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Abstract

In this paper, a stage-structured predator—prey model with Holling type Ill functional
response and two time delays is investigated. By analyzing the associated
characteristic equation, its local stability and the existence of Hopf bifurcation with
respect to both delays are studied. Based on the normal form method and center
manifold theorem, the explicit formulas are derived to determine the direction of
Hopf bifurcation and the stability of bifurcating period solutions. Finally, the
effectiveness of theoretical analysis is verified via numerical simulations. This study
may be helpful in understanding the behavior of ecological environment.
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1 Introduction

The dynamics of predator—prey models is one of important subjects in ecology and math-
ematical ecology, and many factors, such as time delay, disease, harvesting, functional re-
sponse, etc., can affect it in the natural world.

In recent years, some researchers have discussed predator—prey models with these fac-
tors. Wangersky and Cunningham [1] considered a predator—prey system with time delay
and studied the effect of time delay on the system. May [2] also analyzed the stability of
vegetation—herbivore and vegetation—herbivore—carnivore systems with time delay. They
found that a model with time delay could cause a stable equilibrium to become unsta-
ble and cause the population to fluctuate. Hu and Li [3] described a mathematical model
dealing with a predator—prey system with disease in the prey, they discussed the prop-
erties of Hopf bifurcation. Banshidhar and Swarup [4] proposed a predator—prey model
with harvesting where the top predator population is partially supported with alternative
food. Their research showed that alternative food can prevent top predator extinction risk
at higher harvesting effort. Yang [5] discussed the stability in a delayed diffusive predator—
prey model with nonconstant death rate. Zhu et al. [6] studied a predator—prey model with
time delay and square root response function. As we all know, non-smooth factor is used
in mechanical engineering (7, 8]. In fact, non-smooth factor is also found in a predator—
prey model. Chen and Huang [9] investigated a Filippov ratio-dependent predator—prey
model to describe the effect on behavioral refuges caused by prey instinct anti-predator
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behavior. They discussed complete analysis of local and global dynamical behaviors of this
model by Filippov qualitative theory. Peng et al. [10] proposed a hybrid control strategy in
a predator—prey model. Their numerical simulation results showed that the hybrid con-
troller is efficient in controlling a Hopf bifurcation.

In nature, there are many species whose individuals have a life history that can be di-
vided into two stages: immature and mature. The stage structure reflects the species’ ac-
tivity ability and the difference about resistance to natural enemies in different growth
period. It can affect the persistence and extinction of biological populations to various de-
gree. Therefore, it is more practical to discuss the predator—prey model with this factor.
Meng et al. [11] studied the stability and Hopf bifurcation in a three-species system with
stage structure for the predator. Ref. [12, 13] also have paid great attention to discussing
the effect with stage structure in predator—prey models. In [14], Wang et al. considered a
delayed ratio-dependent predator—prey system with Holling type III functional response
and stage structure for the predator:

510 =30)(r -t - ) - LI,

my3(t) + x%(t)

arx*(t — 12)ya(t — 1)
my3(t - 13) + x2(t — 1)

y1(t) = —ryi(t) — Dy (8),

¥2(t) = Dy1(t) — roya(2),

where x(¢) represents the density of the prey population at time ¢, y;(¢) and y,(¢) describe
the densities of the immature and the mature predator population at time ¢, respectively.
The parameters r, a, ai, as, m, r1, ry, and D are positive constants in which r represents
the intrinsic growth rate of the prey, « is the intraspecific competition rate of the prey,
a; is the capturing rate, a,/a; is the conversion rate of the mature predator, m is the half
capturing saturation constant, r; and r, are the death rates of the immature and the ma-
ture predator, respectively. D denotes the rate at which the immature predator becomes
the mature predator. ; is the feedback time delay of the prey, 7, is the time delay due to
the gestation of the mature predator. In [14], Wang et al. investigated the local stability
of each of the feasible equilibria of the system and the related properties of Hopf bifurca-
tion.

However, some predator species dislike hunting immature preys, or many immature
preys are concealed in the caves or nests to keep from being attacked by the predators in
the natural world. In this paper, based on the above discussions and motivated by the work
of Wang et al. [14], we consider the following system with stage structure for the prey and

two delays:
2
10) = aa(0) - b () - i 0 ex (O ¢ - ) - T2,
+ mxi(2)
%(t) = bx1 (t) — raxa(t), (1.2)

@it -n)y(t-n)
) = 1+ mx3(t - 12) — ),

where x1(£), x5 (¢) describe the densities of the immature prey and the mature prey at time
¢, y(t) represents the density of the predator at time ¢, respectively. a is the birth rate of
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the immature prey, b is the transformation rate from the immature prey to the mature
one, ¢ is the intraspecific competition coefficient of the immature prey, ry, 73, r denote the
death rates of immature prey, mature prey, and predator. a,/a; is the conversion rate of
the predator, 7; is the feedback time delay of the immature prey, and 1, is the time delay
due to the gestation of the predator. The rest of parameters a;, m are similar to those of
model (1.1).

The organization of this paper is as follows. In Sect. 2, the local stability of the positive
equilibrium and the existence of Hopf bifurcation for system (1.2) are studied. The direc-
tion of Hopf bifurcation and the stability of bifurcating periodic solutions are derived in
Sect. 3. In Sect. 4, numerical simulations are carried out to illustrate the validity of the

established results. Finally, a brief conclusion is given.

2 Local stability and Hopf bifurcation

From the viewpoint of biology, we only study the positive equilibrium of system (1.2).
In this section, we shall discuss the local stability of a linearized system at the positive
equilibrium and the existence of Hopf bifurcations for system (1.2).

It is easy to show that system (1.2) has a unique positive equilibrium E*(x7},x35,y*),

where
r
Xy =
ay) —rm
* _ *
x5 = —x7,
ry
* *2
5 = (ab —riry — bry — crax})(1 + mx?)

X
airyx;

if the following conditions are satisfied:

[ r
(H1) ay-rm>0, ab —riry — bry — cry > 0.
as —rm

Let x;1(2) = x1(£) — x5, %2() = x2(2) — %3, y(t) = y(¢) — y* and still denote X;(£), X2(z), y(¢),

respectively. Using Taylor’s expansion to expand system (1.2) at the positive equilibrium

E*(x%,x3,9*), we have

®1(t) = anx1(t) + arpxa(t) + arsy(t) + bux(t — 1)

Y AT Oy (- ),

i+j+k+g>2

. (2.1)
%o (t) = anx1(t) + agoxa(t Z (U) l

i+j>2

() = by (£~ 1) + azsy(O) + byt — )+ Y 7Y (O, (6 - ) (- ),

i+j+k>2
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where
2a1x7y*
an=-r—-cx,-b—- ———, a =d,
11 1 1 0+ m@ )P 12
—ay (x})?
== by = —cxl,
M= m(x])? " !
2ayx7y*
ay =b, dyy = —T2, by = ————,
(1 +m(x7)?]?
;) P
33= 5 33 = —1.
1+ m(x})?
f(ijkq) _ 1 8Hj+k+qf1 (x* x* y*)
1 = s . i 12742 )
kg i (£) 9, (£) dy* (£) dx(x — T1)

(i‘) 1 8i+j_f2 * *k *
le =ﬁ17 ( XY );

! 9t (£) 04 ()
ar _ 1 "

KL 3yi(8) 9% (¢ — T2) Ik (t — 1)

(%7,%5,9%),

arxi(2)y(t)

Si = axy(t) = bxy (£) — rix1(£) — cx1 (O)x1 (£ — 71) - L+ )’
1
_apxi(t - )yt — )

fo = bx1(£) — roxa(t), fa= P T— —ry(t).

Then we obtain the linearized system of system (2.1) as follows:

x1(t) = anx1(t) + aroxa(8) + aizy(t) + bux(t — 11),

X2(t) = anx1(t) + azpwa(t), (22)
(&) = ba1x1(E — 12) + azzy(t) + bazy(t — 12).
Therefore, the corresponding characteristic equation of system (2.2) is given by
A+ oA + i+ mo + (maA* + mh + no)e ™
+ (P22 + p1&+ po)e ™™ + (qih + go)e (™) = (2.3)
where
mgy = ai12a1433 — 411422433, my =adna +dxdss + ad1ndsz — aidsl,

my = —(a11 + dg + az3),

ny = —b11axnass, n1 = bii(ag + asz), ny = —buy,
Po = a13a2b31 + araan bz — ananass,

p1 = anbsz + axbsz — ashs, p2 = —bss,

qo = —anbi1b33, q1 = b11bs3.

In order to investigate the root distribution of the transcendental Eq. (2.3), the result of

Ruan and Wei [15] is introduced here.
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Lemma 2.1 For the transcendental equation

p()\,e—)»n’.”’e—)\tm) — A +p(10)kn—1 i +pi10_)1)\ +p510)
+ [pgl))\”’l N +p(,ll_)lk +p§ll)]e’”1 PREE

(m) a1y —ATi

+ [Pl
= 07

e ph P e

as (11,72, T3, ..., Tw) vary, the sum of orders of the zeros of p(A,e™>™,...,e™*™) in the open
right half plane can change, and only a zero appears on or crosses the imaginary axis.

Next, we will consider the following four cases.
Case I: 11 = Ty = 0, the characteristic Eq. (2.3) reduces to

)\,3 + Wllz)uz + }’}’111)\, + mjo = 0, (24')
where mio = moy + ng + po + qgo, M1 = my + Ny + p1, Mo =my + Hy + ps.
It is not difficult to verify that m9 > 0, w12 > 0. Thus, all the roots of Eq. (2.4) have
negative real parts if the following condition holds:
(H11) mumg > my.
Namely, the equilibrium point E*(x}, %3, ") is locally asymptotically stable when condition
(H11) is satisfied.
Case 2: 11 =0, 15 > 0. Equation (2.3) becomes

A3 4 mgpd? + myih + Mgy + (pzz)xZ + paiA +p20)€_h2 =0, (2.5)

where myg = mg + no, Ma1 = My + 11, Moy = My + Ha, Pao = Po + o, P21 = P1 + q1, P22 = Pa.
Let iwy (wy > 0) be a root of Eq. (2.5), it follows that

. 2 2
PnwrSmwy Ty + (on —19220)2) COS wa Ty = Moy — My,

(2.6)
2\ o 3
p21w2 COSwyTy — (pgo —pzlwz) SIN Wy Ty = 6()2 — My,
which leads to
L()g + 622&);L + 62160% + ey = 0, (27)
h _ 2 2 _ 2 2 2 2 _ 2 _ 2 2
where ey = 15y — Pag, €21 = My — 210 — Po1 + 2P20P22, €22 = Moy — 21121 — Poy.
Let w3 = 1y, then Eq. (2.7) can be written as
3 2 =0 2.8
Vs + exnV; + ea1va + g = 0. (2.8)

Denote

3 2
fi(ve) =v5 + exav; + ea1vs + . (2.9)

Page 5 of 20
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Since £1(0) = ey, limy,, 1o f1(v2) = +00, and from Eq. (2.9), we have
fl(n2) = 3v5 + 2exvs + €21 (2.10)

After discussion about the roots of Eq. (2.10) similar to that in [16], we have the following
lemma.

Lemma 2.2 For the polynomial Eq. (2.8), we have the following results:

@ I
(H21) ex>0, A=e5,—3e <0

holds, then Eq. (2.8) has no positive root;
@) 1f

(H22) ex>0, A=e)-3ex>0, vi=———>0, fi(v}) <0,
or
(H23) ey <0
holds, then Eq. (2.8) has a positive root.

Suppose that Eq. (2.8) has positive roots. Without loss of generality, we assume that it
has three positive roots, which are denoted by v,1, v, and v,3. Then Eq. (2.7) has three
positive roots wyx = /Vax, k = 1,2,3. The corresponding critical value of time delay rz(’k) is

, k=1,2,3j=01,2,..., (211)

) _
Ty, = — arccos

o 1 {A24a)‘2*k + Apwl + A } 27j
+ 2
Wk

4 2
324602]( + 322w2k + Bzo wok

where Ay = —m0p20, Asy = Maapag + MagPrs — Ma1par, Az = Po1 — MaaP, Bao = p3y, B =
P — 220022, Bau = 3, ‘
Thus twy is a pair of purely imaginary roots of Eq. (2.5) with 7, = rz(jk), and let 7y =

. (0) _
miNge(1,2,3){Tyy }» W20 = Woky-

Lemma 2.3 Suppose that

(H24)  f{(w}) #0,

then the following transversality condition holds:

{ dRe L) } 0
dfz A=iwyo ‘

Proof Differentiating Eq. (2.5) with respect to 1, and noticing that A is a function of 1,
we obtain

d)» -1 3)\2 + 21’)’122)\ + My 2]922)\ +p21 1 (2 12)
—_ =—- + - .
d‘L’z )\.()\3 + mZz)\.z + m21)\. + }’l’lzo) )\.([922)\2 +p21)\. + 1’120) A
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which leads to
Re ﬁ -1 —Rel - 3)»2 + 2}’}’122)» + Moy
d‘L'2 )\()\.3 + Wl22)\2 + Wl21)\. + Wl20) A=iwno

( 2pnk + pa )
+ Re 3
AMp22% + P21k +P20) /s iy
4 2 2 2 2 2 o
_ 3wy + 2(myy — 2ma1)wiy + myy — 2y 2p5,w5 + Py — 2p20p2

(w%o — May1wa0)? + (Mg — lezwgo)2 (Pzzw%o - p20)? +P%1‘”§0'

From Eq. (2.6), we have

2 2 2
(wg’o - mzlwzo) + (leo - lezwgo) = (1022@%0 —pzo) + p%lwgo. (2.13)
Noting that {d(ﬁ” Frziono and {Re(j—:1 1} i, have the same sign, then

-1
sign{ dRe) } = sign{Re(d_)”> } _ 3(60%0)2 + 26220)%0 + ég1
A=iwao A=iwyg

dn dn - P%lw%o + (P20 —PZZCU%O)Z
_ A (a’%o)
P%lwgo +(p2o —P22‘0§0)2
#0. (2.14)
It follows that {d(gfz*) Jrion, 7 0 and the proof is complete. O

By Lemmas 2.1-2.3, and combining the Hopf bifurcation theorem [17-19], we have the

following results.

Theorem 2.1 For system (1.2), 7; = 0.

(1) If (H21) holds, then the positive equilibrium E*(x3,x%,y*) is asymptotically stable for
all T5 > 0.

(2) If (H22) or (H23) and (H24) hold, then the positive equilibrium E*(x7, x5, y*) is
asymptotically stable for all T, € [0, Ta9) and unstable for T, > To9. Furthermore,
system (1.2) undergoes a Hopf bifurcation at the positive equilibrium E*(x7,x3,5")
when 15 = Tyg.

Case 3: 11 = 15 = T #0. Equation (2.3) reduces to
A3+ mpd® + myh + mag + (n32A% + n31h + n30) e + (ga1h + go)e” T =0, (2.15)

where m3g = mo, m3, = my, M3y = My, n3g = Mo + po, N31 = N1 + P1, N3p = Ny + P2, G30 = o,

q31 =4q1.
Multiplying by €*7, Eq. (2.15) becomes

(A% + m3A? + mzih + mzo)e’™ + (nA? + 31k + n30) + (quih + qag)e™" = 0. (2.16)
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Let iw (w > 0) be the root of Eq. (2.16), and separate the real and imaginary parts, we
have

E3 sinwt + Ezy coswt = E3s,

(2.17)
Es3coswt + Ezgsinwt = Esg,
where E3) = —m310 + @° + g310, E3y = m30 — m30” + 30,
Es3 = 3 Esy = 2
33 = M310 — W + (4310, 34 = M3 — M3200° — {30,
2
E3s5 = nz0° — n3o, E3s = —nz .
It follows that
5 3 4 4
. A35a) +A336() +A316() A34a) +A32(,() +A30
sinwt = — . 5 , CoOswT = — Z 5 ,  (2.18)
w +Bg4(z) +Bgza) +Bgo w +Bg4a) +Bgza) +B30
where
A3 = (g30 — M30)n30, A3z = (m31 + g31)ns0 — (m30 + g30)131,
Az = (m3o — q30)M30 — M31131 + M3M30 + g31H31,
A3z = mzn3; — N30 — M311M32 — 431132,
Azy =31 — Ass = B3y = m3y — g5
34 = M31 — M32N132, 35 = 132, 30 = M3g — 4305
By =mi — g2, -2 By =m?, -2
32 = Mgy — ({31 — 430132, 34 = M3y — 4IM3].
From Eq. (2.18), we get
6!)12 + 835(,()10 + 634(1)8 + 8336{)6 + 6326()4 + 631(,()2 + e30 = 0, (219)
where
=B2 —A? = 2B3oB3y — A%, — 24304
€30 = D3y — A3 €31 = 4D30D32 — A3y — 2A30A32,
2 2
esn = B3, + 2B30B3y — A5y — 2A30A34 — 2A31A33,
2
e33 = 2B30 + 2B3y B3y — A3 — 2431435 — 2A30A34,
= B2, +2B3y — A2, — 2A33A =2B3y — A2
€34 = D3y + 2D32 34 334135, €35 = 2D34 35+
Let w? = v3, then Eq. (2.19) can be written as
6 5 4 3 2
V3 + e35V3 + e34Vs + e33V;3 + €32V + e31V3 + e3p = 0. (2.20)

Suppose that Eq. (2.20) has at least one positive root, and without loss of generality, we
assume that it has six positive roots which are denoted by vs;, vy, V33, V34, V35, V36, then
Eq. (2.19) has six positive roots wy = \/vs, k = 1,2,3,4,5,6. The corresponding critical
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value of time delay r,Y i

) 1 A34(1);: + Agza)]% + A30 27T]
T, = ——arccos 5 7 5 +—,
Wi wp + Bg4a)k + Bgzwk + Bgo Wi
k=1,2,3,4,56,j=0,1,2,.... (2.21)
J

Then +wy is a pair of purely imaginary roots of Eq. (2.16) with 7 = T/Y)’ and let 7y =
minke{l-s}{flfo)}, W = Wiy

Lemma 2.4 Suppose that

(H31) AC+BD+#0

holds, then the following transversality condition is satisfied:

d(ReA)
{ dr }}Liwo # O

Proof Differentiating Eq. (2.16) with respect to 7, we obtain

A\t ~ 230k + 131 + (BA2 + 2migoh + m31)er® T (2.22)
d‘L’ - —)\()\.3 + Wl32)\2 + ngl)\. + ngo)e)‘r + (qgl)\z + qgo))»e*“ )L’ ’
substituting A = iwy into Eq. (2.22), we get
A\ A+Bi\ AC+BD
Re(—) = Re( ) = , (2.23)
At /i, C+Di C? +D?
where
A= (msl - Sw(z)) COS WoTy — 2M3w0 SIN W T + g31 COS WoTo + 31,
B= (I’I’lgl - 30)(2)) sin woTo + 21’1’1326()0 COSwoTo — (431 sin woTo + 21’1320)0,
C= (I’}’Zgl —q31 — a)g)wg COSwoTp + (qg() + m3p — ngza)(z))a)o sin woTo,
D = (m3z1 + q31 — w5 )wg sinwoTo + (q30 — M30 + M35 ) wo COS W Tp.

Noting that {d(l;:l) brziwo, and {Re(j—’r\)’l}x:iwo have the same sign, if condition (H31)

holds, we obtain {%}hiwo #0.

This completes the proof. O

By applying Lemma 2.4 to Eq. (2.16), we obtain the existence of a Hopf bifurcation as
stated in the following theorem.

Theorem 2.2 Forsystem (1.2), 11 = 1o = T # 0. Suppose that condition (H31) holds, then the
positive equilibrium E*(x}, x3,y*) is asymptotically stable for all © € [0, ©o) and unstable for
T > 9. Furthermore, system (1.2) undergoes a Hopf bifurcation at the positive equilibrium
E*(x1,%5,y%) when T = 1.
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Case 4: 11 > 0, 75 € [0, To9), and 11 # 1.
We consider Eq. (2.3) with 7, in its stable interval, and t; is regarded as the parameter.
Let iwy, (w1, > 0) be the root of Eq. (2.3), then we obtain

E41 sin w1, T + E42 CoOsSwy, T1 = E43,

(2.24)
E41 CoSw1, T1 — E42 sin w1, T = E44,
where
E41 =n1w1, — 4o sin w1, T2 + 11, COSW1, To,
2 .
Eyp =ng— My, +qoCcoswi, Ty + 101, SINWL, T,
2 2 .

Eu3 = mywi_—mg + (P27, — po) COS w1, Ty — provy, sinwy, T,
Eu=0} —mo —( w? - )sina) Ty — P11, COSW1, T

44 = W7, 101, — \P2w7, —Po 1, T2 — P11, 1, T2-

From Eq. (2.24), we have

6 4 2 4 2

a)l* + 6420)1* + 64,10)1* + €40 + (c44w1* + C420)1* + C40) CoOSw1, T2
+ (casw} + 5y )sinw;, 7, =0 (2.25)
4507, + Ca3Wy, + Ca1001, w1, T2 =0, .
where
2,.2 2 2 2,.2 2 2
eq0 = My + py — Ny — 4o, ey = mj + p] — nj — g7 + 2nony — 2momy — 2popa,
=mi-n2-2 2 =2 2

€43 = My — Vy — 2111 + Py, Cq0 = 2Mopo — 21040,

Ca1 = 2]711’710 — 2p0m1 + 21’11Q0 — 2Vloq1,
Cap = 2p1my — 2pomy + 2Maq0 — 2pamo — 21141,

Ca3 = 2po — 2p1my + 2pariny + 21241, Caq = =2p1 + 2pamy, C45 = —2p>.

In order to give the main results, we provide the following assumption.

(H41) Eq. (2.25) has at least a finite positive root.

We denote the positive roots of Eq. (2.25) by wﬁ) , wﬁ) , wﬁ} , wﬁ} , wi) , and wﬁ). For every

w(ll: (i=1,2,3,4,5,6), the corresponding critical value of time delay rl(’i),j =1,2,3...,is

¢ 1 Eq1Eqq + EpEyg3 .
Ty = — ACCOS| ——5————— + 277 ,
@ Ly +Ep o, =0l

i=1,2,3,4,56;=0,1,2.... (2.26)

Let 7, = min{tl(?)li =1,2,...6;j =0,1,2...}, o), is the corresponding root of Eq. (2.25)
with t{,.

Lemma 2.5 Suppose that

(H42) A'C' +BD #0
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holds, then the following transversality condition holds:

{ d(Re ) } 40
dn h=iwh .

Proof Taking the derivative of A with respect to 7; in Eq. (2.3) and substituting A = i,

we get
drx\"™ A +Bi\ AC +BD
Re( == =Re ) = , (2.27)
At /s iwy, C' +Di C?+D?
where

! _ 2 /o A a—
A’ = — 3wy + 2w SIN W] T + 11 COS W T1g
: / / 2 / : / /
+sinwy T2 (—p1w10r2 +2prw]y + q1 Sinw](T]y)
’ 2 I
+ COS 0)107,'2 (pzfzwm +p1 —po'(g + ql COS a)lorlo),
/ / : / 4 / / /
B =2myw)y — 1 Sinwy Ty + 2M2w] COS @13 T1g
. / 2 a—
+ S1n a)lo‘fz (_pl +PoT2 —pg‘[za)lo — (1 COS wlOTIO)
/ / / : / ’
+Cos (T2 (2P0} — 1ty T2 — g1 SIN W, T}y,
’ / /3 : A 2 i
C' = (now'y — mwty) sinw}y Ty, — mwih cos wiyTy,
/ /o 2 o i . ’
+ (qow cOs W}y Tyo + qrwfy Sin W)y T1o) sinwiy T
I ’o 2 — /
+ (qowly Sin Wi,y — g1ty cos w]yT1o) COS W] T2,
/o / /3 /o 12 I
D' = (nyw}y — molh) cos wy Ty, + M sin Ty,
I ’o 2 I ) : /
+ (—gow}o sin iy Tyo + qrfy cOs W Ty, sinw]( T

/ ’o_7 2 o: A /
+ (qoa)lo COSwTy g + g1y SN a)wtm) COS w1 T2.

Obviously, if condition (H42) holds, then we have { d(:;fl” })‘=i“’/10 # 0. This completes the

proof of the lemma. d
By the above analysis, we have the following theorem.

Theorem 2.3 For system (1.2), 11 > 0, 15 € [0, Ta9), and 11 # 15. Suppose that conditions
(H41) and (H42) hold, then the positive equilibrium E*(x7}, x5, y*) is asymptotically stable
for all T, €[0,1],) and unstable for ©, > t,,. Furthermore, system (1.2) undergoes a Hopf
bifurcation at the positive equilibrium E*(x},x5,y") when t1 = t{,.

3 Direction and stability of Hopf bifurcation

In the previous section, we have shown that system (1.2) undergoes a Hopf bifurcation for
different combinations of 7; and t,. In this section, we shall study the direction of Hopf
bifurcation and the stability of bifurcating periodic solutions of system (1.2) with respect to
71 and 1, € [0, To9). The theoretical approach we apply is based on the normal form theory
and center manifold theorem [18]. Throughout this section, we assume that system (1.2)
undergoes a Hopf bifurcation at 71 = 77y, 7o € [0, T29).
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Without loss of generality, we assume that 7], > 75. Let 71 = 7, + i, L € R, £ = 571,
x1(s71) = X1(8), x2(sT1) = X2(5), y(s71) = ¥(s). Denote x; = X1, ¥y = X9, y = ¥, and ¢ = s, then
system (1.2) can be written as a functional differential equation (FDE) in C = C([-1, 0], R%):

M,(If) = LM (ut) + F(/’L! Mt)’ (31)
where u(t) = (x1(t),%2(¢), y(t))T € C, and

u(6) = ult +6) = (x1(t +6),%2(t + 6),5(¢ +0))" € C, and

L,:C—»R, F:RxC—PR

are given by

~ - ) , -
L.(®) = (110 + ) Ad(0) + (1o + 1) Be <_r_/2> + (110 + 1) Co(-1), (3.2)
10
and
F(M; d)) = (TI/O + ,lL)(Fl,Fz,Fg)T, (3.3)
where
$(0) = (#1(0),42(0),$3(0))" € C,
a;ln dip ai3 0 0 0 bu 0 0
A =14dy a4y 0 ) B = 0 0 0 ’ é = 0 0 0],
0 0 as3 b1 0 b33 0 0 0

F, = k11¢f(0) + k12¢1(0)1(-1) + k13¢1(0)3(0) + k14¢f(0)¢3(0) + k15¢f(0) L
F,=0,

_L,/ .L,/ ‘E/
Fs = k317 (—t—?) + kao (—t—,z)% (_r_’2>
10 10 10
24 14 124
+ kaap? <——,2>¢3(——,2> + k3 <——,2) +oo,
T10 T10 T10

=2a1y* + 6a;m(x*)y* —2a,x%
ki = 4 1* 2(31 Y ) ki = —c, ki3 = —1*122,
(1 + m(x7)?) (1 + m(x7)?)
—2a; + 6a,m(x*)? 24a,mxy* (1 — m(x)?)
kg = 1 kys = 1y 1
ET e m)E (L+mep)t
for = 2ayy* — 6aym(x%)y* e = 2a,x}
BT @eme)pE T e m)?)?
 2a; — 6aym(x}) o 24a;,mxiy* (-1 + m(x})?)
B, 34 =

(1 + m(x7)?)3 (1 + m(x7)?)*

Hence, by the Riesz representation theorem, there exists a 3 x 3 matrix function n(6, 1)
of bounded variation for 0 € [-1, 0] such that

0
L.¢= /_1 dn(0,u)p®) for¢eC. (3.4)
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In fact, we can choose

(1o +l,L)(/~1 +B+C), 6=0,

7, + ) (B + C), Ge—i,o,

0, = | 0 IEO T (3.5)
(7 + )G, 0 €(-1,-2)
0, 0=-1

For ¢ € C([-1,0],R?), define

o), ~1<6<0,
A =1 4 (3.6)
J2,dn@,1)¢(0), 6 =0.
and
0, -1<6<0,
Ry (¢) = 3.7)
F(/’L’d’); 6 =0.
Then Eq. (3.1) can be transformed into the following operator equation:
, = A + Rt (38)

For ¢ € C'([-1,0], (R®)*), where (R%)* is the three-dimensional space of row vectors, we
further define the adjoint operator A* of A(0):

—2eb), se(0,1],
Ap(s) =1 (3.9)
Jo dnT(t,0)p(-t), s=0.
For ¢ € C([-1,0],R?) and ¢ € C'([-1,0], (R®)*), define the bilinear form
0 0
(0(),6(5)) = 3(0)p(0) - / / B(& — 0) dn(O)p(€) d, (3.10)
-1 J&=0

where n(0) = n(0,0), A = A(0) and A* are adjoint operators. From Sect. 2, we know that
+iw), 1], are eigenvalues of A(0). Thus they are also the eigenvalues of A*.

Suppose that (0) = (1,42, q3)Te®0m0? is the eigenvector of A(0) corresponding to
i t]y and g*(s) = 1/p(1, g3, q5)e10™0° is the eigenvector of A* corresponding to —iw} ]

By the direct calculation, we obtain

N !
as bz e10%
92 =7 ’ qs = AR
lwyyg—a i — — hare ®107%2
10 22 lw ass 33€
10 (3.11)
q* _ a1 q* _ a13
25T ) 3777 e
W)y + d iy + ass + bzze™"10%2
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Then, from Eq. (3.10), we get

0 ro
(a°6)a0) =700 [ /g A~ 0)dn(0)q) d
0

= %[1 + 4235 + 4375 — /_1 (1,3, 3;)0¢10"i0” dn(9)(1,qz,qa)T}
= %[1 + o + G + b Tpe @00 4 7je 0% g5 (bay + biqs)].  (3.12)
Therefore, we can choose
B =1 +qoF; + 4375 + biitipe 100 + 5 107275 (b3 + byzqs) (3.13)

such that (g*(s), g(0)) = 1, (g*(5), 3(6)) = .

In the remainder of this section, by using the algorithms in [18] and using a similar calcu-
lation process to that in [10], we obtain the coefficients used in determining the direction
of Hopf bifurcation and the stability of the bifurcation periodic solutions:

/

T ) _ YN Y
&0 = )510 (ki1 + kige 10710 + kyzqs + g5 (k1€ 102 + kapgze > 1072) ],

/

T SN N _ _ -
g = %[Wm + kia(€710710 + £1070) + ky3(q3 + G3) + 75 (2ks1 + ks2(g3 + 43)]

/

2T A _ _ A _ A
g0 = 1510 [kll + kueza)lotlo + k13q3 + q§ (kgleZZa)]Orz + k32q3621a)]012)],

2t/ 1
o1 = 710 [ku(wgy(m +2w(0)) + ku(Wﬁ)(-n +s Wi (-1)

+ %WZ((I))(O)ei‘“/IOT{O + W{P(O)e‘iwiof{0>

(3.14)
@ Lo Lo m= M _

+ klg Wll (0) + EWZO (0) + §W20 (O)qg + Wll (O)qg + k14(2q3 + LI3)

2! ol 7 T, o
+ 5 [’ﬂn (2 Wiy (— —,2>e’wwfz + WD (——? )6_136“”10f2)
T10 A
7, o1 N\
+ k3 Wl(?) — 2 e 4 — WD -2 el
/ 20 ;
T10 2 Tio

Lo %\ il W T\ iy
+5q3Woo | —— €102 + s Wiy | —— |eT 107
2 T10 T10

+ k33 (2q38_iwioz2/ + ége_iw/wrz) + k3q (Se—iw/mré)] ] .

However,

ig20 i, 0T 00 o2 —iw !0 2w 0 T] 00
Wao(0) = ——-g(0)e"10710” + —————g(0)e™"*10710" + E;¢"*“10710",

@10T10 @10T10
g i, )70 ign PRI

— q(O)e 107107 4 ﬁq(o)e 10%10% + s,
10T10 @19T10

(3.15)

W) = -
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where E; = (Egl),Egz),Ef’))T eR®and E, = (ES’,E?,EQB))T € R3 are also constant vectors

and can be determined by the following equations, respectively:

. !/
—2iw1 Ty

SN
2iwyy — ain — bye —ai —a13
0 2[6()/10 —a 0 El
T ! . _97 / !
—b3 €102 0 2iw), — az3 — byze 107
H,
=2|H, |, (3.16)
H;
—an—-bu  -an a3 P,
0 —a? 0 E2 = P2 ’
-b3 0 -asz—bss P

with

7 / /
Hi = ki1 + kype™"10710 + k343,
H2 = 0)
Ha =k —2iw] Ty k —2iw] Ty
3 = K31€ + K3243€ ’
N N _
Py =2ky1 + ki (e”“’lO’lO + e“"10’10) + ki3(g3 + 43),

P2:0,

P3 = 2ks1 + k3a2(qs + G3).

Therefore, we can calculate g5; and compute the following values:

i lg021*\ g2
0)=—t— —2lgn - 2L
c1(0) 20 7ls (gzogn g11] 3 >+ >
Re{c1(0)}
M2 =—o————»
Re{' (7))} (3.17)

,32 =2Re (Cl (0))’

Im{c1(0)} + p2 Im{A'(t10)}

T, = T
®10710

which determine the properties of bifurcating periodic solutions at = 7}, on the center

manifold. From the discussion above, we have the following result.

Theorem 3.1 For system (1.2), the direction of Hopf bifurcation is determined by the sign
of Wt if o > 0 (g < 0), then the Hopf bifurcation is supercritical (subcritical). The stability
of the bifurcating periodic solutions is determined by the sign of B,: if B> <0 (B2 > 0), the
bifurcating periodic solutions are stable (unstable). The period of the bifurcating periodic
solutions is determined by the sign of T»: if T> > 0 (T, < 0), the bifurcating periodic solutions
increase (decrease).
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4 Numerical examples
In this section, we give some numerical simulations by using matlab to illustrate the ana-
lytical results in the previous section.

Leta=8,b=1,c=1,a; =3,r1 =0.5,a3 =2,r, =r =1, m = 1. Then we have the following
particular example of system (1.2):

a7 ()y(0)

x1(2) = 8x2(¢) — 0.5x1 () — %1 () — 21 ()1 (£ — 71) — 120
1

Ky (£) = 21 (8) — x2(8), (4.1)

227t - w)y(t - 1)

) = 1+x3(t—12)

- y(t).

It is not difficult to verify that condition (H1) holds, we obtain the positive equilibrium
EX(1,1,%).

For 7; = 0, 75 > 0, we obtain wyo ~ 0.4609, 759 ~ 1.9387. From Theorem 2.1, we know that
the positive equilibrium E* is asymptotically stable when 7, € [0, 750), when the time delay
7, passes through the critical value 1y, the interior equilibrium E* will lose its stability and
a Hopf bifurcation occurs, and a family of periodic solutions bifurcate from the interior
equilibrium E*. The corresponding waveform and the phase plots are depicted in Fig. 1
and Fig. 2.

For 1, = 7» = 7, we get wp = 0.5385, 79 = 1.7889. By Theorem 2.2, we know that, when
7 increases from zero to the critical value 7y, the equilibrium point E* is asymptotically
stable. Once the time delay t passes through the critical value 7y, the positive equilibrium

6 6
4 4
< N
2 2
vﬁv/\vr\
0 0
0 200 400 600 0 200 400 600
time t time t
15
20
10
= =10
= >
5 MI\A 0
LA 5
5
0
0 200 400 600 M 00 x@
time t
Figure 1 When 1 =0, £* is asymptotically stable for T, = 1.46 < 79 = 1.9387
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3 3
2 2
< N
1 1
0 0
0 200 400 600 0 200 400 600
time t time t
10
10
8
< 6 = °
0
4 4
4
2 2 2
0 200 400 600 X2(t) 00 X1(t)
time t
Figure 2 When 1; =0, £* undergoes a Hopf bifurcation for 7, = 1.98 > 750 = 1.9387

E* will lose its stability and a Hopf bifurcation occurs, which can be depicted in Fig. 3 and
Fig. 4.

For 71 > 0, 7j = 1.5 € [0, T99), we have ), = 0.5974, t{;, = 2.3522. According to Theo-
rem 2.3, E* is asymptotically stable when 1, € [0,7],) and unstable when 7; > 7{,. Af-
ter the computation of Eq. (3.17), we obtain ¢1(0) = —22.3543 + 6.0903i, o = 444.4195,
By = —44.7086, T, = —11.6715. From Theorem 3.1, the Hopf bifurcation is supercritical,
the bifurcating periodic solutions are stable, which is shown in Fig. 5 and Fig. 6.

Numerical simulations illustrate our theoretical analysis. Owing to the bifurcation peri-
odic solutions being stable, the species in system (1.2) can coexist in an oscillatory mode
from the viewpoint of biology.

5 Conclusions

In this paper, we have studied the problem of Hopf bifurcation analysis in a delayed
predator—prey model with stage structure for the prey. By setting the same group of pa-
rameter values, according to the existing two time delays and discussing four different
cases, we know that the interior equilibrium will lose its original stability and a Hopf bifur-
cation occurs, and a family of periodic solutions bifurcate E* when the time delay passes
though some critical values. By using the normal form theory and center manifold the-
orem, the explicit formulas which determine the direction of Hopf bifurcation and the
stability of the bifurcating periodic solution are derived. The numerical results that the
Hopf bifurcation is supercritical and the bifurcation periodic solutions are stable are in
excellent agreement with theoretical analysis, that is, the number of predators and prey
implies stability and coexistence. Therefore, the research about this kind of model has cer-

Page 17 of 20
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6 6
4 4
< <
x <
2 2
0 0
0 200 400 600 0 200 400 600
time t time t
10
8 10
= 6 £ 5
= >
4 Iy
2 :
5
0
0 200 400 600 X2(t) 00 X1(t)
time t
Figure 3 When 1) = 1, = 7, F* is asymptotically stable for T = 1.1 < 1o = 1.7889
8 8
6 6
€ 4 S4
P <
2 2
0 0
0 200 400 600 0 200 400 600
time t time t
10
10
8
< s = S
0
4 10
10
2 5 5
0 200 400 600 X2(t) 00 X, ®
time t
Figure 4 When 1 = 1, = 7, £* undergoes a Hopf bifurcation for T = 1.8 > 1o = 1.7889




Peng and Zhang Advances in Difference Equations (2018) 2018:251 Page 19 of 20

10 8
8 6
= 6 =
- 4
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0 200 400 600 0 200 400 600
time t time t
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0 200 400 600 X2(t) 0o X, ®
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Figure 5 £* is asymptotically stable for 7y = 1.4 < 7/, =2.3522and 75 = 1.5
15 15
10 10
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0 0
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20
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Figure 6 £* undergoes a Hopf bifurcation for 71 =24 > 7/, = 23522 and 7, = 1.5
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tain ecological significance and provides a powerful theoretical basis for the sustainable
survival of natural populations.

In addition, stage structure for the prey is investigated in this paper due to the predator
feeding only on the immature prey. If we were concerned with the combined effects of
stage structure for both the predator and the prey, what will the dynamical behavior of the
system be? This issue is left as our future research.
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