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Abstract

Existence and controllability results for nonlinear Hilfer fractional differential equations
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Sobolev-type impulsive fractional differential equations are established, where the
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1 Introduction

Nonlinear fractional differential equations can be observed in many areas such as popula-
tion dynamics, heat conduction in materials with memory, seepage flow in porous media,
autonomous mobile robots, fluid dynamics, traffic models, electro magnetic, aeronautics,
economics, and so on [1-10]. Controllability results for linear and nonlinear integer or-
der differential systems were studied by several authors (see [11-21]). In Sect. 2, we shall
present some basic definitions and lemmas concerning fractional calculus. In Sect. 3, we
shall study the existence and controllability results for nonlinear Hilfer fractional differ-
ential equations. In Sect. 4, we shall investigate the sufficient conditions for existence and
approximate controllability for Sobolev-type impulsive fractional differential equations.
In Sect. 5, we consider an example for Sobolev-type Hilfer fractional delay partial differ-
ential equation with impulsive condition.

2 Preliminaries

In order to study the existence, controllability, and approximate controllability for delay
Hilfer fractional differential equations with impulsive condition, we need the following
basic definitions and lemmas.

Definition 2.1 (see [22]) The fractional integral operator of order p > 0 for a function f
can be defined as

1t )
Iﬂf(t)_r(ﬂ)/o T ds, t>0,

where I'(-) is the gamma function.
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Definition 2.2 (see [23, 24]) The Hilfer fractional derivative of order 0 < v < 1 and
0 < 1 < 1is defined as

DYLF@) = B2 ),
Through this paper, let E be a Banach space with || - ||, and let PC(J, E) be the Banach
space of all continuous maps from J = (0, 5] into E.
Define Y = {x : t1""-Hyx(¢) € PC(J,E)}, with the norm || - ||y defined by | - ||y =
sup,; [|£170=#x(¢)||. Obviously, Y is a Banach space.
Introduce the set B, = {x € Y : |x||y <r}, where r > 0.
For x € E, we define two families of operators {S, ,(¢) : £ > 0} and {P,,(¢) : t > 0} by

Suu@® =LYMP, ),  Pu(t) =" T,(0),

o0 (2.1)
Tﬂ(t):/ oW, (0)S(t46)do,
0
where
S
v, (0)= —_, 0 1,0 € (0, 2.2
u(6) X:lz(n—l)!f‘(l—nu) <u<1,0€(0,00) (2.2)
is a function of Wright type which satisfies
o '+t
"W, (0)do = ———
/(; ! I'(l+ut)
for 6 > 0.
Lemma 2.1 (see [25]) The operators S,,,, and P,, have the following properties.
(i) {P,(t):t >0} is continuous in the uniform operator topology.
(ii) For any fixed t>0,S,,,(t) and P,(t) are linear and bounded operators, and
Mv-D0-p)
P, (t)x| < IIxII Sou)x|| < ———— || (2:3)
” H F( ) H “ H F(\)(l—u) +M)

(iii) {P,(t):t> 0} and {S,,,(t): t > O} are strongly continuous.

3 Existence and controllability results
We consider the following nonlinear delay Hilfer fractional differential equation with im-
pulsive condition of the form

Dyl x(t) = Ax(t) + £ (&, x(n (D), [, h(t, 5)g(s,%(v2(s))) ds),
te]=(0,bl,t %t

AX|pmgy = I(x(8)), k=1,2,...,m

1870 5(0) = o,

(3.1)

where Dg‘f is the Hilfer fractional derivative, 0 <v < 1,0 < u < 1, A is a closed, linear, and
densely defined operator in E. The delay y;(¢) : /] — J,i = 1,2, are continuous functions, the
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state x(-) takes values in the Banach space E, and /:J x ] — R is a continuous function,
Ax|i=gy, = Ir(x(£;)), where x(¢) and x(¢;) represent the right and left limits of x(¢) at ¢ = £,
respectively, and the nonlinear operators f : ] X E x E— E, g:] x E — E are given. The
operator A is the infinitesimal generator of a Cy-semigroup T(¢) on E, and there exists a
constant M > 0 such that || T(¢)|| < M.

To establish the results, we need the following hypotheses.

(H1) (i) f :] x E x E — E is continuous and there exist constants N; > 0 and N, > 0 such

that, for all ¢ € J, v{, vo, w1, wy € E, we have
I & v, wi) = f (& va, wo) | < Nu[llve = vall + [wy = wall], N, = |f(£,0,0).

(ii) g: J x E — E is continuous and there exist constants L; > 0 and L, > 0 such that, for

all t €], vy,vy € E, we have

lg(t:v) =gt va)| < Lillvi—val, Ly =|g(z0)].

(iii) The functions I; : E — E are continuous and there exist constants L3 > 0, L4 > 0 such
that, for all £ € J, vi, v, € E, we have

[x(v1) = Le(v2) || < Lsllvy = valls Ly = | Ix(0)

lte).

(H?2) There exists a constant L such that |A(¢,s)| < L for (t,s) €] x J.

(H3) There exists a constant g such that, for all x1,x, € E, |l%1(yi(2)) — x2(y:(8)]| <
qllx1(£) = x2(2)|| for i = 1,2.

(H4) There exists a constant r > 0 such that

Mgl + (L + L)
— | |IXi + m r+
T —)+p) " ST
3Mpr+1-v)(1-p)
e D [N1(r +BL(L1r + L)) + NZ]} <r
and
aM 4aMblt—v1-1)
o e Lar+L — N L(Lir+L N.
{F(U(l—ﬂ)+ﬂ)[”x0”+m( 3+ 4)]+ F(/,L+1) [ 1(1"+b ( 1V + 2))+ 2]}
1 MbH|BIIIW LT 4Mb 1 1IBI WL -,
C(u+1) I +1) =

Definition 3.1 (see [25]) We say thatx € Y is a mild solution of equation (3.1) if it satisfies

x(t):Sv,M(t)xo+/0 P,L(t—s)f(s,x(yl(s)),/0 h(s, 7)g (7, %(y2(1))) dr) ds

+ Y St —tk(x(5)), tel. (3.2)

O<tg<t
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Theorem 3.1 Ifhypotheses (H1)—(H4) are satisfied, then equation (3.1) has a unique mild
solution on ] provided that

[1+bLL,] +

{3qb“A4Ah 3nuwb@-nﬂ-ﬂ>}
1=y ——" — < L.
B YY) Tl - ) + )

Proof Consider the operator ® on Y defined as follows:

Dx(t) = S (%o +/0 P,L(t—s)f(s,x()/l(s))’/o k(s,r)g(r,x(yz(r)))df> ds
£ D7 St - L (x(57)).

O<tg<t

It will be shown that the operator ® has a fixed point.
First we show that ® maps B, into itself. For x € B,,

[ @xlly = sup 101 | (Dx)()||
te]
S;gsuptu_WU-u>{”5wu(ﬂx0“
te]

ds

- [ pae-91r(s310), [ s gtr o)) )|
+ 3 |Suule~ L (x(£7)) | }

O<tp<t
3M
S F—
C(v(—p)+w)
M=) (1-p)
C(u+1)

[lxoll + m(Lsr + Ly)]

[N1 (r +bL(Lyr + Lz)) + N2]

<r.

Thus ® maps B, into itself.
We show that (®x)(¢) is continuous on J for any x € B,. Let 0 < ¢ < b and € > 0 be suffi-

ciently small, then

[(@x)(- +€) = (Px) (),

= sup ¢1~V1-1) ” (Px)(t + €) — (Dx)(2) ||
te]

< 3sup -1 || (Suu(®+6€) =Sy (®)x0 H
te]

+3sup 171w

te]

/OS h(s, T)g(t,x(y2(1))) dr) ds

/0 P,(t+e —s)f(s,x(yl(s)),

—/0 P,L(t—s)f(s,x(yl(s)),/o h(s,r)g(r,x(m(r)))dt) ds
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+3sup 01 Z St +€—t)I(x(5))
te] O<ty<t+e
- 3 St (e(6) | 63)
O<tg<t

Clearly, the right-hand side of (3.3) tends to zero as ¢ — 0. Hence, (®x)(¢) is continuous
on/.
We are going to show that (Px)(¢) is a contraction on B,.

Next, for x1,x9 € B,, we obtain
[(@x1)(6) — @x)0)]
<3 [ Pute-9)] Ms,xl (), [ s, gt () dr)
(5020, [ 16 (et ar )
+3 3 ISuslt =) [ e () = I (e (&) |

ds

O<ty<t
3qb"* MN, 3mMb-DA-1)
— 1 +bLL|+ ——— D — ot
{ PES F(v(l—,u)+M)}”x1() 0]

<xi Hxl(t) —xz(t)”-
Therefore,

sup 0790 (1) (¢) — (@2)(0)]| < s sup £0-D0) 1 (8) — x0) .
te] te]

This implies that
[®x1 — Pxally < x1llx1r —x2lly.

Then, @ is a contraction mapping on B,. From the Banach fixed point theorem, ® has a
unique fixed point x(¢) on J. Therefore system (3.1) has a unique mild solution on J, and

the proof is completed. d

Next, we will establish a set of sufficient conditions for controllability of impulsive delay

Hilfer fractional differential equation in the following form:

Dyl x(t) = Ax(t) + Bu(t) + £ (£, x(1(2)), [y h(t,9)g(s,5(y2(s)) ds),
te]= (O,b],t#tk,
AX|pmgy = I(x(8)), k=1,2,...,m

1" 7x(0) = %0,

(3.4)

where the control function u(-) is given in L%(J, L), the Banach space of admissible control
functions with U a Banach space. The symbol B stands for a bounded linear from U into E.
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Definition 3.2 We say that x € Y is a mild solution of system (3.4) if it satisfies
t
x(t) =Sy . (B)xo + / P, (t —s)Bul(s)ds
0

+/ Pﬂ(t—sy’(s,x(yl(s)),/ h(s, 7)g (7, %(y2(1))) dt) ds
0 0
+ ) Suult—tl(x(5)), tel. (3.5)

O<tg<t

Definition 3.3 System (3.4) is said to be controllable on J if, for every xy,x; € E, there
exists a control u € L%(J, U) such that the mild solution x(¢) of system (3.4) satisfies x(b) =
x1, where x; and b are the preassigned terminal state and time, respectively.

To establish the result, we need the following additional hypothesis:

(H5) The linear operator W from U into E defined by

b
Wu = / P, (b-s)Bu(s)ds
0

has an inverse operator W~! which takes values in L?(J, L)\ ker W, where the kernel space
of W is defined by ker W = {x € L(J, L) : Wx = 0} and B is a bounded operator.

Theorem 3.2 If hypotheses (H1)—(H5) are satisfied and if

4qb" MN; (14 bLL,]+ dmMbpl-D0-1) M| B|||| WL b* )
. <1,
2 T+ RS TSRy T+ 1)

then system (3.4) is controllable on ].

Proof Using assumption (H5), define the control

M(t) = W_l {xl - Sv,p.(b)xo

b s
—/0 P,Ab—s)f(s,x(yl(s)),/o h(s,r)g(r,x(yz(r)))dt) ds

Y SU,M(b—tk)Ik(x(t,:))}(t).

O<tg<b

It shall now be shown that when using this control, the operator ®* defined by

((b*x)(t) =SV,M(t)xO +f PM(L‘—S)f(S,x(Vl(S))r/ k(s,r)g(r,x()/z(r))) df) ds
0 0
+ 3 Suult - 8L (x(£))

O<ty<t

t
+ / Pu(t—n)BW‘l{xl—Sv,M(b)xo
0

b s
_/o Pu(b—s)f<s,x(y1(s)),/o h(s,r)g(f,x(yz(r)))dr) ds



Ahmed et al. Advances in Difference Equations (2018) 2018:226 Page 7 of 20

Y sv,ﬂw-tk)zk(x(t;))}(n) n (6)

O<tg<b

has a fixed point. This fixed point is then a solution of equation (3.4).
First we show that ®* maps B, into itself. For x € B,,

[ @], = sup =0 (@*2) ()|
te]

t
§4supt(l_‘))(l_m{”Su,u(t)xo” + / |2, =) | UIBIH| W || {|21 = S, (B)xo
0

te]

b s
—/0 P,Ab—s)f(s,x(yl(s)),/o h(s,r)g(t,x(yz(r)))df) ds

-y SU,M(b—tk)Ik(x(tk))“ (m)dn

O<tg<b

+f (||Pﬂ(t—5)” H'/(S’x(),l(s)),/Sh(s,r)g(r,x(l/z(f)))dr>
A 0
3  Sunle - L (x(57))| }

O<tg<t

ds

< o il + ko L]+ PP ooy
n W+;0+M [lxoll + m(Lsr + Ls)]
+ % [Ni(r+bL(Lir + Lo)) + N2]}
% (N1(r + BL(L17r + L)) + Np)

aM
) {m[“%” +m(Lar + L4)]

4Mp*—1-1)
+ m [N1 (r +bL(Lyr + Lz)) + Ng]}
1 Mb™|BIl|W| AMB™ =1 |l [ IBI W
T(p+1) I(w+1) -

Thus ®* maps B, into itself.
We show that (®*x)(¢) is continuous on J for any x € B,. Let 0 < £ < b and € > 0 be

sufficiently small, then

[(@72)( + €)= (@"%) ()],
= sup t1|| (D*x) (£ + €) — (D*x) ()|
te]

<4sup V- || (Sw(t +€)— SU,M(t))xo H
te]

+4sup 170

te]

/He P, (t+€—s)Bu(s)ds - /t P, (t —s)Bu(s)ds
0 0
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+4sup (==
te]

_/0 pu(t_s)f(s,x(yl(s)),/Osh(s,f)g(ffx()’z(f))) df) ds
S St e-tn((c)

O<ty<t+e

-y SV,M(t—tk)Ik(x(t,:))”. (3.7)

O<tg<t

/0 P,(t+e —s)]”(s,x(yl(s)),/o h(s, 7)g (7, %(r2(1))) dr) ds

+4sup 1701
te]

Clearly, the right-hand side of (3.7) tends to zero as € — 0. Hence, (®*x)(¢) is continuous
on]/.
Next, for x,y € B,, we obtain

[ (@72)(®) - (2*) (1)

< [ le-nlialw [ [ 1m0
(5:500). [ s 0500 )
—f(ay(n(s)), [ h(s,r)g(r,y(nm))dr)

¢ 3 I8 0ol - 5O, e [ 191

O<tg<b

P(s,x(m(s)), / Sh(u)g(r,x(yz(r)))dr)

X

ds

X
—f(s,y(m(S)),/O h(s, 7)g (7, y(r2(1))) dr) ds
+4 ) [Suult -] | @ (5)) - L0 (5)) |
O<tg<t
AM|B|||WL||b* [ gb*MN; mMb-D0-1)
T(u+1) {F(ll«+1) [1+bLL1]+m}”x(t)—y(t)”
4gb* MN; MpO-DA-1)
* g(u - 1)1 [1+bLL] ||x(t) —}’(t)H + ;Lf(vz(l_—w ||x(t) —y(t)H
4gb* MN, 4mMb-D0-1) M| B||l w1 l|o"
<{ Toir D) [1+bLL1]+F(V(1—M)+M)H T+ D }Hx(t)—y(t)”

< xo||x(®) - y(®)|.
Therefore,

sup 17| (%) (£) — (@%x2) (B)|| < 2 sup 10| a1 (8) — w0 (8) |-
te] te]

This implies that

|®*x1 — @* x|, < x2ll1 — 22y
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Then ®* is a contraction mapping, and hence there exists a unique fixed point x € B, such
that ®*x(t) = x(¢). Therefore system (3.4) has a mild solution satisfying x(b) = x;. Thus,
system (3.4) is controllable on J. O

4 Existence and approximate controllability
First, we study existence and uniqueness for Sobolev-type neutral Hilfer fractional differ-

ential equation with impulsive condition in the following form:

Dy [Zx(2) + G(t,x(y1(2))]

= Ax(t) + f (&, x(12(2)), [y h(t,$)g(s,2(v3(s)) ds), €] =(0,b],t 7 tx,
Ax|pmgy = I(x(8), k=1,2,...,m
15747 5(0) = 4o,

where the delay y;(¢) : ] — J,i = 1,2, 3, are continuous functions, the state x(-) takes values
in the Banach space E, the symbols A and Z are linear operators on E.

The operators A : D(A) C E — E and Z : D(Z) C E — E satisfy the following conditions:

(H6) A and Z are closed linear operators.

(H7) D(Z) € D(A) and Z is bijective.

(H8) Z7': E — D(Z) is continuous.

Here, (H6) and (H7) together with the closed graph theorem imply the boundedness of
the linear operator AZ™! : E — E.

(H9) For each t € J and for A € p(AZ™!), the resolvent of AZ~!, the resolvent R(A,AZ™1)
is compact operator.

Lemma 4.1 (see [26]) Let T(t) be a uniformly continuous semigroup. If the resolvent set
R(A, A) of A is compact for every ) € p(A), then T(t) is a compact semigroup.

From the above fact, AZ™' generates a compact semigroup {S(t), t > 0} in E, which means
that there exists M > 1 such that sup,; ||S(®)|| < M.

We suppose that 0 € p(AZ™Y), the resolvent set of AZ™', and || S(t)|| < M for some constant
M > 1 and every t > 0. We define the fractional power (AZ™1)™Y by

(AzY)7 = %}/) /oo t71S(t)dt, y >0.
0

Fory € (0,11, (AZ™Y) is a closed linear operator on its domain D((AZ™')). Furthermore,
the subspace D(AZ™Y)") is dense in E. We will introduce the following basic properties of
Az,

Theorem 4.1 (see [27]) (1) Let O <y <1, then E, := D((AZ™)?) is a Banach space with
the norm ||x||, = [(AZ7)" x|, x € E, .

(2 If0< B <y <1,then D(AZ71)") = D((AZ™V)?) and the embedding is compact when-
ever the resolvent operator of (AZ™) is compact.

(3) For every 0 < y <1, there exists a positive constant C,, such that

[(az7")'s@)| < % 0<t<b.
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Lemma 4.2 Foranyx €E, 8 €(0,1) and § € (0,1], we have
(AZ VT (tx = (AZY) T, (0 (427 %, 0<t<b

and

§ uCsT'(2 - 8)
|(AZY T, ()| < mnxn, 0<t<b.

Definition 4.1 We say that x € Y is a mild solution of system (4.1) if the function
AZ71P,(t - 5)G(s,x(y1(s)),s € (0, b) is integrable on (0, b) and the following integral equa-
tion is verified:

x(t) = Z7'S,,,(0)[Zx(0) + G(0,x(0)) | - Z7' G(t, x(y1(2))

+ /tZIAZIPM(t - s)G(s,x()q (s)) ds
0

+/ Zlpu(t—s)f(s,x(yz(s)),/s},(s,r)g(r,x(m(r)))dr) ds
0 0

+Z70 Y Suult - t)l(x(t)), tel. (4.2)

O<ty<t

To establish the results, we need the following assumptions.
(H10) (i) G:J x E — E is continuous and there exist constants K; > 0 and K; > 0 such
that, for all v;,v, € B,, we have
I (AZ_I)ﬁG(t, V) — (AZ_I)ﬁG(t, v) | < Kilvi = vally,

K =4z 6,0

, tej.
(if) There exists a constant g such that, for all x1,x, € E,

|1 (vi®) = 22(vi(®) | < g1 (&) = x2(8)||  fori=1,2,3.
(H11) There exists a constant r > 0 such that

Mo,
Cw(—p)+w)
C1_gbP*T (1 + B) Mb'~v0-1W g
BT(L+ 1B) } S }

sz

+ pA- A=) |:M0 +

and

Cw(l—pw)+p)
]\/[;,1—\1(1—#)@3
pul(w)

M Ci_gbP T (1
6] 27| [1 + o4] { _ Mar L peenew [MO N 1/3—(“9)} ,

B (1 + up)

} +6b1 M 7)oy <,



Ahmed et al. Advances in Difference Equations (2018) 2018:226 Page 11 of 20

where

01 = (I1Zl + MoKy) |Ixo| + MoKy + m(Lsr + L), 02 = (Kir + K3),
03 =N (r +bL(Lir + Lg)) + Ny,

_ MO\ Z7| BBl
4=
AuT2(p)

_1\-B
, Mo=[(az )],

Theorem 4.2 If hypotheses (H1)—(H2) and (H6)—-(H11) are satisfied, system (4.1) has a
unique mild solution on J provided that

(1 + hLLl) +

C1_gbP*K T (1 Mb*N; Mp-1A-1)
x3:=5q]Z7"| {MOI<1 ¢ 2 r+p) + ! e }
I'(1+ up) I (1) Cw(l—p)+p)

<1
Proof Consider the operator W on Y defined as follows:
(Wx)(t) = Z71S,,.()[Z2(0) + G(0,%(0)) ] - Z7' G(t, ()1 (1))

+ /tzlAZlPu(t - 8)G(s,x(y1(s)) ds
0

+/ Z_lpﬂ(t—S)f(s,x(yz(s))’fsh(s,t)g(‘[,x(}/g(f))) dl’) ds
0 0

#2707 S0t - Ik(%(5))-

O<ty<t

It will be shown that the operator W has a fixed point. This fixed point is then a mild
solution of system (4.1). First we show that ¥ maps B, into itself. For x € B,,

[Wally = sup 709 | (W) ()
te]

< 5sup t(l")(l"){ 1Z72S,,.(6)[Zx(0) + G(0,x(0))]|| + | 2 G(t, (1 (®))

te]

+ / 2142 P, e - 1G5 5) | s
0

ds

+/ |z Pu(t-9)| Hf(s,x(yl(s)),/ h(s,r)g(r,x(yz(r)))dr)’
0 0
- 3 2t i)

O<tg<t
-1
L Mzl [
Fw(l - )+ )
+5Mob | 27 | [Kyr + Ko

IZI %ol + Mo(Killxoll + Ka) + m(Lar + La)]

512 [[C1pbP 1ML (1 4 )
BL(1 + pp)

5121 | M09

o ulw)

[Klr + 1(2]

(N1 (I" + bL(Llr + Lz)) + N2)
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_ Moy (1 C1_pbP T (1 + B)
=5|z! {—+b(1 M “)[M E
1271 T(w(1-p) +p) T preup) |7
Mbl—v(l—u)gs
uI (1) }
<r.

Thus ¥ maps B, into itself.
We show that (Wx)(t) is continuous on J for any x € B,. Let 0 < £ < b and € > 0 be suffi-
ciently small, then

[ (W) +€) = (W) (),
= sup t" | (Wa)(£ + €) — (W) (@)
te]

<5|z7| sup F1-0=0 [ (S, (€ + €) = Sy, (1)) (Zx0 + G(0,%(0))) |
te]

+ 5||Z’1 “ sup ¢1A=H) || G(t+ex(n(t+e)) - G(6x(1()) ||
te]

+ SHZ_1 ” sup (=)=
te]

/HE AZ_IPu(t +€ —S)G(s + e,x()q (s+ e))) ds
0

_ /tAZlPM(t - s)G(s,x(yl (s))) ds
0

+ SHZ_1 ” sup (=)=
te]

/0 T hutre —s)f(s,x(yz(s)),

/0 s Dg(nx((0)) df) ds

_ /0 tP,At—s)f(s,x(yz(s)), /0 s, g (r.x(5(1) df) s
D Syult+e—t)h(x(t))

O<tg<t+e

+ SHZ_1 ” sup (=)=
te]

. (4.3)

= 3 Soult - h(x(5))

O<ty<t

Clearly, the right-hand side of (4.3) tends to zero as ¢ — 0. Hence, (Wx)(¢) is continuous
on]/.
Next, for x1,x, € B,, we obtain

(W) (2) = (Wx2)(8)
<5z 114z 11427 600 (10) - (427 S ma(n0))]
[ 4z I T 1142 6o (109)
- (AZ7) 65 02 9) | s

+/ HP,L(t—s)H }j(s,xl(yl(s)),/ h(s,r)g(t,xl(yz(t)))dt)
0 0
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_f(s,xz(yl(s)),/os h(s,t)g(r,xz(yz(t)))dt> ds

+ 3 ISt o (1) ~ ()

O<tg <t

C1_pbP*KiT (1 + B)

<5q|z7| {M0K1 +

L1+ up)
MDb* Ny mMb-DA-1)
F G W R T o } Jo1(8) = %20)||

= X3 Hxl(t) —xz(t)H~
Therefore,

sup #0701 [[(Wa) (8) - (W) (0] < x5 Stlplf1 0=y (2) = xa(2) |

te]

This implies that
[Wxy — Waslly < xsller —xa2]ly.

Then, W is a contraction mapping on B,. From the Banach fixed point theorem, ¥ has a
unique fixed point x(¢) on J. Therefore system (4.1) has a unique mild solution on /.

Second, we will study the approximate controllability for Sobolev-type neutral Hilfer
fractional differential equation with impulsive condition of the form

Dyl [Zx(t) + G(t,x(1(1))]
= Ax(t) + Bu(t) + £ (&, x(2(0)), [, h(t, $)g(s, x(y5(s))) ds),
te]=(0,bl,t+t, (4.4)
AX|pmgy = I(x(E)), k=1,2,...,m
1574 5(0) = xo,

where the control function u(-) is given in L2(J, U), the Banach space of admissible con-
trol functions with U a Banach space. The symbol B stands for a bounded linear from U
into E. O

Definition 4.2 We say that x € Y is a mild solution of system (4.4) if the function
AZ7'P,(t - 5)G(s,x(y1(s)),s € (0, b) is integrable on (0, ) and the following integral equa-
tion is verified:

x(t) = Z7'S,,. ([ Zx(0) + G(0,%(0)) ] - Z7' G(t, x(31(9))

+ ‘/.tZ'lAZ'lPM(t - s)G(s,x(y1 (S)) ds + /tZ_lPM(t —8)Bu(s)ds
0 0

+/ Z‘lp,L(t—s)f<s,x(y2(s)),/sh(s,T)g(t,x(yg(r)))dt) ds
0

+Z270 37 St - t(x(55)), tel. (4.5)

O<tg<t
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In order to study the approximate controllability for system (4.4), we introduce the follow-

ing Sobolev-type linear fractional differential system:

Dy¥Zx(t) = Ax(t) + Bu(t), te]

(4.6)
IEV0140) = xo.

It is convenient at this point to introduce the operators associated with (4.6) as follows:

b
ré= / (b—$)""T,,(b-5)BB*T5(b - 5) ds,
0

R(TE) = (M +TE), x>0

Let x(b; x0, u) be the state value of (4.4) at terminal state b, corresponding to the control u
and the initial value xy. Denote by R(b,x0) = {x(b;x0, u) : u € L*(J, U)} the reachable set of
system (4.4) at terminal time b, its closure in X is denoted by R(b, x).

Definition 4.3 System (4.4) is said to be approximately controllable on the interval J if
R(b,xy) = E.

Lemma 4.3 (see [28]) The linear system (4.6) is approximate controllable on ] if and only
if the operator AR(A,T'Y) = A(AI + T%)™' — 0 as > — 0" in the strong operator topology.

We formulate sufficient conditions for the approximate controllability of system (4.4). For
this purpose, we first prove the existence of a mild solution for system (4.4). Second we prove

that system (4.4) is approximately controllable under certain assumptions.

Theorem 4.3 If hypotheses (H1)—(H2) and (H6)—(H11) are satisfied, then system (4.4)

has a mild solution on ] provided that

- CipgbP*KiT(1L+ B)  Mb*N; mMb-D0-0)
Xa:=6 ZI{MK+ + (1+bLL) + —————
4 61” ” 041 T+ 1B) T () 1 Fo0 =)+ )
{ |IZ~11|M2 | B||| B*||b* }
x 1 3 <1.
A2 ()

Proof Consider the operator * on Y defined as follows:
(U*x)(8) = Z7'S,,.()[ Z2x(0) + G(0,%(0)) | - Z7' G(t,x(11(2))
t
+ / Z‘lAZ_IPM(t — s)G(s,x(yl (s)) ds
0
t
+/ Z‘lP“(t—S)Bu(s) ds
0

+/ Z‘lpu(t—s)f(s,x(w(s)),/sh(s,f)g(r,x(yg(r)))dr) ds
0 0

+ 71 Z Suu(t =t (2(2)),

O<tg<t
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where
u(t) =B TE(b - 1) (M +T8) ™ {}_z ~Z7'8,,,(b)[Zx(0) + G(0,%(0)) ] + Z7' G(b,x(y1 (b))

b
. / ZIAZ P (b~ )G(s x(1 () ds— 27 3 S0l -tk (x(57))
0

O<tg<b
b s
—/o Z_IPM(b—s)f<s,x(y2(s)),/(; h(S,T)g(T,x()/g(T)))dT) ds}.

It will be shown that the operator W* has a fixed point. This fixed point is then a mild
solution of system (4.4). We show that W* maps B, into itself. For x € B,,

sl = sopet =0 (w30
<6 sup t“‘“)(l‘“){ 2718, (6)[ Zx(0) + G(0,x(0) ]| + || 27" G(t, x (31 (D)) |
R /0 |21 AZ P (e - 5)Gls,x( () | ds
+ [1z 298 to] o
of 12 Pt -9 p(s,x(m(s)), | Sh(s,r)g(t,x(yz(r)))dr)

#3278 - I (x(57)) | }

O<ty<t

ds

6M||IZ1| [
T LA - )+ p)
+6Mob M| 27 | [Kir + Ko

IZ1 120l + Mo (Kx llxoll + K2) + m(Lar + La)]

61Z71[|Crpb?* 00D (1 + B) 6M>b | Z 7 |[|1BI||B*|
+ [Kir + K] + 5
Br (1 +pp) Aul2(p)

x {b(l—v)(l—u) ||/:l||

M|Z7

+ Tol—)+ ) [IZ[ %ol + Mo (K [l%0ll + Kz) + m(Lsr + Ly)]

Ci_pbP'T (1
|27 B0 i 1(2)[M0 , Gt T+ ) }

BT (1 + 1f)
12 M- )
o
6/1Z1 | Mb!-(1-)
B2

~6|z |1+ 0]

[Nl (I" + bL(Lﬂ" + Lz)) + Nz] }

(N1 (r +bL(Lyr + Lz)) + Ng)
Mo,
F(d - )+ u)

+ pI-n (=) |:M0 N CrpbP*T(1+ ﬁ)] . Mb—0-1 g, }
BL(L+upB) wl(1)
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+ 6611 ) o4

<r.

Thus W* maps B, into itself.

Next, for x;,x9 € B,, we obtain

[ (W) (@) - (W) ()]
=6|z7| { [z )74z (65 (n®) - (427 G622 (@) |
o [ e @z =942 Gl ()
A7) (s 6) | d
[ 1Bl (5210100, [ 6 020(em )
-1 (s3n), [ s (e ()

+ 3 5= 0l o () - )

O<ty<t

ds

volz) [ Ipate- ol Iz 9161 18) 14z 7]
A2 600 (2 9) - (427 60,2 0)|

[ oz -9

N2 6om () - (42 Glsmlno)]as+ [ e
#(rs a0, [ e gl ()

—f(r,xz(yl(f)),/o h(f,n)g(n»xz(yz(n)))dn>

X

dr

+ 3 ISt o (1) ~ o) | s

O<ty<b

C1_pbP KT (1 + B) . MBb* N,y
(1 +pB) wul ()

<6q|z7| {MOK1 + (1+bLL,)

mMp-D-w)
+ —_—
C(w(l—p)+w) }
X{l |IZ~||.M?||B| || B* || b*
AuT2(p)

< X4||x1(t) —xz(t)||~

a0 -
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Therefore,

sup £ (W) () = (W) (0)]| < xasup e o (1) = 22(0)
te] te]

This implies that
|Wx1 = W |, < xallxr — x|y

Then W* is a contraction mapping and hence there exists a unique fixed point x € B, such
that W*x(t) = x(¢). Hence, any fixed point of W* is a mild solution of (4.4) on J. O

Theorem 4.4 Assume that hypotheses (H1)—(H2) and (H6)—(H11) hold. Further, if the
functionsf:] x Ex E— E, G:] x E — E are uniformly bounded and {S(t),t > 0} is com-
pact, then system (4.4) is approximately controllable on J.

Proof Let x*(-) be a fixed point of ¥* in B,. Any fixed point of W* is a mild solution of (4.4)

on J under the control
u'(t) = B*T};(b - OR(A, T§)p(+"),
where
p(*) = =218, ,(B)[Zx(0) + G(0,%(0))] + Z7LG(b, x* (11(b))
- /0 ' ZAZT'P, (b - 9)G(s, %" (n1(s)) ds

~Z 3 S0 - L (%))

O<tg<b
b s
- /(; zZ'P,(b- s)f(s,xk (yz(s)),/o hs, 1:)g(t,xA ()/3(7,'))) dr) ds,
and satisfies
&(b) = h—A(M +T8) ' p(a*). (4.7)

It follows from the assumption on f and G that there exists D > 0 such that

‘P(s’xk(”(”)’ /Osk(s'f)g(t’x*(ys(r)))dr) H <D,
165 #(n(®))] <D.

Consequently, the sequence {G(s,x"(y1(5))),f(s,¥*(v2(s)), [, k(s, T)g(t, % (y3(1))) d7)} is
bounded in L%(J, E).

Thus there is a subsequence, still denoted by {G(s,"(y1(5))),f (s, %*((s)), [y k(s,T) x
g(t,x*(y3(1))) dt)}, that converges to say {G(s),f(s)}. On the other hand, by Lemma 4.3,
the operator A(Al + I'5)™! — 0 strongly as A — 0* for all 0 < s < b, and, moreover,
[A(A+ T < 1.
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Thus, the Lebesgue dominated convergence theorem and the compactness of P, (¢) yield

@) - Al
< |2+ TY) " [h=Z71S,,,.(b)(Zx(0) + G(0,%(0)))]|

+ AL+ TE) ' Z7 G, (11 (b))

b
+ / |2 (A1 + Fg)le’lAZ’lPM(b -8)G(s,x™ (y1(5)) | ds
0

b s
+ / A(M + Fg)le’lPM(b - s)f(s,x)\ (yz(s)),f ks, r)g(r,x’\ (‘}/3(1'))) dt) ‘ ds
0 0
+ | A (M + Fé’)_l Iz Z S (b=t (%" () H — 0, asi— 0.
O<tg<b
This gives the approximate controllability of (4.4), the proof is complete. d

5 Application
Consider the following Sobolev-type Hilfer fractional delay partial differential equation
with impulsive condition:

DL x(t,9) = %y (6,9) + Glt,2(t — )]

_ a%(gy) + x(t,y) +x(t - p,y) + fot sinx(s — ,0,)/) ds,

ay
Ofyfﬂ;tEI:(Orb]tt#tk;
x(t,0) =x(t,w) =0, te],
x(t;(r)y) _x(t]:»y) = Ik(x(t]:ny))r k= 1,2,...,m,

2(1-v)
Iy, "x(0,9) =x0(y), 0<y<m,

(5.1)

where D;’? is a Hilfer fractional derivative of order 0 <v < 1,u = %

Let E = U = L?*([0,7]), define the operators Z : D(Z) CE — E and A: D(A) CE — E
by Zx = x — x,, and Ax = x,,, where the domains D(Z) and D(A) are given by {x € E :
x,x, are absolutely continuous, x,, € E,x(0) = x(r) = 0}.

Then A and Z can be written as

o0 o0
Ax = Z (%, %)%, % € D(A), Zx = Z(l + 1) (%, %0)%, & € D(Z).
n=1 n=1

Furthermore, for x € E, we have

1 n
-1, _ -1, _
Zx= Z 2 (xixn)xn; AZ " x= Z 1222 (x,xn)x,,.

n=1 n=1

It is known that AZ™! is self-adjoint and has the eigenvalues A, = —n?7%, 1 € N, with the
corresponding normalized eigenvectors e, (£) = /2 sin(nr£). Furthermore, AZ™! gener-

ates a uniformly strongly continuous semigroup of bounded linear operators S(¢), ¢ > 0, on
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E which is given by
o0 o0 _ 1
S(t)é = Z(“;‘n,ey,)ey, = 226"’ T tsin(mry)/ sin(nrt)é(r)dr, & €E.
n=1 n=1 0

We define the bounded operator B: U/ — E by Bu = x(t,5),0 <y <m,u € U.
Also, we define the following functions:

x(8)y = x(6,9), G(t,x(1.(1))) 0) = G(t: % - p, )

/0 h(t,s)g(s,x(yg(s))(y) ds :/ sinx(s — p,y) ds,

0

f(t,x(yz(t)),/o h(t,s)g(s, %(y2(s))) ds) () =x(t-p,y) + /(; sinx(s — p,y)ds,

where /(t,s) = 1. Choose b and other constants such that conditions (H1)—(H2) and (H6)—
(H11) are satisfied.
Hence, all the hypotheses of Theorem 4.3 and Theorem 4.4 are satisfied and

_ CipbP KO T(1+ ) MB*N, mMb-D0-1)
X4:=6 Zl{M1<+ + (1+bLL)+ —————
#1762 Mok (1 +upB) wI™ () YTToa-p)+ )
{ |IZ~1||M2 )| B||| B* || 6" }
x 11 5 <1.
ApT2(p)

So the Sobolev-type Hilfer fractional delay partial differential equation with impulsive

condition (5.1) is approximately controllable on /.
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