holds.
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Case 2. Assume that A; < A3 and 7, is large enough. Then, for & < &;, we have
ark, (e?»lé + qeﬂ?»lé) + bk (eh(é—cfl) + qenh(é—cfl)) > c1ky (e?»s(é—cfz) + qenh(é—ﬂz))'

Thus, (3.6) still holds.
Similarly, when 73 is sufficiently small and 7, is large enough, it follows that

Dotpy(£) = () + 12y ()1 — a2 (§) — bahy (£ — cT3) + 26 (€ — cTa)] <O

for & € R. Therefore ®(£) = (¢, (£), ¢,(£)) is an upper solution of (3.1). This completes the
proof. g

Lemma 3.3 If 1y and 3 are sufficiently small, then ®(§) = (¢, (§), ¢, (§)) is a lower solution
of (3.1).

Proof For ¢ (§), we need to prove the following inequality:

D19 (§) —c¢ (§) + o, @[1- a (§) - b1, (§ —cr1) + 19,5 - cn)] > 0. (3.9)

If & > &, then we easily see that ¢ (£) = 0 and (3.9) holds.
If £ < &, then we know that ¢ (§) = ki(eME — gem™1%), ¢, —cnr) = k(e E—er) _
ge™1 &)y and ¢,(& —c2) > 0. Thus
D197 (&) - c¢' (£) + Vlfl(f)[l —a19,(§) - b19,(§ —cr1) + 19, (6 - )]
> Diki (A1eME — q(nh1)*e™F) — cky (M1€1F — g(nh1)e™ %) + riky (€415 — ge™1%)
+r1ky (eME _ qerlhé) {—ﬂlkl (eklﬁ _ qe"}‘ls) —biky (eME _ qerlhé)}
= —A1(nh1, ©)qkie™F — aykir (e)‘lé - qe"“s)2
_ rlblk%(ehé _ qenllf)(ell(%‘—al) _ qenh(f—cn))
> —A1(n1, ¢)gkie™® — 2ri(ay + by)k? (e"lg - qe"’“&)2
> —Al(n)\l,c)qkle”Alé —2r1(a; + bl)kfezhé.

By the definition of g3 we easily see that —A;(nA1,c)gkie™1¥ — 2ri(a; + by)k?e* 15 > 0.

Then we obtain

D19(€) - e (&) + gy ()1~ a1, (§) ~ b1 (6 ) + 16, (€ —c1)] 20, &R,
Similarly, we can also prove that

Dagl(€) - e (&) + rap, (E)[1 — 29, (8) ~ bop (& — 1) + 20, (€ — )] 20, & €.
This completes the proof. O

According to Lemmas 3.1-3.3, Theorem 2.1, and Remark 2.1, we have the following

result.
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Theorem 3.1 (Existence) Assume that (a; + b1)(az + by) — c1cp > 0. If Ty and t3 are suffi-
ciently small, then for every ¢ > 2max{/D1r1,/Dar,}, equation (1.8) has a nondecreasing
traveling wave front (¢1(x + ct), g2(x + ct)) connecting (0,0) to

(k, ko) £ <

as + by + 1 ar+bi+c )
(a1 + bi)(ay + by) — 0162’ (a1 + b1)(ay + by) — c1c2

and satisfying (0,0) < ($1(§), $2(&)) < (k1, ko) for all &€ € R.
From Theorem 3.1 we obtain the following result for (1.9).

Corollary 3.1 If T is sufficiently small, then for every ¢ > 2+/Dr, equation (1.9) has a non-

1

decreasing traveling wave front ¢(x + ct) connecting 0 to ﬁ and satisfying 0 < $(§) < —

forallg eR.

Remark 3.1 By choosing suitable parameters we can extend our results to Theorem 5.1.5
in [38] and Theorem 3.1 in [12].

Remark 3.2 By adopting the limiting arguments in [24, 32] Corollary 3.1 still holds for
¢ = 2+/Dr. In further work, we will discuss necessary and sufficient conditions for (1.9) to

have monotone traveling waves.

4 Asymptotic behavior of traveling wave fronts

In this section, the a priori asymptotic behavior of any nondecreasing traveling wave
front is exactly derived with the help of Ikehara’s theorem. We assume that (a; + b;)(a; +
by) > c1cp and (¢1(x + ct),¢a(x + ct)) is any traveling wave front of (1.8) connecting
0:=(0,0) to K := (ky, ky) with wave speed ¢ > 2max{+/D;r1, ~/D,7;} and satisfying (0, 0) <
(¢1(8), $2(&)) < (k1, k3) for all & e R.

By the monotonicity of traveling wave fronts the following result is clear.
Lemma 4.1 We have limg_, _o(¢](£), $5(£)) = (0,0) for all £ e R.

Lemma 4.2 Forall £ € R, fio ¢i(s)ds < 0o and fio [ eit)dtds < oo,i=1,2.

Proof Since limg_, oo (¢1(£), 92(£)) = (0,0), there exists a negative large number £’ < 0 such
that, for all £ < &,

Di{(€) - cr(6) + 51(6)

< D1} (§) - cpr(§) + r11(E)[1 - a191(§) — b1h1 (€ — cT1) + 16h2(8 — c1)
=0,

which implies that

0= 01(6) < -Dig{(§) + ci(§) foré < (4.1)
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By Lemma 4.1 it is easy to see that limg_. oo (¢](£), #5(£)) = (0,0). Integrating (4.1) from
—o00to & (&£ <&’), we have

0< r /‘5 ’ ’
=2/ $1(t)dt < =D1¢;(§) + cd1(§) for§ <& (4.2)

Thus, f_io p1(t)dt <ooforall £ <&,
Integrating (4.2) from —oo to & (§ < &’), we obtain

3 s
05%/ / o1t dt ds

&
<D+ [ a0
&
< c/ ¢1(t)dt for& <&/, (4.3)

which implies that f_éoo [ #1(t)dtds < oo for& <&'.

Thus, for any given &, f_soo ¢1(t) dt < 0o and f_io [ #1(t)dtds < co.

Similarly, we can prove that fio ¢ (t) dt < coand fio [°. #2(¢) dtds < oo for any given &.
This completes the proof. d

Given a continuous function ¢ : R — R, define the two-side Laplace transform as fol-

lows:

L(ug) = / () di.

oo

We have the following lemma.

Lemma 4.3 Assume that (a1 + b1)(ay + by) > c1¢; and (¢1(§), $2(§)) is any solution of (3.1)
and (3.2) satisfying (0,0) < (¢1(&), p2(§)) < (k1, k2). Then:
(i) there exists ' > 0 such that sup . $1(8)e ™€ < 00 and |L(), ¢1)| < o0 for all
RA € (0,1));
(i) there exists A" > 0 such that sup; g $2(8)e™"s < 00 and |L(%, ¢r)| < oo for all
Ra e (0,17).
Here and in what follows, R\ denotes the real part of X.

Proof We only need to prove (i). Similarly, we can prove (ii). To do this, we first show that
there exists A’ > 0 such that sup; . ¢ (S)e‘” < 0o. Letting w(§) = f_éoo ¢1(2) dt, it follows
that 0 < w(§) < oo for all § € R, and w(§) is nondecreasing on &. According to (4.3), for any
[ >0, we have

& &
O<nrniwE-0<n / w(t)dt <nr / w(t)dt < 2cw(§)
- —00

for &€ < &', where &’ is given in Lemma 4.2. Therefore, there exists a constant [y > 0 such

that 0 < 102_:1 <land w(& - 1) < loz—flw(é) for& <&,
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Let m(€) = w(&)e™%, where 1’ = % In l‘% > 0. Then

m(E — o) = w(E — o)™ 6~ = w(& — lp)e ™ ¥ M0

l r ’ ’ ,
= 5o wE—l)e ™ <w®)e ¥ =m(E) forg <& (4.4)
Note that m(&) is bounded for & € [§' — [, &']. Then (4.4) implies that m(&) is bounded for
all & < &’. Therefore, it follows from the continuity of m(&) that m(&) is bounded for all

& <0. Integrating ¢, () from 0 to £ for £ > 0, we have
§
we) - w0 = [ 41615 < ki,
0

which implies that 0 < w(§) < w(0) + k€. Since limg_, ., & et = 0, we have
limg_ 00 w(€)e ™% = 0. Again, since m(£) is bounded for all £ < 0, it follows that 0 <
Sup; g w(é e < oo According to (4.3), we have

0< D1 (E)e™* < cw(E)e™*

for all € < &’. On the other hand, it is easy to see that limg_, , ¢1 (£)e™% =0, since ¢ (&) is
bounded. Therefore 0 < sup; g ¢1(§ et < 0.

Next, we prove that [L(%,¢1)]| < oo for all i € (0,1). Indeed, letting M = sup; g ¢1(§) x
¢4, we have 0 < ¢ (§) < Me*'® for all £ € R. Since

+00 +00 s k
0< /0 1(€)e 7 di | <k, /0 e dg =
and
0 0
- M
—Aéd M (A _})\}\.)Ed _
!f_w¢1<s>e S‘s/_w . e

for all R € (0,1), we get

< OoQ.

+00 0
|L(A,¢>1)|=‘ fo $1(6)e dE + / b1(8)e ™ de

Similarly, we can prove that there is a positive number 1" > 0 such that |L(%, ¢,)| < 00
for all %A € (0,1”). This completes the proof. d

To study the asymptotic behavior of the solutions (¢1(£), ¢2(§)) at the minus infinity, we
need the following version of Ikehara’s theorem [2].
Proposition 4.1 (Ikehara’s theorem) Let F(A) = 0+°° @ (€)e™*¢ d& with positive decreasing
function ¢(&). Assume that F(L) has the representation

_ H()
- (x +a)k+1'

F(})
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where k > -1, o > 0, and H()) is analytic in the strip —a <R < 0. Then

()
oo [g[feed  D(a+1)

Theorem 4.1 (Asymptotic behavior) Assume that (a; + b1)(az + by) > cica. If for ¢ >
2max{«/D1r1,/Dara}, ($1(§), 92(8)) is any traveling wave front of (1.8) connecting (0,0)

to (ki,ky) and satisfying (0,0) < ($1(§), 2(§)) < (k1, ko), then there exist two constants h;
and hy such that

Jim (1(E)e™ M), g (§)e ) = (1,1),

where Ly and A3 are defined in Sect. 3, that is,

C—«/C2—4D17'1 c—\/02—4D2r2
M=———— and l3= —7———".
2D1 2D2

Proof According to the wave profile equations (3.1), it follows that
(Dl)\‘2 —CcA + rl)Ll ()\., ¢1)

=n [ e [a197(8) + b1 (§)1(E — cT1) — 11 (§) o (& — 1) | dE

o0

.- / 7 Q1(pr, 62)(8) d (4.5)

o0

and
(D2A? = e+ 12) Lo (A )

- / HE[@p2(E) + baba(E)balE — cT3) — crpa (E)hr (€ — cra)]

(o]

- / e Oy, 62) (&) . (4.6)

(o¢]

It is easily seen that the left-hand sides of (4.5) and (4.6) are analytic for A € (0,1") and
MA € (0,1”), respectively. Note that

‘ / ooe-*%%(s)dé‘ < / " s ¢2(£) dE < supy(£)e™* / we*”‘*'*’% (6)dE <00

£eR
(4.7)
for fia € (0,21). Similarly, we can obtain
’ /_ et $1(8)$1(& — ct1)dE| < oo for i € (0,21) (4.8)
and
| /_ N e p1(E)pa(€ — crr)dE| <00 for Ra e (0,1 +1"). (4.9)
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According to (4.7)—(4.9), it follows that

‘ / ” e Q1(¢1,¢2)(€)dE| <00 for R € (0,min{2)/,1" + 1" }). (4.10)
Similarly, we have
‘/m e Qs(p1,¢2)(€)dE| <o for R € (0,min{21", 1"+ 1"}). (4.11)

We now use a property of the Laplace transform [36]. Since ¢1(£) > 0, there exists a real
number « such that L(A, ¢1) is analytic for 0 < A < x and L(A, ¢;) has a singularity at u = «.
Hence, according to (4.5) and Dl)ﬁ —chy + 11 =0, we have k = Ay, thatis, L(A, ¢1) is analytic
for 0 < MA < A1, and L(X, ¢1) has a singularity at A = A;. Similarly, we can prove that L(%, ¢,)
is analytic for 0 < X < A3 and L(, ¢pp) has a singularity at A = A3.

To apply Proposition 4.1 (Ikehara’s theorem), we need to check that ¢; and ¢, satisfy all
conditions of Ikehara’s theorem. For ¢ > 2max{+/D;r1,/Dars}, we rewrite (4.5) as

0
/ $1(E)e d

n [ e Q11 ¢2)(8) d ~
- DiA2—ch+n

/ . $(&)e ™ de for A € (0,11). (4.12)
0

Note that f0+°° ¢1(&)e™ dE is analytic for RA > 0 and D;A2 — cA + 1 = 0 does not have any
positive roots with iA = A1 other than A = A;.
Let ui(g) = ¢i(_g), i= 1) 2, and

Q1 (1, $2)(E) = aruf(—€) + byuy (=& )uy (—€ + cT1) — crug (=€) ua (=€ + c12)

=T (uy, ug)(-€).

It is clear that u(§) is decreasing in &,

+00 +00 ) oo
0 B Jo €5 T (u1,u2)(0) do _/ e
/0 eu,(0)do = D —chien e (&) dE

_ H®
A=A

40,

and

(A =21) [, €T (ur, u2)(0) db
DiA2—ch+1

H() = G- [ )

0
We easily check that lim,_,,, H()) exists. Therefore H(}) is analytic for all 0 < A < A;.
According to Proposition 4.1, we obtain

uy (&) L . $(8)
exists, i.e.,, lim

exists.
E—>+00 eMé &E——00 eré
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Similarly, we can also verify that

. $a(§)
im

E—-oc0 e"3

exists.

Therefore there exist two constants /; and /4, such that
Slim (¢1($)67A1(E+h1)’ ¢2($)6—A3(§+h2)) - (1,1).

This completes the proof. d

According to Theorem 4.1, we can obtain the following results for (1.7) and (1.9), re-
spectively. For (1.7), taking a; = a, = 0 in (1.8), we have the following:

Corollary 4.1 (Asymptotic behavior) Assume that b1by > cicy. If for ¢ > 2max{s/Dir1,
V' Dars}, (91 (x +ct), o (x + ct)) is any traveling wave front of (1.7) connecting (0,0) to (ki, k)
and satisfying (0,0) < (¢1(£), $2(§)) < (k1, ko), then there exist two constants hy and hy such
that

Jim (1(E)e™ M, ga(§)e ) = (1,1),

where

c—+/c2—4Dyr; c—+/c2—4Dyry
A= YO TR pd = YO T2
2D1 2D2

For (1.9), we have the following:

Corollary 4.2 (Asymptotic behavior) If for ¢ > 2+/Dr, ¢(&) is any traveling wave front of
(1.9) connecting 0 to ﬁ and satisfying 0 < ¢(£) < ﬁ, then there exists a constant h such
that

lim ¢(&)e M =1,
E—-00

where

c—A/c—4Dr

w= 2D

Remark 4.1 Letting a =0and b =1in (1.9), Corollary 4.2 reduces to Theorem 2.6 in [28].
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