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Abstract

Partial differential equations with nonlocal boundary conditions have been widely
applied in various fields of science and engineering. In this work, we first build a high
accuracy difference scheme for Poisson equation with two integral boundary
conditions. Then, we prove that the scheme can reach the asymptotic optimal error
estimate in the maximum norm through applying the discrete Fourier transformation.
In the end, numerical experiments validate the correctness of theoretical results and
show the stability of the scheme.
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1 Introduction
Partial differential equations with nonlocal boundary conditions have been widely used to
build mathematical models in various fields of science and engineering such as thermoe-
lasticity, physics, medical science, chemical engineering, and so on (see [1-6]).

This work is concerned with the following two-dimensional Poisson equation with two
integral boundary conditions:

Au=f(xy), @y eQ=(01)> (1.1a)
Uy = 1), O<y<l, (1.1b)
Ule1 = 2(¥), O<y<l, (1.1¢)

iludy:,ug(x), O<x<1, (1.1d)
f;zudy: wa(x), O<x<l1, (1.1e)

where f(x, y), wi(y) (i = 1,2), uj(x) (j = 3,4) are some given smooth functions, and &1, &, are
constants such that 0 < & <& < 1.

FDM is preferred by many researchers because of its simple format and easy program-
ming. Recently, Sapagovas [7] presented a difference scheme of fourth-order approxima-
tion for Poisson equation with two integral boundary conditions. The author also studied
its solvability and justified an iteration method for solving the corresponding difference
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system. Berikelashvili [8] constructed some difference schemes for Poisson problem with
one integral condition and obtained its estimate of the convergence rate. For Poisson equa-
tion with Bitsadze—Samarskii nonlocal boundary, a new method was developed [9] which
used the five-point difference scheme to discretize Laplace operator. There are also some
literature works on nonlinear and high order elliptic problems with nonlocal boundary
conditions. In [10, 11], the authors presented some iterative methods for the system of
difference equations to solve nonlinear elliptic equation with integral condition. Pao and
Wang [12, 13] used finite difference method to construct a coupled system of two second-
order equations for fourth-order elliptic equations with nonlocal boundary conditions.

In recent years, the radial basis function (RBF) collocation method is very popular for
PDEs to seek numerical solution, especially for elliptic equations with nonlocal bound-
ary [14—16]. However, the numerical results of RBF collocation method often suffer from
shape parameter and condition number of the collocation matrix. As for some other nu-
merical methods for elliptic equations with nonlocal boundary conditions, e.g., FEM, we
refer the reader to [17-19].

To our knowledge, few studies not only focus on building high accuracy difference
schemes which are of optimal or asymptotic optimal order for error estimation and show-
ing theoretical proofs, but also on displaying corresponding numerical tests for Poisson
problem with nonlocal boundary conditions. Therefore, how to design a high accuracy
scheme and prove that it is of optimal or asymptotic optimal order for error estimation
is a great challenge for us. In this work, we consider a two-dimensional Poisson problem
with two integral conditions. The first novel idea is that we build a high accuracy differ-
ence scheme by introducing the equivalent relations which are convenient to discretize
two nonlocal conditions. The second one is that we ingeniously apply the discrete Fourier
transformation (DFT) to transform the two-dimensional problem to a one-dimensional
problem for error analysis. Besides, we prove that the difference scheme can reach the
asymptotic optimal error estimate in the maximum norm. Numerical examples confirm
the correctness of theoretical results.

This work is organized as follows. In Sect. 2, we present a finite difference scheme for
Problem (1.1a)—(1.1e). In Sect. 3, the error equations of the scheme are analyzed with the
DFT and the corresponding error estimates are presented. In Sect. 4, we show numerical
results to support our conclusions. Finally, a summary of this article and future work in
this field are discussed.

2 The finite difference discretization
For convenience of discretizing the integral boundary conditions, we can easily prove the

equivalent relations as follows.

Lemma 2.1 Suppose that the solution u € C*(Q) in Problem (1.1a)—(1.1e), and p;(y) (i =
1,2) and j(x) (j = 3,4) satisfy the following consistent properties:

& &1
/ n1 () dy = n3(0), / w2y dy = j13(1), (2.1)
0 0

1 1
f j1()dy = 114 0), / 120 dy = pa(1). 22)
& &
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Then the integral boundary conditions (1.1d) and (1.1e) are equivalent to the nonlocal
boundary conditions

Uyly=g, = tyly-0 = ¢1(x) (2.3)
and
Uyly-1 = tyly-g, = P2(%), (2.4)

respectively, where

&1 1
¢ (x) = \ fxy)dy — s (x), $a(x) = . f,y) dy — g (x).

Proof Integrating two sides of (1.1a) about the variable y over the interval [0, ] and using
(1.1d), we have

&1 &1 &1 &1
Wy (x) + / Uyy dy = / Uy dy + / Uy, dy = / f(x, ) dy,
0 0 0 0

ie.,

&1
Uyly=g = Uyly-0 = S,y dy — n5(x),
0

which yields (2.3).
In turn, when (2.3) holds, together with (1.1a), we can obtain

&1
/ Uar dy = 3 (%).
0
Integrating two sides of the above expression about the variable x twice, we have
31
/ udy = pus(x) + Crx + Cy,
0

where C; and C, are two constants.
Let x =0 and x = 1 in the above equation respectively, and from (1.1b)—(1.1c) and (2.1),

we get
Ci=CG=0,
which yields

&1
/ udy = pu3(x).
0

Therefore, (1.1d) is equivalent to (2.3)
Similarly, from (1.1a)—(1.1c) and (2.2), we can also derive that (1.1e) is equivalent to (2.4).
Thus, the proof of this lemma is completed. d
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Based on Lemma 2.1, we are now in a position to present the finite difference scheme
for Problem (1.1a)—(1.1e). Divide €2 into an N x N mesh by

O=xp<x1<---<an=1, O=yo<y1<--<yn=1,

where x; = ih,y; = jh, h = 5; is the stepsize in both x and y directions, and N is the corre-
sponding partition number. For convenience, we only discuss Problem (1.1a)—(1.1e) under
the assumption that &; and &, are two rational constants. Moreover, assume that &, = N,/
(m =1,2), where N1, N, are integers and 0 < N7 < N < N.

Let U be the finite difference approximation of u. Denote u;; = u(x;, y;), U;; = U(x;,y;),
fij =9, (m); = wm(®)), and (¢m); = @m(x;) (m = 1,2). Then the governing equation
(1.1a) and two local boundary conditions (1.1b) and (1.1c) can be discretized as follows:

Uiy j—2U;j+Up ;| Uij1— 2Uz;+Uz;+1
2 +

—fp bj=1..,N-1,
Upj = (11); Uyj= (Mz)p j=1...,N-L

(2.5)

From Lemma 2.1, two nonlocal boundary conditions (1.1d) and (1.1e) can be discretized
as follows:

%(%ui,Nl —2Uin1 + lUil\h—z) h(—— o+ 2U;1 — lUiz) = (1)
%(%Ui,N —2Uin-1 + 5 UzN 2) — ( uzNz +2U; Ny 41 — % Uing+2) = ($2)s, (2.6)
i=1,...,N-1.

3 Error estimate
Denote the error at point (x;,y;) by e;; := U;; — u;;. Suppose that the exact solution u €
C*(Q). Then, from (2.5) and (2.6), we have

ei-1,=2¢jj+eis1, + €ij—1-2ej+ejjs1
2 2

:Oll"]‘, i,j:1,...,N—1,

(3.1)
eoy/‘=€N,j=O, j=1,...,N—1,
and
FGein, —2ein -1+ 3ein—2) — 1 (=3ei0 + 2ei1 — 2ein) = (B1)is
FGein —2ein-1 + 3ein-2) — F(=3ein, + 2€iny41 — 3€iny+2) = (B2)is (32)

i=1,...,N-1,
where «;; and (B,,,); (m = 1,2) are the corresponding local truncation errors satisfying

_max. {

,,,,,

i|} S K. (3.3)

Aiming to present the estimation of the errors e;; (i,j = 1,2,...,N — 1), we introduce the
following DFT formula:

N-
eij=~2hYy eijsinkmx;, ij=1,2... ,N-1 (3.4)
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Taking the DFT for «;; and (B,,);, respectively, we find

Oliij\/thQ[:lla{\k,jSinkﬂxi, i,j=1,...,N—1,
(B = V21 Y 2 Buisinkmx, i=1,...,N-1,m=1,2.

Since v/2h(sin krx;)(v-1)x(nv-1) is an orthogonal matrix, the following inverse DFT formu-
las hold:

Q= V2R Y N ey sininay,  kj=1,...,N -1,

B (3.5)
Bk = V20 N (B)isininxy, k=1,...,N-1,m=1,2.
Thereby, from (3.3) and (3.5), we can derive
o~ -~ 3
il , < h2. 3.6
k’jzrlrlfﬁpl{lak.,l (B |(Bi|} S (3.6)
Substituting (3.4) into the first equation of (3.1) and (3.2), respectively, we have
Ckj1 — WKk + ekjr1 =My j=1,...,N-1,
%/ék,Nl - Zék,Nl—l + %/ék,Nl—Z + %/ék,o — 2,1 + %?k,z = h(llg\l)k, (3.7)
BN — 2OkN-1 + BN + SNy — 28Ny 41 + SOy +2 = H(BD)ks
where
.92 k?Th
Wi = 2 + 4sin” 6, O = — (3.8)
Let ex; =€k + h*pij, where py; satisfies
k1t O — Dt =Gk i= 1 N =1,
Pk,j-1 kPkj — Pkj+l kjr ] (3'9)
Piko =pin = 0.
From (3.7) and (3.9), one can see that
Sk,j_l—wké‘k,j+8/<,j+1:0, j=1,...,N—1,
ey — 28KN,-1 + SEkN -2 + Sek0 — 2651 + Sex2 = H(Bk, (3.10)

3 1 3 1 >
SELN — 26kN-1 + FELN-2 + 5ENy — 2EkNp+1 + 5EkNy+2 = M(B2)ks

where (Em)k (m =1,2) are defined by

~ ~ 3 1 3 1
Bk =Bk + h(ipk,Nl —2PpNp-1 + FPeN1-2 5 Pko = 2Pk + Epk,Z);

~ ~ 3 1 3 1
B2k =Bk +h FPN = 2piN-1 + SPkN-2F SPicNy = 2Dk Ny +1 + SN2 |-

,,,,,
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Lemma 3.1 Suppose that py; satisfies (3.9). Then we have

-2

=l 3.11

/=1r?flA);f1 Pl 5 k2 [l I 1)
and

S 3.12

max |peji = piil S B 512)

Proof Let |py¢| = maxj_1,. n-1|pk;|. Then, from (3.8) and (3.9), we have

Gk e| = |=Pre-1 + OkPre — Prest] > (0 — 2)|prel = 4sin® O|prel. (3.13)
Recalling that 6 = %, h= %, and 1 < k <N -1, we can derive
. 2
sinfy > —6y = kh. (3.14)
T

Therefore, one can easily infer (3.11).
Let 8 = ; — 4sin®Ogpyi, i =1,...,N — 1. From (3.13), we have

|8k, < 2[[a]l. (3.15)
From (3.9), we get
~Phi-1 + 2Pk = Piv1 = Sk,i-

Then, summing the above equations over i from 1 toj (1 <j <N — 1), we obtain
j
Phjsl = Phj =Pri — Pio — 9 Sk (3.16)
i=1
Furthermore, summing (3.16) over j from 1 to N — 1 and noticing pixn = pio = 0, we get
N-1 j
~(pr1 —pro) = (N = D)1 —pro) = D D Sk

j=1 i=1

From (3.15) and the above equation, we have

1y~
|pr1 — prol Sh okl

Therefore, using (3.15) again together with (3.16), we finally obtain (3.12) which completes
the proof. O

Now we present the convergence theorem for Problem (1.1a)—(1.1e).

Theorem 3.1 Suppose that u € C*(Q). Then, fori,j=1,...,N — 1, we have

Ui,j =Ujj+ O(l’l2| In h|) (317)
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Proof Let Ax = (v/1 +sin® 6 +sin6;)%, k= 1,...,N — 1. Obviously,

1
Ak + )»];1 = Wk, VA — —— = 2sinb;.

Ak
From (3.10), we have
N NN
ey = CL(X =2 7) + Co(N =2 7),
where 1 = % —2Ar + %A,z(,ﬁ = % -2+ %)L,;z, .

_ h(Ba)k _ h(B1)k
C, = and Cy = —o .
P RN NG R, 2T ol N M)

From the definition of (Em)k (m =1,2), Lemma 3.1, and (3.6), we obtain

Bo)| < |(Bode| + a7V 1@l S B3, m=1,2.

Note the fact that

From the above inequality, (3.19), (3.20), and (3.21), we get
Ni—j N+N2—j}

ekl = |C1|max{)J,;,)\k b+ |C2|max{)L’,;,)\k

N-1 N+Np-1
<|CIAR T+ G

5 N-1 N1-1
< zZ_N —N( ! N T Jf/\kl )
L=+ 20 I T+

N-1 N1-1
— N Ni— :
AT+ A A T+l

From (3.18), (3.21), and (3.14), we have

[Ny

<h

el = 3vae(Vir - = G- D =226 -20)

281 = 2N sing = kA (1 - a2N ) 2 kil

Similar to the above estimation, we can derive
’kflﬁ + 77| > khkf(vl_l.
Therefore, we get

3
h2
el S —-
€kl 2

Page 7 of 11

(3.18)

(3.19)

(3.20)

(3.21)
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Table 1 The errors for finite difference method in two norms

h [lu=Ull> ratio [lu=Ulloso ratio
1/16 6.504E-03 1.724E-02

1/32 1.728E-03 3.76 4545E-03 3.79
1/64 4451E-04 3.88 1.166E-03 3.90
1/128 1.130E-04 3.94 2.953E-04 3.95

Table 2 The errors for finite difference method in the sense of pointwise

x.y) (0.25,0.25) (0.25,0.5) (0.5,0.25) (0.5,0.5)

h ratio ratio ratio ratio
1/16 4.241E-03 5471E-03 5.998E-03 7.737E-03

1/32 1.165E-03 3.64 1437E-03 3.80 1.647E-03 364 2.035E-03 3.80
1/64 3.043E-04 383 3.688E-04 3.90 4303E-04 3.83 5216E-04 3.90
1/128 7.773E-05 391 9.337E-05 395 1.099E-04 392 1.320E-04 395

From the definition of & ;, Lemma 3.1, and (3.6), we have

3
h2 gl _ k2
[l = |exs = Bpis| < lewsl + 1P |pal < T e S =
Together with (3.4), we finally obtain (3.17), which completes the proof. d

4 Numerical experiments
In this section, we present two typical examples to demonstrate the theoretical results and
compare the numerical results with the RBF collocation method [15].

Example 4.1 Consider Problem (1.1a)—(1.1e), and let

. . 1 1
f(x»y)=—27T251ﬂ7TxSIH7TJ’» ‘i:l: Er %_225» Ml(Y):llz()’)=0,
1 2 1
n3lx) = —— <£ — 1) sinx, Ha(x) = — sinmx.
T\ 2 b

One can check that the exact solution is u(x, y) = sinmwxsinmy.

In this experiment, we take the uniform partition for Q2 and employ the preconditioned
conjugate gradient method to solve the corresponding difference equations (2.5) and (2.6).
Numerical results are shown in Tables 1 and 2, where the norms ||z — U]||,, (m = 2,00)
are defined by [lu — Ul = £ (N, SN, luiy — Uil 2, = Ulloo = maxy<ijen iy — Uy,
respectively. To illustrate the pointwise error, we choose four typical points and show the
corresponding errors in Table 2. From the results, one can see that the convergent order
is close to two, which validates the correctness of the theoretical results.

Now, we adopt the RBF collocation method to solve Example 4.1. Like [15], we examine
efficiency of the method based on regular distribution and MQ RBE, i.e., let RBF

¢(r) =vV1+er?, (4.1)

where € is the shape parameter. Take € = 2 and the results are shown in Tables 3 and 4,
where k (A) and Ugpr denote the condition number of the discretize linear system and the
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Table 3 The errors for the RBF collocation method in two norms

h K(A) llu—Urgkll2 ratio [lu—Urg lloo ratio
1716 9.8519e+16 2.6519e-05 - 1.4564e-04 -
1/32 2.0368e+20 2.0121e-06 13.18 1.3284e-05 10.96
1/64 3.9795e+21 1.0321e-05 0.19 6.7160e-05 0.20
1/128 9.1311e+22 5.1418e-05 0.20 3.4878e-04 0.19

Table 4 The errors for the RBF collocation method in the sense of pointwise

x.y) (0.25,0.25) (0.25,0.5) (0.5,0.25) (0.5,0.5)

h ratio ratio ratio ratio
1/16 1.1372e-05 - 6.8717e-06 - 1.8715e-05 - 1.0472e-05 -
1/32 2.2706e-06 5.01 1.5711e-06 437 5.3550e-07 34.95 1.5465e-06 6.77
1/64 1.3262e-06 1.71 9.3458e-06 0.17 5.7546e-06 0.09 6.5863e-06 0.23
1/128 3.5495e-05 0.04 2.1038e-05 044 2.2841e-05 0.25 9.6709e-06 0.68

corresponding approximation solution, respectively. By comparing Tables 3 and 4 with
Tables 1 and 2, one can see that when / decreases gradually from 1/16 to 1/128, one fact
is that the RBF collocation method has better approximation to the exact solution than
our method. But the other fact is that the x(A) becomes larger which would make the
discretize linear system unsolvable. Meanwhile, the convergence rate of errors for RBF
collocation method decreases rapidly near to zero. In turn, the convergence rate of errors
for our method is always kept at about 4 whether / is large or small. Therefore, we can
conclude that our method is far more stable than the RBF collocation method, and it can
get better approximation numerical results to the exact solution with # becoming smaller.

Example 4.2 Consider Problem (1.1a)—(1.1e), and let

1 1
fxy) = (4+x+y%)e, £ = v £ = > () = %, o) = e(1+5%),
1 1 1 7
w3 (x) = erx + @ex’ Ha(x) = ixe" + ﬂe".

One can verify that the exact solution is u(x, y) = €*(x + y?).

In this example, take the same partitions as in Example 4.1 and let the shape parameter
€ = 6. The numerical results of our method are shown in Tables 5 and 6, while the results
of the RBF collocation method are shown in Tables 7 and 8. From Tables 5 and 6, one can
see that the convergent order is close to two, which confirms the correctness of theoret-
ical results again. From Tables 7 and 8, the approximation solution obtained by the RBF
collocation method is very close to the exact solution when /% = 1/16,1/32 and 1/64. How-
ever, the ratio of error norms drops sharply to zero when % = 1/128. By comparison with
Tables 5 and 6, the fact that our approach is more stable than the RBF collocation method

is demonstrated once again.

5 Summary and conclusions

In this paper, we construct a high accuracy difference scheme for Poisson equation with
two integral boundary conditions and prove that the scheme can reach the asymptotic
optimal error estimate. Numerical results verify the correctness of theoretical analysis.
In the future, we will work on designing some other high order difference schemes (e.g.,
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Table 5 The errors for finite difference solutions in two norms
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h [lu=Ull> ratio [lu=Ulloso ratio
1716 2.394E-04 3.716E-04

1/32 6.077E-05 3.94 9.298E-05 4.00
1/64 1.531E-05 397 2.327E-05 4.00
1/128 3.842E-06 3.98 5.817E-06 4.00
Table 6 The errors for finite difference solutions in the sense of pointwise

) (0.25,0.25) (0.25,0.5) (0.5,0.25) (0.5,0.5)

h ratio ratio ratio ratio
1716 2.168E-04 2.269E-04 3.187E-04 3.333E-04

1/32 5422E-05 4.00 5.674E-05 4.00 7.972E-05 4.00 8.337E-05 4.00
1/64 1.356E-05 4,00 1.419E-05 4.00 1.993E-05 4.00 2.085E-05 4,00
1/128 3.389E-06 4.00 3.547E-06 4.00 4.984E-06 4.00 5.212E-06 4.00
Table 7 The errors for the RBF collocation method in two norms

h K (A) lu—Urgell2 ratio lu—Urselloo ratio
1716 1.4646e+09 1.3794e-03 - 1.7503e-02 -
1/32 3.9473e+14 6.9637e-05 19.81 1.5305e-03 1144
1/64 3.5329e+21 1.0098e-06 68.96 2.0507e-05 74.63
1/128 1.8454e+22 84855e-04 0.00 8.2442e-03 0.00
Table 8 The errors for the RBF collocation method in the sense of pointwise

x.y) (0.25,0.25) (0.25,0.5) (0.5,0.25) (0.5,0.5)

h ratio ratio ratio ratio
1716 2.1454e-04 - 4.2667e-05 - 3.3242e-04 - 9.1856e-05 -
1/32 1.0465e-05 20.50 2.0434e-06 20.88 1.598%e-05 20.79 4.6344e-06 19.82
1/64 4.7127e-08 222.06 8.0976e-08 25.23 6.8216e-08 234.39 7.1355e-008 64.95
1/128 4.7203e-05 0.00 5.1627e-04 0.00 1.9326e-04 0.00 1.2537e-05 0.01

fourth-order nonstandard compact finite difference [20], or sixth-order implicit finite dif-

ference [21]) for Poisson problem with other nonlocal boundary conditions. Besides, we

will also try to apply some other analytic methods for error estimation, e.g., homotopy

analysis transform method [22, 23], or Lie symmetry analysis method [24, 25].

Acknowledgements
The authors are grateful to the anonymous referees for their useful suggestions and comments that improved the
presentation of this paper.

Funding

This work is partially supported by NSFC Project (Grant Nos. 11571293, 11171281 and 61603322), the Key Project of
Scientific Research Fund of Hunan Provincial Science and Technology Department (Grant No. 2011FJ2011), Hunan
Provincial Natural Science Foundation of China (Grant No. 2016JJ2129), Hunan Provincial Civil Military Integration
Industrial Development Project “Adaptive Multilevel Solver and Its Application in ICF Numerical Simulation” and Open
Foundation of Guangdong Provincial Engineering Technology Research Center for Data Science (Grant No. 2016KF03).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors have participated in the sequence alignment and drafted the manuscript. They have approved the final
manuscript.

Author details
'School of Mathematics and Computational Science, Xiangtan University, Xiangtan, China. ?Institute of Computational
Mathematics, College of Science, Hunan University of Science and Engineering, Yongzhou, China.



Zhou and Yu Advances in Difference Equations (2018) 2018:225 Page 11 of 11

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 7 February 2018 Accepted: 7 June 2018 Published online: 28 June 2018

References

1.

20.

21.

22.

23.

24.

25.

Shi, P, Shillor, M.: On design of contact patterns in one-dimensional thermoelasticity. In: Theoretical Aspects of
Industrial Design (Wright-Patterson Air Force Base), SIAM Proc., pp. 76-82. Society for Industrial and Applied
Mathematics, Philadelphia (1992)

. Cannon, JR.: The solution of the heat equation subject to specification of energy. Q. Appl. Math. 21, 155-160 (1963)
. Nakhushev, AM.: An approximate method for solving boundary value problems for differential equations and its

application to the dynamics of ground moisture and ground water. Differ. Equ. 18(1), 72-81180 (1982)

. Diaz, JI, Padial, JF, Rakotoson, J.M.: Mathematical treatment of the magnetic confinement in a current carrying

stellarator. Nonlinear Anal. 34(6), 857-887 (1998)

. Capasso, V., Kunisch, K.: A reaction-diffusion system arising in modelling man-environment diseases. Q. Appl. Math.

46(3), 431-450 (1988)

. Dagan, G.: The significance of heterogeneity of evolving scales to transport in porous formations. Water Resour. Res.

30(12),3327-3336 (1994)

. Sapagovas, M.P: Difference method of increased order of accuracy for the Poisson equation with nonlocal

conditions. Differ. Equ. 44(7), 1018-1028 (2008)

. Berikelashvili, G.: Finite difference schemes for some mixed boundary value problems. In: Proceedings of A. Razmadze

Mathematical Institute, vol. 127, pp. 77-87 (2001)

. Volkov, EA, Dosiyev, AA, Buranay, S.C.: On the solution of a nonlocal problem. Comput. Math. Appl. 66(3), 330-338

(2013)

X Ciupaila, R, Sapagovas, M, Stikoniené, O.: Numerical solution of nonlinear elliptic equation with nonlocal condition.

Nonlinear Anal., Model. Control 4(4), 412-426 (2013)

. Sapagovas, M., Grigkoniené, V., Stikoniené, O.: Application of m-matrices theory to numerical investigation of a

nonlinear elliptic equation with an integral condition. Nonlinear Anal., Model. Control 22(4), 489-504 (2017)

Pao, C.V,, Wang, Y.M.: Numerical methods for fourth-order elliptic equations with nonlocal boundary conditions.

J. Comput. Appl. Math. 292(C), 447-468 (2016)

Pao, CV, Wang, Y.M.: Nonlinear fourth-order elliptic equations with nonlocal boundary conditions. J. Math. Anal. Appl.
372(2),351-365 (2010)

. Siraj-ul-Islam, Aziz, I, Ahmad, M.: Numerical solution of two-dimensional elliptic PDEs with nonlocal boundary

conditions. Comput. Math. Appl. 69(3), 180-205 (2015)

. Sajavicius, S.: Radial basis function method for a multidimensional linear elliptic equation with nonlocal boundary

conditions. Comput. Math. Appl. 67(7), 1407-1420 (2014)

. Sajavicius, S.: Optimization, conditioning and accuracy of radial basis function method for partial differential

equations with nonlocal boundary conditions—a case of two-dimensional Poisson equation. Eng. Anal. Bound. Elem.
37(4),788-804 (2013)

. Lobjanidze, G.: On variational formulation of some nonlocal boundary value problems by symmetric continuation

operation of a function. Appl. Math. Inform. Mech. 11(2), 15-2290 (2006)
Nie, C,, Yu, H.: Some error estimates on the finite element approximation for two-dimensional elliptic problem with
nonlocal boundary. Appl. Numer. Math. 68, 31-38 (2013)

. Nie, C, Shu, S, Yu, H,, An, Q.: A high order composite scheme for the second order elliptic problem with nonlocal

boundary and its fast algorithm. Appl. Math. Comput. 227, 212-221 (2014)

Hajipour, M., Jajarmi, A, Baleanu, D.: On the accurate discretization of a highly nonlinear boundary value problem.
Numer. Algorithms (2017). https://doi.org/10.1007/s11075-017-0455-1

Hajipour, M., Jajarmi, A, Malek, A, Baleanu, D.: Positivity-preserving sixth-order implicit finite difference weighted
essentially non-oscillatory scheme for the nonlinear heat equation. Appl. Math. Comput. 325, 146-158 (2018)
Singh, J., Kumar, D., Qurashi, M.A,, Baleanu, D.: A novel numerical approach for a nonlinear fractional dynamical model
of interpersonal and romantic relationships. Entropy 19(7), 375 (2017)

Kumar, D, Singh, J,, Baleanu, D.: A new analysis for fractional model of regularized long wave equation arising in ion
acoustic plasma waves. Math. Methods Appl. Sci. 40, 5642-5653 (2017)

Inc, M., Yusuf, A, Aliyu, A.l, Baleanu, D.: Lie symmetry analysis, explicit solutions and conservation laws for the
space-time fractional nonlinear evolution equations. Physica A 496, 371-383 (2018)

Baleanu, D, Inc, M., Yusuf, A, Aliyu, A.l: Lie symmetry analysis, exact solutions and conservation laws for the time
fractional Caudrey-Dodd-Gibbon-Sawada-Kotera equation. Commun. Nonlinear Sci. Numer. Simul. 59, 222-234
(2018)


https://doi.org/10.1007/s11075-017-0455-1

	Error estimate of a high accuracy difference scheme for Poisson equation with two integral boundary conditions
	Abstract
	Keywords

	Introduction
	The ﬁnite difference discretization
	Error estimate
	Numerical experiments
	Summary and conclusions
	Acknowledgements
	Funding
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


