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1 Introduction and main results
In this paper, we use the base notations of the Nevanlinna theory of meromorphic func-
tions which are defined as follows [9, 18, 19].

Let f be a meromorphic function. Throughout this paper, a meromorphic function al-
ways means meromorphic in the whole complex plane.

Definition 1

1 2w )
m(rf) =~ fo log*|f (re") | db.
m(r,f) is the average of the positive logarithm of |f(z)| on the circle |z| = r.

Definition 2

N(,f) = /Or Mdt+n(0,f)logr,

N(r.f) = /Orwdt+ﬁ(0,f)logr,

where n(t,f) (n(z,f)) denotes the number of poles of f in the disc |z| < ¢, multiples poles
are counted according to their multiplicities (ignore multiplicity). #(0,f) (#(0,f)) denotes
the multiplicity of poles of f at the origin (ignore multiplicity).

N(r,f) is called the counting function of poles of f, and N(r,f) is called the reduced
counting function of poles of f.
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Definition 3

T(rrf):m(r>f)+N(r>f)~

T(r,f) is called the characteristic function of f. It plays a cardinal role in the whole theory

of meromorphic functions.

Definition 4 Let f be a meromorphic function. The order of growth of f is defined as
follows:
——log" T'(r,f)

p(f) = lim
r—00 logr

If p(f) < 0o, then we say that f is a meromorphic function of finite order.

Definition 5 Let 4, f be two meromorphic functions. If T(r,a) = S(r,f), where S(r,f) =
o(T(r,f)), as r — oo outside of a possible exceptional set of finite logarithmic measure.
Then we say that a is a small function of f. And we use S(f) to denote the family of all
small functions with respect to f.

Definition 6 Let f and g be two meromorphic functions, and p be a polynomial. We say
that f and g share p CM, provided that f(z) — p(z) and g(z) — p(z) have the same zeros
counting multiplicity. And if f and g have the same poles counting multiplicity, then we say
that f and g share oo CM.

In this paper, we also use some known properties of the characteristic function T'(r,f)
as follows [9, 18, 19].

Property1 Letf; (j=1,2,...,q) be g meromorphic functionsin |z| < Rand 0 < r < R. Then
q q q a
T(r, T(r,f,»)) < Z T(r,f), T(r, E fj) < Z T(r,f) +logg
j=1 j=1 j=1 j=1

hold for1 <r<R.

Property 2 Suppose that f is meromorphicin |z| < R (R < 00) and 4 is any complex num-
ber. Then, for 0 < r < R, we have

T<r’fia) =T(r,f)+O(1).

Property 2 is the first fundamental theorem.

Property 3 Suppose that f is a nonconstant meromorphic function and a;, 4, ...,a, are
n > 3 distinct values in the extended complex plane. Then

(n—-2)T(r,f) < Zﬁ(nf !

) +S8(r.f).

Jj=1
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Property 3 is the second fundamental theorem. For more properties about T'(r,f), please
see [9, 18, 19].
For a meromorphic function f(z), we define its shift by f.(z) = f(z + ¢) and its difference

operators by

Af@)=flz+0)—-f(2),  Alf(2) = A (AS(2).(AS ().
In [10] the following result was proved.

Theorem 1 Let f be a nonconstant meromorphic function, and a be a nonzero finite com-
plex number. Iff, f', and " share a CM, then f = f'.

In 2001, Li and Yang [12] considered the case when f, f', and f share one value.

Theorem 2 Let f be an entire function, a be a finite nonzero constant, and n > 2 be a
positive integer. If f, f', and f") share a CM, then f assumes the form

a(l —w)
—

f(2) = be" -

where b, w are two nonzero constants satisfying w1 = 1.

Remark 1 It is easy to see that the functions in (1.1) really share value a, since when b #0
and w" ! = 1, from f¥(z) = a, j = 0,1, n, it follows that bwe"* = a for each j = 0,1, . So, the

functions f¥) — a, j = 0,1, n, have the same zeros counting multiplicity.

In 2004, Chang and Fang [1] considered the case when f, f', and f share a small func-

tion.

Theorem 3 Let f be an entire function, a be a nonzero small function of f, and n > 2 be a
positive integer. Iff, f', and f" share a CM, then f =f'.

Recently, value distribution in difference analogue of meromorphic functions has be-
come a subject of some interest, see, e.g., [2—8, 11].

In 2012 and 2014, Chen et al. [2, 3] considered difference analogue of Theorem 1 and
Theorem 2, and established the following result.

Theorem 4 Let f be a nonconstant entire function of finite order, and a (£ 0) € S(f) be a
periodic entire function with period c. If f, Af, and ALf (n > 2) share a CM, then A f =

A"f.

For other related results, the reader is referred to the references due to Latreuch, El Farissi,
Belaidi [11], El Farissi, Latreuch, Asiri [5], El Farissi, Latreuch, Belaidi and Asiri [6].

Remark 2 There are examples in [3] which show that the conclusion A f = A’f in Theo-
rem 4 cannot be replaced by f = A f, and the condition a(z) # 0 is necessary.
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By Theorems 3 and 4, it is natural to ask: Can we provide a difference analogue of The-
orem 3? Or, can we delete the condition that ‘a(z) is a periodic entire function with period
¢’ in Theorem 4?

In this paper, we study the problem and prove the following result.

Theorem 5 Let f be a nonconstant meromorphic function of finite order, and p be a non-
constant polynomial. If f, A f, and Al'f (n > 2) share p and oo CM, then f = Af.

Iff is an entire function, then f, A f, and ALf have no poles, obviously f, Af and ALf
share co CM. By Theorem 5, we consequently get the following result.

Corollary 1 Let f be a nonconstant entire function of finite order, and n > 2 be a positive
integer. If f, A f, and ALf share z CM, then f = Af.

Example 1 Let A, a, b, c be four finite nonzero complex numbers satisfying a # b,
n (>2) €N satisfying [¢* - 1]*! = 1, e’ = 1 = -4, and g(z) be a periodic entire func-
tion with period ¢, and let f(z) = g(z)e? + b. By simple calculation, we obtain

Af(z) = Af(2) = [eAC - 1]f(z) + a[l -4 1].

It is easy to see that f, Af, and A”f (n > 2) share a CM, and f # A.f when e*¢ # 2. This
example shows that ‘p(z) cannot be a constant’ in Theorem 5.

Example 2 Let A, b, ¢ be three nonzero finite complex numbers satisfying e*° = 1, and
f(z) = e +b, p(z) = b. It is easy to see that f, Af,and A”"f share p(z) CM.But A.,f =0 #f.
This example also shows that ‘p(z) cannot be a constant’ in Theorem 5.

Example 3 Let A, ¢ be two nonzero finite complex numbers satisfying e = 2 and f(z) =

% cot(Z£). By simple calculation, we obtain

fl2)=Af =Alf = eAZcot(?).

Obviously, for any polynomialp, f, A f,and A’f share p and oo CM. This example satisfies
Theorem 5.

In Examples 1 and 2, we have A f = tf + a(1 —t) and f(z) = e***8 + a, respectively, when
f, A, and Af (n > 2) share a nonzero constant @ CM. Hence we posed the following
problem.

Problem 1 Assume that f is a nonconstant entire function of finite order, a is a nonzero
constant, and that f, Af, and A”’f (n > 2) share a CM. Whether or not, one of the following
two cases occurs:

(1) Af =tf +a(l-t), where t is a constant satisfying £"~! = 1,

(2) f(2) = e***B + a, where A (#0), B are two constants satisfying e = 1.
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2 Some lemmas

Lemma 1 ([4, 7]) Letf be a meromorphic function of finite order, and ¢ be a nonzero com-
plex constant. Then

T(r,f(z + c)) =T(r,f) + S(r.f).

Lemma 2 ([7, 8]) Let ¢ € C, k be a positive integer, and f be a meromorphic function of
finite order. Then

m( A (2)

Lemma 3 ([18, 19]) Let n > 2 be a positive integer. Suppose that fi(z) (i = 1,2,...,n) are
meromorphic functions and g;(z) (i = 1,2,...,n) are entire functions satisfying

() Y0, filz)es® =0,

(i) the orders of f; are less than those of e8! for1 <i<m,1<k<l<n.
Then fi(z) =0(i=1,2,...,n).

The following lemma is well known.
Lemma 4 Let the function f satisfy the following difference equation:
Sw+1) =a(w)f(w) + p(w)

in the complex plane.
Then the following formula holds:

fw+k)= (W)Ha(w+])+z;‘3(w+l)naw+]) (2.1)

j=l+1

foreveryw € C and k € N*.

Formula (2.1) has many applications. For example, many solvable difference equations
are essentially solved by using it (see [15—17]), and by using such obtained formulas the
behavior of their solution can be studied (see, for example, recent papers [13, 14]; see also
many related references therein). As another simple application, by using a linear change
of variables, the following corollary is obtained:

Corollary 2 Let the function f satisfy the following difference equation:
Sw+o)=aw)f(w) +B(w)

in the complex plane.
Then the following formula holds:

k-1 k-1 k-1
fw+ke) :f(w)l_[a(w +jc) + Zﬂ(w +1c) 1_[ a(w + jc)
j=0 =0 j=l+1

foreveryw e C and k € N*.
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From the ideas of Chang and Fang [1] and Chen and Li [3], we prove the following

lemma.

Lemma 5 Let f be a nonconstant meromorphic function of finite order, p ( 0) be a poly-
nomial, and n > 2 be an integer. Suppose that

Af@-pPR) _ o AL -PE) _ e

1@ -p@) @ -p ¢ 22)

where a and B are two polynomials, and that
T(r, e"‘) + T(r, eﬂ) =S(r,f). (2.3)

Then A f = tf + b(1 —t), where t, b are constants satisfying "' = 1 and b # 0. Moreover, if
t#1, then p(z) = b.

Proof Firstly, we prove that f cannot be a rational function. Otherwise, suppose that f(z) =
P(z)/Q(z), where P(z) and Q(z) are two co-prime polynomials. It follows from (2.2) that f (z)
and Af(z) share co CM. We claim that Q(z) is a constant. Otherwise, suppose that there
exists zo such that Q(zo + ¢) = 0. Since f(z) and Af(z) share oo CM, and

_Plz+c) Plz) Plz+c)Q(z) - P(z)Q(z +c)
SO a0 0w Q@aero e

We deduce that all zeros of Q(z + ¢) must be the zeros of Q(z). Otherwise, suppose that
there exists z; such that Q(z; + ¢) = 0 but Q(z;) # 0, then it follows from (2.4) that z; + ¢ is
a pole of A f but not the pole of f, which contradicts with f(z) and A.f(z) share co CM.
Then we get

Q(Z() + C) =0 = Q(Z()) =0 = Qzo- C) =0 = -+ = Q(Zo —lc)=0.

This implies that Q(z) has infinitely many zeros, which is a contradiction. Thus, the claim
is proved.
Then f is a nonconstant polynomial, suppose that

fz) = art + a1 25N+ agz + ao, p2)=b,Z" + -+ bz + by.

Then we get A f(z) = f(z+c)—f(2), and obviously, deg A”f (z) < deg A f(z) < degf(z). Then
it follows from (2.2) that a(z), B(z) are constants, and we let e*? = a, e#@ = b. So we have

Alf(2)-p@) =a(f(z) -p@),  Af(2)-p@) =b(f(2) - p(2)).

Then we get degf = k < degp = m since deg Al’f(z) < deg A f(z) < degf(z). If k < m, then
we get a = b = 1. This implies f = Af(z) = A’f, which contradicts with deg A f(z) <
degf(z). If k = m then we get a = b = b/(ar — bi), Af(2) = ALf, and hence f(z) is a con-
stant, which is a contradiction.

Hence, f is a transcendental meromorphic function. Thus T(r,p) = S(r,f).

Next, we consider two cases.
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Case 1. B(z) is a nonconstant polynomial. It follows from the second equation in (2.2)
that A.f(z) = e?@(f(z) - p(2)) + p(z), and that

fz+c) =ai1(2)f (2) + b1 (2),

where a,(z) = /@ + 1, by (2) = p(2)[1 — #@)].
By Corollary 2, it is easy to get, for any k € N*,

[z + k) = ar(2)f (2) + bi(2), (2.5)
where
k= k-1 k-1
a(z) = ]_[ ©911),  bil@) =) bilz+le) [ aulz +jo). (2.6)
j=0 1=0 j=l+1

It follows from (2.5) and (2.6) that

Alf(z) =) (-1)"'Cif (z + ic)
i=0

n

=3 1) Cada)f () + bi(2)]

i=0
i-1 n
|: Z )n tCz 1_[ Blz+jc) + 1)i|j(z) + (_l)n—ic’z:lbi(z)’
j=0 i=0
= un(2)f (2) + vu(2), (2.7)

where

-1
mn(2) = 1_[ B(z+jc) +an 1t l—[ ePleHio) - ni:kl,teﬂ(“tc),
t=0

j=0 j=0,j#t

(2.8)
va(2) = Y (1) Cibi(z).
i=0
In particular, A1, = (-1)""'*C!_,, which implies
n—1
Z)"l,teﬂ z+tc) An 1 ﬂ ) (2.9)
£=0
By (2.3), (2.8), and Lemma 1, it is easy to get
T(@r, ) + T(r,v,) = S(r,f). (2.10)

Since B(z) is a nonconstant polynomial, we have that

B(2) =1u2™ + byaZ" P+t o,
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where [; (0 <i < m) are constants satisfying /,, # 0 and m > 1. Obviously, for any j €
{0,1,...,n— 1}, we have

Bz +je) = 2" + (b + )" 4+ L (je)'. (2.11)
t=0

From (2.8) and (2.11), we get
wn(z) = g/ +Pup(@) )\n_lloe(n—l)lmzm+Pn71,0(2) P )\n_lyn_le(ﬂ—l)lmzm+Pn71,n71(z)

bt Apoetm?PL0@ et P @) (2.12)
where P;;(z) are polynomials with degree less than m for i € {1,2,...,n}, j € {0,1,...,

Ci—1}.
It follows from the first equation in (2.2) that

Alf(2) - 9 (2) = p(2) (1 - ). (2.13)
From (2.7) and (2.13), we have

(1n(2) = € D)f (2) = p(2) (1 - @) = v, (2). (2.14)
From (2.3), (2.10) and since T(r,p) = S(r,f), we have that

T(r,p) + T(r,e”) + T(r,€") + T(r, in) + T(r,vs) = S(r,f). (2.15)
If 11, (2) — e*@ #£0, by (2.14), (2.15), Property 1, and Property 2, we obtain

p)(1 —e"®) —v,(z)
1n(2) — e+

T(rf) - T(r, ) _S(f),

which is a contradiction.
Hence 11,(z) — ¢*@ = 0. Combining this with (2.12), we get

m m
ePn,O(Z)e”lmZ + (}"n—l,OePn_LO(Z) +ooee+ )\’Vl—l,n—lepn_l'n_l(Z))e(n_l)lmz

oot (A0€0@) g g g, P11 @) gl _ 0@ =, (2.16)

Next, we consider three subcases.
Case 1.1. dega(z) > m. Then, forany 1 <i<mn, 1 <k <j <n, we have

p(ea(z)—ilmzm) _ p(ea(z)) _ dega(z) >m, p(ejlmzm—klmzm) = m.

Since P; j(z) are polynomials with degree less than m for i € {1,2,...,n},j € {0,1,...,C}, -1},
thenfori=1,2,...,n-1,

Ci-1
o (Z )Li,jepi»/(z)) <m-1,  p(ef9) <m-1.
j=0

By (2.16) and using Lemma 3, we obtain efno = 0, which is a contradiction.
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Case 1.2. dega(z) < m. Then, forany 1 <i<mn, 1 <k <j<n, we have

0 ( ea(z)—ilmzm) =p (e—ilmzm) - m, p(e/lmzm—klmz’”) - m.

Since P;j(z) are polynomials with degree less than m for i € {1,2,...,n},j € {0,1,...,C}, -1},
thenfori=1,2,...,n-1,

Ci-1
P (Z )L,v,jepi'i(z)) <m-1, p(e9@) <m 1.
=0

By (2.16) and using Lemma 3, we obtain e"»0 = 0, which is a contradiction.
Case 1.3. dega(z) = m. Set a(z) = dz” + a*(z), where d # 0 and dega*(z) < m. Rewrite
(2.16) as

m M
eP,,,o(z)enlmz + (k Pr_1,0(2) bt )Ln,l,n,lepn‘l‘”'l(Z))e(n_l)lmz

n-1,0€

+oo o (hpel0@ 4t )»Ln,leplv”*l(z))elmzm @t =, (2.17)
Ifd #jly, for any j=1,2,...,n, we have
p(edz ~jlmz ): p(e(d—jlm)z ) =m, ,o(e"‘ (Z)) <m.

Combining this with (2.17), by using Lemma 3, we get a contradiction.
Ifd = jl,,, forsomej=1,2,...,n—1, without loss of generality, we assume thatj = 1, then
(2.17) can be rewritten as

m M
ePn,o(Z)enlmZ + ()\n—l,oepn_l’()(z) bt )\‘n_l’n_lepn—l,n—l(Z))e(”—l)lmz

+o0 ()\1,0€P1'0(Z) +o0+ )\.Ln,lepl‘”_l(@ - e“*(z))elmzm =0.

And then, by using the same argument as above, we get a contradiction.
Hence, d = nl,,. Rewrite (2.17) as

(ePn,O(Z) _ ed*(l))enlmzm + ()Ln_l'oePn-l,o(Z) bt )\n_l’n_lePn-l,n-1(Z))e(n—1)lmzm

+0+ (}\1,061)1'0(2) +e0 4t )\.Ln_lepl‘”_l(z>)elmzm =0.
Using the same argument as in Case 1.1 and using Lemma 3, we obtain
A0 0@ 4o pay, el1@ =0, (2.18)

Then, by (2.9) and (2.18), we get

n-1 n-1
Y el = AT1PE = N (L)t PE =0, (2.19)
t=0 t=0

If m > 2, thenforany¢=0,1,...,n -1, we have
Bz + tc) = 1,2" + (L1 + mltc)2™ ™ + q,(2), (2.20)

where g,(z) are polynomials with deg g,(z) < m — 1.
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From (2.19) with (2.20), we get

-1 g2+ (-1 +mby (n=1)c)2" =1 _ (1 — 1)etn-2@) elm?" + -1 +mlp(n=2)c)2"

FRS (_1)”_leq0(z)elmzm+(lm—1+mlmC)ZWI7l =0.

Using the same argument as Case 1.1, we obtain a contradiction.
Hence m = 1. Thus B(z) = l1z + lp, where [; #0. Then, for any n > 1, we deduce that

Af‘leﬂ(z) _ (ehc _ 1)”‘16,3(@'

Hence, it follows from (2.19) that ("¢ — 1)"~! = 0, which yields €1¢ = 1. Then, for any
t € N*, we have

eﬂ(z+£c) _ ellz+tllc+lo _ ellz+lo (ellc)t — eﬁ(z)’ (221)

By the second equation in (2.2) and (2.21), we get

Af (@) = " (2) + p(2) (1 - €9) = O (2) + (1 - /P b1 (2),
A (2) = "D NS (2) + Ap(2) (1 - ")
= PO[POf(2) + p(2) (1 - )] + Acpl2) (1 - €8O
=9 (2) + (1-"9) [p(2)e” + Acp(2)]
POf(2) + (1 - @) by(2).

By mathematical induction, it is easy to get, for any integer t > 2,
Alf(z) = ¢?9f () + (1 - @) by (2),

where b1(2) = p(2), by(2) = p(2)e* VPO 4 A b,y = Y1) IR Alp(z).
Hence,

A (2) = e (2) + (1 - )b, (2), (2.22)

where b,,(z) = Y"1 e 1-0P@ Al p(z).
From the ﬁrst equation in (2.2) and (2.22), we have

(ea(Z) _ e"’s(z))f(z) =(1- P )bi(z) - p(z)( P )- (2.23)
If 2@ — ") £ 0, then by (2.15), (2.23), Property 1, and Property 2, we have

_ Bl _ _ a2
T(f) = T(r, (1-e )b:((z)z) fﬂ(g(l e )) _S0f),
@ g

which is a contradiction.
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Hence 2@ — ¢"f@) = 0. It follows from (2.22) and (2.23) that

n-1
(1= /)b, (2) = (1- &) <Z e<n—1—f>ﬂ<z>Agp<z))

i=0
n-1 n—1
- Z e("_l_i)ﬁ(z)Aip(z) _ Z e(""i)ﬁ(Z)Afp(z)
i=0 i=0
n-2
= —p(z)e"® + Ze(”‘l‘i)ﬁ(z)(Aip(z) - Ap(2) + A p(2)
i=0

That is,
n-2
Y PO (Alp(z) - Al p(2) + AL p(2) - plz) = 0. (2.24)
i=0
If p(z) is a constant, as Alp(z) = 0 for any i € N*. It follows from (2.24) that
PR VPO —p(z)=0.

Hence, e YP@ = 1, which is a contradiction.
If p(z) is a nonconstant polynomial, then p(z) — Alp(z) # 0 for any i € N*. It follows from

(2.24) that
n-2
" VPO (p(z) - Ap(z)) ==Y " PO (Alp(z) - A p(2) - AL p(2) + p(a).
i=1

Thus we have

(n-1)T(r,e)=T(r, e("’l)’s("‘)(p(z) - Ap(2)) +S(r,€”)
n-2
= T(r, =Y PO (Alp(z) - A p(2)) - AL pl2) +p(z))
i-1

+5(r,e?)

<(m-2)T(r,e’) +S(r,e’),

a contradiction.

Case 2. B(z) = B € C is a constant. By the second equation in (2.2), we get

Af(@) = Pf (D) + pD)(1- ),
Aif(z) =¢f Af(z) + Acp(z)(l - eﬁ) = eﬁAJ(z) + (1 - eﬂ)bz(z).

By mathematical induction, it is easy to get, for any integer ¢ > 2,
Alf(2) = VP A Sf(2) + (1 - eP)by(2),

where by(2) = Ap(2), bi(2) = Ap(2)e®™ VP + Acb,_y = 3 1) Alp(z)el=1-98,
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Hence,
A (2) =" VA f(2) + (1 - ef)b,(2), (2.25)

where b,,(z) = Z:':—ll Aip(z)e1-8,
Using the same argument as the above, it is easy to get ¢* = ¢"’. Then it follows from
(2.2) and e = €"P that

Alf(z) = el Dp Af(z) + (1 - e(”’l)’s)p(z). (2.26)

If Af(z) # Alf(z), it follows from (2.26) that e"VF 41, Combining (2.25) and (2.26),
we have

n-1

(1-¢€") Z Alp(z)e" 1% = (1 -€P)b,(2) = (1- " VP p(z). (2.27)

i=1

If p(2) is a constant, then the left-hand side of equation (2.27) is equal to 0, and hence
p(z) =0, which is a contradiction.

If p(z) is a nonconstant polynomial, let d = deg p(z) > 1, then the left-hand side of equa-
tion (2.27) is a polynomial with degree less than d, but the right-hand side of the equation
is a polynomial with degree d, which is a contradiction.

Hence Af(z) = A’f(z), and e”Vf = 1.

If e # 1 and p(z) is a nonconstant polynomial, then it follows from (2.25)—(2.26) that
b,(z) =0. Thus

> Alpz)e" P = (2.28)

Let p(2) = au2™ + @y-12" 1 + -+ - + ag. It follows that deg Alp(z) = m —iif m > i. If m > 2,
then the left-hand side of (2.28) is a polynomial with degree m — 1 > 1, which is a contra-
diction.

Hence m = 1, that is, p(z) = a1z + ag. Thus Ap(z) = a;c # 0. It follows from (2.28) that
arce” 2P = 0, which is a contradiction.

From the above discussion, we obtain that if e # 1, then p(z) (= b) is a nonzero constant,
hence

Af(2) = e f(2) + p(2) (1 - €¥) = e f(2) + b(1 - €) = tf (2) + (1 - ),

where t = ef satisfying "~ = 1.
Thus, Lemma 5 is proved. 0

Lemma 6 (Hadamard’s factorization theorem [18]) Let f be an entire function of finite
order p(f) with zeros {z1,zs,...} C C\{0} and a k-fold zero at the origin. Then

@) = Fa(z)ef?,

where o is the canonical product of f formed with the non-null zeros of f, and B is a poly-
nomial of degree < p(f).
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3 Proof of Theorem 5

Proof Since the order of f is finite, and f, Af, Alf share oo and p(z) CM, obviously

(A" (2) - p(2))/(f(z) - p(2)) and (A.f(z) — p(2))/(f(z) — p(2)) have no zeros and poles. By
Lemmas 1 and 6, we have

Af@-PE) _ oy AS@-PE) _ g
f@-p@ ° " f@-p@ .

where «(z) and B(z) are two polynomials with degree < p(f).

Using the same discussion as in Lemma 5, we deduce that f cannot be a rational function.
Hence, f is a transcendental meromorphic function, and T'(r, p) = S(r,f).

Set F(2) :=f(z) - p(z), then T'(r,f) = T(r, F) + S(r,f) and T'(r,p) = S(r, F).

Obviously, we have
f(2) = F(z) + p(2), Af(2) = AcF(z) + Ap(2), Alf(2) = AZF(2) + Alp(2).

Rewrite (3.1) as

A'F(2) + A'p(2) - plz) @ AF(z) + Ap(2) - p(z) NG (3.2)
o) = F(z) o '

Since p(z) is a nonconstant polynomial, it follows that A?p(z) — p(z) # 0 and Ap(z) -
p(z) #£0. Set

$(2) = (p(2) — Alp(2)) AF (z;(—zgp(Z) - Acp(Z))A?F(Z). (3.3)

Next, we consider two cases.
Case 1. ¢(z) £ 0. Then, by T(r,p) = S(r, F), Lemma 1, and Lemma 2, we get

m(r,$) = S(r, F). (3.4)
By (3.2)—(3.3), we can rewrite ¢(2) as

$(2) = (p(2) - Alp(2))e’? - (p(2) - Acp(2))e®. (35)
Since p(z) is a polynomial, we deduce that N(r,¢) = S(r, F). Hence, we get

T(r,¢) = m(r, ) + N(r,¢) = S(r, F). (3.6)

Since ¢(z) # 0, by (3.5) we have

ef@ 2@

5@ 1+ (p(z) - Ap(2)) o0

(p(2) — Alp(2)) (3.7)
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Then by (3.6), (3.7), T(r, p) = S(r, F), Property 2, and Property 3, we have

n eﬁ N n eﬁ N ¢

(no-an) ) <N (-0 ) N ()
N( ! ) S( (p- A )ﬁ)
- ameie 1) T\ AR

_N n eﬂ N 7(;5

(-5 ) N )

B

Negmage) S(-0-205)

of
<S(rF)+ S(r, (p- Afp)$>

Hence by (3.6), Property 1, and the previous inequality, we get
T(r, eﬁ) =S(r,F). (3.8)

Thus by (3.5)-(3.8), we have

—_ A"p)ef —
T(r, e"‘) = T(r, %) =S(r,F). (3.9)

Hence, by Lemma 5 and since p(z) is a nonconstant polynomial, we obtain f = Af.
Case 2. ¢(z) = 0. That is,

(p(2) - Alp(2)) AcF(2) = (p(2) — Ap(2)) ALF(2). (3.10)

By simple calculation, we can rewrite (3.10) as follows:

(p(2) - Alp(2)) (Af (2) - p(2) = (p(2) - Acp(2)) (ALf (2) - p(2)). (3.11)
From (3.1) and (3.11), we get

A (@) -p) _ o-pe _ P2) - Alp(z)

- - : 3.
Af @ -pla) p(2) - Ap(z) (3.12)

Since p(z) is a polynomial, it follows from (3.12) that e*®~#® is a constant. Suppose that
e*@-PE) = A, then we get p(z) — Alp(z) = A(p(z) — Ap(z)). It follows that A = 1 and p(z2) is
a constant, which is a contradiction.

This completes the proof of Theorem 5. O
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