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Abstract

In this paper, we study the boundedness, persistence, and periodicity of the positive
solutions and the global asymptotic stability of the positive equilibrium points of the
system of difference equations

Xn— _ Zn
X1 =A+ 1, YU+1:A+M: Zun=A+T, n=01,..,
Zﬂ Zn )/n
where A € (0, 00) and the initial conditions x;, y;, z; € (0,00), i =-1,0.
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1 Introduction

Difference equation or discrete dynamical system is a diverse field which impacts almost
every branch of pure and applied mathematics. Lately, there has been great interest in
investigating the behavior of solutions of a system of nonlinear difference equations and
discussing the asymptotic stability of their equilibrium points. One of the reasons for this
is a necessity for some techniques which can be used in investigating equations arising in
mathematical models that describe real life situations in population biology, economics,
probability theory, genetics, psychology, and so forth, see [3, 5, 8, 9]. Also, similar works
in two and three dimensions (limit behaviors) for more general cases, i.e., continuous and
discrete cases, have been done by some authors, see [1, 11-13, 16]. There are many pa-
pers in which systems of difference equations have been studied, as in the examples given
below.

In [14], Papaschinopoulos and Schinas considered the system of difference equations

Yn

X1 = A + , y,,+1:A+x—n, n=0,1,..., (1)
Xn-p Yn-q

where A € (0,00), p, q are positive integers and x_, ..., %0, Y_¢, . . . , Yo are positive numbers.
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In [15], Papaschinopoulos and Schinas studied the system of difference equations

Xn— _
M= A+ Ly =AY w01, 2)

n Xn

where A is a positive constant and the initial conditions are positive numbers.
In [2], Bao investigated the local stability, oscillation, and boundedness character of pos-
itive solutions of the system of difference equations

Y1
xﬁ )

n-1

7

where A € (0,00), p € [1,00) and the initial conditions x;, y; € (0,00), i = —1,0.

n=0,1,..., (3)

Xpp1 = A+ Ine1 = A+

In [7], Glimiis and Soykan considered the dynamical behavior of positive solutions for
a system of rational difference equations of the following form:

QUy-1 A1Vp-1

— p Vsl = —————% n:O;lwu’ (4')
B+, T e,

Upsl =

where the parameters «, 8, v, &1, B1, y1, p and the initial values u_;, v_; for i = 0,1,2 are
positive real numbers.

In [6], Gocen and Cebeci studied the general form of periodic solutions of some higher
order systems of difference equations

ixn—kyn—(2k+l) iyn—kxn—(2k+1)

) Yn+1 = ’ Vl,k € NO; (5)
Yn—(2k+1) F Yn-k Kn—(2k+1) F Xn—k

KXn+l =

where the initial values are arbitrary real numbers.

Also, for similar results in the area of difference equations and systems, see [4, 10, 16—
21].

In this paper, we investigate the stability, boundedness character, and periodicity of pos-
itive solutions of the system of difference equations

Xn-1 yn—l
X1 = A+ ’ yn+1=A+Z—;
n n
. (6)
n-1
Zus1 = A+ , n=0,1,...,
IYn
where A and the initial values x_1, xo, y_1, Y0, Z2_1, 2o are positive real numbers.
2 Preliminaries
We recall some basic definitions that we afterwards need in the paper.
Let us introduce the discrete dynamical system:
Xns1 = f1 (% Xn1s 3 Xnkos Vs V1o + o2 Ynks Zns Zn1s -+ Znk)s
Yn+1 :f2(xm KXn-1r++3%n-ks V> Yn-1s+« s Yn-k>Znr»Zn-1s+++» Zn—k)» (7)

Zn+l :fB(xn;xn—ly ceorXn—io VY Yn-1r+ 3 Yn-k»ZnrZn-1s« - ,Zn—k),

neN, where fi : IF*L x & x K0 — [, f5 : I x 5L x 51 — I, and f3 : I8 x 64T x

Ié”l — I3 are continuously differentiable functions and I3, I5, I3 are some intervals of real
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numbers. Also, a solution {(x,,y.,z.)}0c_; of system (7) is uniquely determined by the
initial values (x_;,y_;,z_;) € ; x I x I for i € {0, 1,..., k}.

Definition 1 An equilibrium point of system (7) is a point (¥,,z) that satisfies

X=X Vs 9 2% 2),
y:fé(xva_ciuwxvyvyv --;y;z)zﬁ---iz);
Z=f%% ..., % s 9,221 2).

Together with system (7), if we consider the associated vector map

F= (fl;xnrxn—ly e ;xn—k:fz,yn;)/n—h o ,J’n—k;fs, Zp—1s+-- !Zn—k)y
then the point (,7,7) is also called a fixed point of the vector map F.

Definition 2 ([2, 3]) Let (x,7,%) be an equilibrium point of system (7).
(a) An equilibrium point (¥,7,%) is called stable if, for every ¢ > 0, there exists § > 0 such

that, for every initial value (x_;,y_;,z_;) € I; x I x I3, with

0 0

0
Yoli-xI<s, Y lyi-¥<s Y lu-z<s
i=—k

i=—k i=—k

implying |x, —%| <&, |y, —y| <&, |z, — 2| <e forme N.

(b) An equilibrium point (x,7%,z) of system (7) is called unstable if it is not stable.

(c) An equilibrium point (¥,7,z) of system (7) is called locally asymptotically stable if it
is stable and if, in addition, there exists y > 0 such that

0 0 0
Yolwi-xl<y, Y i-¥<y, Y la-zl<y
i=—k i=—k

i=—k

and (%, Y, 2,) = (%,7,2) as 1 — 00.

(d) An equilibrium point (,,%) of system (7) is called a global attractor if
(%> Vir 2n) — (%,7,2) as 1 — 00.

(e) An equilibrium point (,7,Z%) of system (7) is called globally asymptotically stable if it
is stable and a global attractor.

Definition 3 Let (x,7,%z) be an equilibrium point of the map F where fi, f2, and f; are
continuously differentiable functions at (x,,z). The linearized system of system (7) about
the equilibrium point (x,7%,z) is

Xps1 = F(Xn) = BX,,
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where

Xn

Xn—k
Yn

and B is a Jacobian matrix of system (7) about the equilibrium point (%,,z).

Definition 4 Assume that X,,,; = F(X,,), n =0,1,..., is a system of difference equations
such that X is a fixed point of F. If no eigenvalues of the Jacobian matrix B about X have
absolute value equal to one, then X is called hyperbolic. Otherwise, X is said to be nonhy-
perbolic.

Theorem 5 (The linearized stability theorem [8], p. 11) Assume that
XVHl:F(Xn); I’l=0,1,.,,,

is a system of difference equations such that X is a fixed point of F.

() If all eigenvalues of the Jacobian matrix B about X lie inside the open unit disk
M| < 1, that is, if all of them have absolute value less than one, then X is locally
asymptotically stable.

(b) Ifat least one of them has a modulus greater than one, then X is unstable.

A positive solution {(x, ¥4, 2zu)}5o_; of system (7) is bounded and persists if there exist
positive constants M, N such that

fon;yn;ZnSN; n=—m,—m+1,....

o]

A positive solution {(x,, ¥, 24)}50_,

of system (7) is periodic with period p if
KXpep = Xy Vnip = Vs Zysp =2y forallm>-1.

3 Main results
In this section, we prove our main results.

Theorem 6 The following statements are true:
(i) If &, ¥,2) is a positive equilibrium point of system (6), then

L A+1,A+1,A+1), ifA#1,
(x,5,2) = . '
(s ey ﬁ): u € (1,00) lfA:L
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(i) IfA > 1, then the equilibrium point of system (6) is locally asymptotically stable.

(ili) If0 <A <1, then the equilibrium point of system (6) is locally unstable.

(iv) IfA =1, then for every i € (1,00) there exist positive solutions {(Xu, Yu,2n)} of system
(6) which tend to the positive equilibrium point (u, u, ﬁ).

Proof (i) It is easily seen from the definition of equilibrium point that the equilibrium
points of system (6) are the nonnegative solutions of the equations

XZ-%X=yZ-y, AZ+y=Aj+Z

=
= x2(z-1)=yz-1), Z(A-1)=y(A-1).
From which it follows that if A # 1,
x=y=z=A+1 = @xyz2)=A+LA+1,A+1).

Also, we have

x.z_—a—c A y.z_— Vo4 z.y__ 4
z z y
XZ—-X% YZ-7y yZ-y Zy-Z
- X _JEZ7y Y2y _Zy-Z
z z z y
= Xz-X=yZ-y, VzZ-yV=29-72°

= x(z-1)=yz-1), yzy—2) = -2)(y +2).
From which it follows that if A = 1,

x=y and yz=y+z
—- = = M
= (x,y,Z) = (Mrﬂ’ —>1 u € (1,00).
mw—1

In that case, we have a continuum of positive equilibria which lie on the hyperboloid

A
n|
Il
XU
+
n|

®)

(ii) We consider the following transformation to build the corresponding linearized form
of system (6):

(xnyxn—ljyn:yn—lvzm Zn—l) - (frﬁ¢g1g1; h) hl);
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where

f —A+ Xn-1 ’
Zn

ﬁ any

g=A+ In-1 ,

gl =Yn

h=A+ gl ,
Yn

h1 =2Zy.

Page 6 of 15

The Jacobian matrix about the equilibrium point (¥,y,z) under the above transformation

is given by
0L o o -3 o0
zZ
10 0 0 0 O
BE52) o0 o 1 —g 0
X,Y,Z) =
4 00 1 0 0 0
00 -5 0 o0 1%
y y
00 0 0 1 0

Hence, the linearized system of system (6) about the equilibrium point (¥,7,z) = (4 + 1,

A+1,A+1)is
XVHI = B(i,y, 2))(;11
where
T
Xy = ((xn,xn—l;ynryn—l»Zn:zn—l))

and

B(x,5,2) =

_ o O O

1
A+l
0

1
A+l
0

1
A+1
0

S ©O O © ~= O
kS
OOOOOL|>—'
S
OOO:|'—'OO
hS
Ot*—‘OOOO

Then the characteristic equation of B(x,y,z) about (x,7,z) =(A+1,A+ 1,A+ 1) is

¢ (BA+4) , (BA+4) , 1
Tar Taspt T @y

=0.

From this, the roots of characteristic equation (10) are

(10)
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1
«/A+1’
_144A+5-1

A2 =
T2 A+l

_ 1v4A+5+1
T Aql

_1«/4A+5+1
2 A+1

1V4A+5-1
2 A+1

o= -

)

5

’

A =
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From the linearized stability theorem, since A > 1, all roots of the characteristic equation

lie inside the open unit disk |A| < 1. Therefore, the positive equilibrium point of system (6)

is locally asymptotically stable.
(iii) From the proof of (ii), it is true.

(iv) From (9), the linearized system of system (6) about the equilibrium point (x,y,%) =

(o s 55) s
XVHI = B(?_C, y; 2))(}'1,
where

T
Xn = ((xm Xn-1Ynr Yn-1>Zn» Zn—l))

and
0 ut 0 0o -
I

1 0 0 0
o 0 0 0 i S

B(x,7,z) = K

0 0 1 0

1
0 0 IY) 0
0 0 0 0

Hence, the characteristic equation of the matrix B is

S O © O

S ®I=

2_(”«_1)2:

6 (2,u2—1>k4+ (/L3+/L2—3M+ 1))L

w? w

Therefore, the roots of equation (11) are:

=1,
A =1,
-1
Az = a ,
n
-1
)"4:_ i )

PE

0. (11)
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Then the modulus of four of the roots of (11) is less than 1. So, there exist positive solutions
of system (6) which tend to the positive equilibrium point (u, i, ﬁ) of system (6) (this
follows from the following proposition). This completes the proof.

In the following proposition we find positive solutions of system (6) which tend to (x,,%)
as n— o0. O

Proposition 7 Let {(x,,y,,2,)} be a positive solution of system (6). Then, if there exists
s € {-1,0,...} such that, for n > s, x, > x, ¥, >y, z, > z (resp., X, <X, Y < ¥, 2y < Z), the
solution {(x,, yn, 24)} tends to the positive equilibrium (x,y,z) of system (6) as n — oo.
Proof Let {(x,, ¥, 24)} be a positive solution of system (6) such that

X > X, Yu =, Z,>%Z, n>s, (12)

where s € {-1,0,...}. Then from (6) and (12) we have

Xn-1 Xn-1

X1 = A+ <A+—, n>1 (13)
Zn z
Set
Ui =A+ 2L nz1 (14)
such that
Ug = Xs, Ug1 = X1, S€{-1,0,1,...},n>s. (15)

Then the solution u,, of the difference equation (14) is as follows:

un:cl(i_>n+cl<—i_>n+ 142 :cl(i_>n+cl(—i_)n+i, (16)
vz vz) Az-1 vz vz

where ¢;, ¢; depend on %, x5,1. In addition, relations (13) and (14) imply that

KXn-1— Up-1
KXpel — Upsr < — o s (17)

Then, by using (15) and (17) and induction, we have
Xp < U, nN=>S. (18)
Therefore, from (12), (16), and (18), it is clear that

lim x, = x. (19)

n—00

Page 8 of 15
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Similarly, we can prove that
lim y,=y and limz,=2 (20)
n—0o0 n— 0o

Thus, from (19) and (20), the solution {(x,, y,,,z,)} tends to (¥,¥,%z) as n — o0o.
Arguing as above, we can show that if x, <%, y, <%, z, <z for n > s, then {(x,, y», 2,)}
tends to (,y,z) as n — oco. The proof of the proposition is completed. d

Theorem 8 Assume that 0 < A <1 and {(x,, yn,z4)} is an arbitrary positive solution of
system (6). Then the following statements are true.

@ If
1 1 1 —1
x_1<1, 1<, z1<1, X0 > ’
1 Y-1 1 0 1-4 o
1 1
> —, Z0> —,
NZT 74 Ly
then
lim x,,1 = A, lim Yone1 =4, lim zp,,1 = A,
n—0o0o n—00 n—00
lim x,, = 0o, lim y,, = 00, lim z,, = 00.
n—00 n—00 n— 00
(ii) 1f
1 1 1 !
Xo < L, Yo <1, 20 <1, X1>—)
1-A
22
1 1 (22)
-1> ) > —,
J-1 1-4 1 -4
then
lim x2,,41 = 00, lim 3,41 = 00, lim zy,,1 = 00,
n— 00 n— 00 n— 00
lim x,, = A, lim yy, = A, lim zy, = A.
n—oo n—00 n—00

Proof (i) From (6) and (21), we get
X_1 1
X =A+—<A+—<A+(1-A)=1,
20 Z0

_ 1
y1:A+J:<A+—<A+(1—A):1,
20 20

_ 1
21:A+Z—1<A+—<A+(1—A):1,

Yo Yo
A+
Xo=A+—>x9>——,
> Z1 0 1-A
Yo 1
=A+—>y9>—,
% Z1 Yo 1-A

Z0
Zh=A+—>2z9> .
2 ” 0> 1
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By induction, for n=0,1,2,..., we obtain
Xou-1 < 1, Y1 <1, Zon-1 <1,
1 1 1 (23)
Koy > ——, >—, Zop > ——.
2n 1-A Yon 1-A 2n 1-A
Thus, relations (6) and (23) imply that
Koy Koy
KXoy = A+ 2"2>A+x2,,,2>2A+ 2"4>2A+x2,,,4,
Zop-1 22n-3
Yon-2 Yon-a
Yo =A+ >A+9y0>2A+ >2A + Yoy-a
2on-1 Zon-3
22n-2 2on-4
Zon=A+ >SA+20,0>2A+ >2A + zo,_4.
Yon-1 Yon-3
From which we get
lim x5, = 00, lim y,, = 00, lim z,, = c0.
n—0o0 n—0o0 n—0o0
Noting that (23) and taking limits on both sides of three equations
Xon-1 Yon-1 Zon-1
Xops1 = A+ - ) Yon+l =A+= ’ Zopr1 = A+ 4 »
Zon Zon Yon
we have
lim Xon+1 :A, lim YVon+1 =A, lim Z2on+1 =A.
n— o0 n—00 n—00
(ii) The proof is similar to the proof of (i), so we leave it to readers. a

Theorem 9 Assume that A = 1. Then every positive solution of system (6) is bounded and

persists.

Proof Let {(x,, yu 2z4)} be a positive solution of system (6).
Obviously, x, > 1, y, > 1, z, > 1, for n > 1. So, we have

K )
XiVir Zi € K’I(——l , i=12,....m+1,

where

) B .
K= mm{a, ﬁ >1, a= ISIiI;IrBJrl{xi,yi,Zi},ﬂ = lgf%%z(ﬂ{xi,yi,zz'}

Then we obtain

K X1 K/(K-1) K
K=1+ ——<x,m2=1+ <1+ = s
K/(K-1) Zinsl K K-1

K K/(K-1 K
K=1+—0 <=l <1y ( ) _ ,
K/(K -1) Zimel K K-1

K 21 K/(K-1) K
+——<<Zy2=1+ <1+ = .
KIK-1) P K K-1

K=1
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By induction, we get

K .
xi’yifzie Kr— ) l:1,2,....
K-1
The proof of the following theorem is seen easily and will be omitted. d

Theorem 10 Assume A = 1. Then every positive solution of system (6) is periodic of pe-
riod 2.

Theorem 11 Assume A > 1. Then every positive solution of system (6) is bounded.

Proof Let {(x,, ¥, 24)} be a positive solution of system (6). Clearly,
X Y2y >A>1 forn>1. (24)

From (24), we have

Ky KXy
X1 =A+ "1§A+ "1, n>1. (25)
Zn A
Set
Up-1
Uyl = A+ :’4 , n>1, (26)
such that
Us = X, U1 = X541, S€{-1,0,1,...},n>s. (27)

Then the solution u,, of the difference equation (26) is as follows:

~ 1\ 1\" A2 28
wal() valm) i >

Indeed, from (26) we get

——1 —O i )\.2——1—0
u Uy
n+1 n—1 A

1

ﬁ.

= A==

The homogeneous solution of difference equation (26) is given by

o) el )

Also, from (26), the equilibrium solution of difference equation (26) is as follows:

A2

xX=A = Xx= .
X X A-1

X —

RN
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In addition, relations (25) and (28) imply that

Kol — Unel < %, n>s. (29)
Then, by using (27) and (29) and induction, we have

Xy < Uy, nN>S5. (30)
Therefore, from (24), (28), and (30), we obtain

A - 1\" 1\" A2
<x, <c| —= + | ——— + —,
1 a1 2 \/Z A-1

where

1 A?
C1 = §<x0+«/2x1 —E(I‘FN/Z)),

c 1 x0 — VAx —A—z(l—\/Z)
2= 5| %o ] .

Similarly, we can prove that

4 - 1\ 1\" A?
<ypn=c|—=) tal-———) + ’
y 3 JA 4 7 A-1
1
A

1" " A2
A<zn§c5(ﬁ) +c6<— ) +A—1’
where
L+ va A (1++VA)
c3=— -— ,
2T\t T
1 A?
=— VA -—@1-+VA) ),
Ca 5 Yo */_J’l A—l( \/_))
1 A?
6515 z0+«/Zz1—ﬁ(1+«/Z)>,
1 A?
c6:§<z0—x/2z1—m(l—«/2)). O

Theorem 12 Suppose that A > 1. Then the positive equilibrium point of system (6) is glob-
ally asymptotically stable.

Proof By means of Theorem 11, we set

L; = lim supx,, Ly = lim supy,, L3 = lim supz,,
n— 00 n— 00 n— 00

(31)
my = lim infx,, my = lim infy,, ms3 = lim infz,.
n— o0 n—0o0 n— o0
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Then, from (6) and (31), we have

L Ly Ls
L1§A+—, L2§A+—, L3§A+—,
mis3 ms3 145) (32)
my iy mis
m=>A+—, my>A+—, mz>A+—.
L3 L3 L,
Relations (32) imply that
AL2 +ms3 < mzly, < AWZ3 + Ly, AL3 +my < mylz < AWI2 + L3,
from which we have
(A-1)(Ly—m3) <0, (A-1)(Lz-my) <0.
Since A > 1, we get
Ly <m3<L3, Ly <my <Ly,
from this it is obvious that
L2 = L3 = wiy = ms. (33)

Moreover, from (32) it follows that

Limz < Ams3 + Ly, mL3 < ALz + my,

from which

Li(m3 —1) < Ams, ALz <my(Ls-1).

Using (33), we have

Li(Ls—1) <m(Ls-1),

Since %, is bounded, it implies that

L1 =mj.

Hence, every positive solution {(x,, y,,z,)} of system (6) tends to the positive equilibrium
system (6). So, the proof is completed. d
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4 Future works
We will concentrate on the dynamical behavior of the following system of difference equa-
tions:

Xn—m Yn-m Zn-m
X1 = A+ ’ yn+1:A+—: Zuy1 = A+ , n=0,1,...,

Zn Zn In

where A € (0,00) and x;,%;,z; € (0,00), i =0,1,...,m, and the following cyclic system of
difference equations:

x(i)l
n— .

)’ i=1,2,...,k
n

xfﬁl =A;+
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