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1 Introduction
Let Z, N. And R be the sets of all integers, all positive integers, and all real numbers re-
spectively. Set Z[a,b] ={a,a + 1,...,b} fora < b, a,b € Z.

We consider the existence of multiple solutions for the following difference equation:

A(pn(Axn—l)a) + %qu = VF(I’I,JC,,), n e Z. (1)

Here Ax, = %,.1 — %,, A%x, = A(Ax,), the odd integer § > 0 is the ratio, real sequences
{pu}, {g,} and the function F(n,x) = fox VFE(n,s)ds satisfy

Pn =PueT >0, Gn = Gn+T> Fin+T,x)=F(nx), nek,

forafixed T € Z.

Difference equations are widely found in mathematics itself and in its applications to
combinatorial analysis, quantum physics, chemical reactions, and so on. Many authors
were interested in difference equations and obtained many significant conclusions; see,
for instance, the papers [1-3, 5-20]. Various methods have been used to deal with the
existence of solutions to discrete problems, we refer to the fixed point theorems in cones
in [12] and the variational method in [2, 3, 5-11, 13, 14, 18-20]. In 2003, in [10, 11] Yu
and Guo made a new variational structure to handle discrete equations and obtained good
conclusions on the solvability condition of a periodic solution. This new variational struc-
ture represents an important advance as it allows us to prove multiplicity results as well.
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When é = 1, equation (1) has been considered in [17] and [19]. When § # 1 and
VF(n,x) = 0, equation (1) has been also studied. For example, in [1] and [8], the authors
were interested in the results on disconjugacy, disfocality, oscillation, and the asymptotic
behavior. In [20] the authors were interested in the results on the existence of positive so-
lutions. However, to the best of our knowledge, when § # 1 and VF(n,x) # 0, besides [6]
and [18], in the literature there are no results on the solvability condition of periodic solu-
tions for equation (1). By employing the mountain pass lemma, in [6] the authors proved
that there are at least two nontrivial periodic solutions of equation (1) under the following
conditions:

(@) g.<0,YneZ[1,T].

(b) For each #n € Z, lim,_,¢ Vll‘;flns,x) -0

(c) There exist constants a; >0, a; >0, and 8 > § + 1 such that

Fn,x) < —-ay|x|® +a, VxeR.

To get the critical points, condition (c) is essential, especially, 8 > § + 1. Later, by virtue of
the saddle-point theorem, in [18] the authors obtained the periodic solution of equation
(1) under condition (a) and the following assumptions:

(d) There are constants R; >0 and « € (1,2) such that

o
5(8 +1)F(n,x) <xVF(n,x) <0 forneZand |x| > R;.
(e) There are constants as >0, a4 >0, and y € (1, «] such that
F(n,x) < —a3|x|%(5+1) +a4, VxelR.
From condition (e) we have g = £(8 + 1) <& + 1.

Hence it is natural for us to consider the case 8 = § + 1. In the present papere, the mo-
tivation comes from the recent papers [6, 7, 14, 18]. By virtue of the minimax methods
with variational techniques, the solvability conditions on multiple periodic solutions are
proved for difference equation when 8 = § + 1. In particular, our results complement and

generalize the results in [6] and [18].

2 Preliminaries

To obtain multiple periodic solutions via variational techniques, we state the correspond-

ing variational structure for equation (1). Let S be the sequence
S={un}=(.osttopyee U1, U0 ULy ey Uy .. ) = {U) e

Define

au + bv ={au, + bv,}, Vu,veS,a,beR.

This yields that S is a vector space. For any fixed T’ € N, let E7 be the subspace of S defined
as

Er={u={u) €S| thyrr = un,n € Z}.
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Define the inner product (,-)g, and norm || - ||, in Er as follows:
1
T T 2
gr= ) wvi and lullg, = ul = (Z uf) Vu,v e Er.
j=1

i=1

Obviously, the space E7 is finite dimensional. Set

5+1
5+1
leellsin = Zu* :

Since § + 1 > 2, by the Holder inequality we have
8-1 1
lull < T5T [lullssr < T2 llullssr, € Er.

On the other hand, we have

Obviously,
1
T2 lull < llellsr < llul 2)

forall u € E7. Let

T
1
:_(S—Z (Ax, 1) + r Ianx‘m ZF(VI %x,), Vx€Er.
n=1 n=1

Then ¢ € C}(Er,R), and we have the partial derivative

dp

5 A(pu(Axy1)’) + quxl, - VE(n,x,), neZ[1,T],
xn

via xg = x1, ¥1 = x7,1. Thus x € E7 satisfies ¢'(x) = 0 if and only if x satisfies equation (1)
for any n € Z[1, T]. To seek the T-periodic solutions for equation (1) is to find the critical
points of functional ¢ since x,, = x7,, and VF(n + T,x) = VF(n,x).

Set the T' x T matrix

(2 -1 o -~ 0 -1
-1 2 -1 0 0
0 -1 2 0 0
P=
0 0 0 2 -1
-1 0 0 -1 2 |

From the matrix theory we know that

2k
A =2 l—cosT , k=1,2,...,T -1,
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are the eigenvalues of P and 49 = 0,A; >0,A2 >0,...,Ar_1 > 0. Thus we have

Amin = Min{Aq, Ao, ..., A7_1} = A1 = 2(1 —Ccos 2771)
Let

W =kerP={xe€Er|Px=0}.
Then

W= {erﬂx:{c},ceR}.

Set V = wi, Clearly, Er = V @ W. For convenience, we identify x € Er with x =
(x11x21---7xT)T'

3 Main results and proofs
Set

Pmin = min_p, >0 min = Min_ g, Jmax = Max
neZ1,T ’ nezZi,7] " neZ(1,T]

We study equation (1) under the following conditions:

5+1
(Fl) 9max — 9min <pmin)\12 ﬁ

(F2) There exist constants py > 0 and

1
4max — 9min LA |
a) € s ’ ?

pmin)\l2
such that
41 8+1
e ~ Pt G| 1541 < P, ) < 00 oot
S+1 S+1

for all n € Z and |x| < po.

(F3) limsup,_, f;jl’;j‘f < =5, where A = max,ez1,71[2° (P + Pus1) — ).

(F4) There are constants p; > 0 and a5 € (0, %) such that

8+1
.y 2 0+1
PG < ) < 0
+
forall n € Z and |x| < p;.

(F5) limsupy, oo 1557 < =527, where B = maxuez,11[2°" (9 + pst)].

Now we state our main results.

Theorem 3.1 Under hypotheses (F1), (F2), and (F3), equation (1) has at least two nontriv-
ial T-periodic solutions.

For the particular case g, = 0 in Theorem 3.1, we easily obtain the following result.
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Corollary 3.2 Under hypotheses (F4) and (F5), equation (1) has at least two nontrivial
T-periodic solutions.

Remark 3.3 Theorem 3.1 generalizes Theorem 3.2 in [6]. On the one hand, the sequence
{g.} can be sign-changing. However, {g,} is negative in Theorem 3.2 of [6]. On the other
hand, conditions (F2) and (F3) in our Theorem 3.1 are weaker than the corresponding
conditions in Theorem 3.2. There are functions F satisfying Theorem 3.1 but not fulfilling
Theorem 3.2 in [6] and Theorem 1.3 in [18]. For example, set

FO) = V(1 + o)) - a3 (L) g
n,x) = —|x°" In(1 + |x]) - —— — x
20+1)° Y \ar

and

1 a1/ 1 1 omn . 27nm
qV::a)q T sin —— Pn=2+sm—T .

Clearly, {g,} and {p,} are T-periodic, pmin = 1 > 0, and
qmax — 9min 1 1 o+l 1 8+l
— 5t Tolar) <\7)

pmin)hl2

which implies that {g,} and {p,} satisfy (F1) in Theorem 3.1 but do not satisfy the corre-
sponding condition of Theorem 3.2 of [6]. A simple computation yields

F(n,x) 1 a1\
im =- YR .
lx—0 |o|0+1 2(6 +1) 2T

Put a; = % Clearly,

8+1
dmax — 9min S+1 1
— o <4 <|%
3 T

pmin)\lT
and
%Tl 5+1 5+1
G max _pmin)‘«l a; _ 1 )\% i < Gmin
S+1 20+1)° 1 2T §+1°

So F satisfies (F2). Further, we have

lim sup = —00,

which implies that such a function F satisfies condition (F3) of Theorem 3.1 but does not
satisfy the corresponding condition of Theorem 3.2 in [6] and the corresponding condition
of Theorem 1.3 in [18]. Moreover, our conclusion complements the results of Theorem 3.2
in [6] and Theorem 1.3 in [18].

The proof of Theorem 3.1 uses the following saddle-point theorem of Brezis and Niren-
berg.



Ma et al. Advances in Difference Equations (2018) 2018:265 Page 6 of 8

Lemma 3.4 ([4]) Let X be a Banach space with X = X1 + X, where dim X, < 0o, and let
@ be a C! function on X with ¢(0) = 0 satisfying the PS condition. Suppose that, for some
8o >0,

(1) o(v) =0, forve Xy with ||v| < 8o, and

(I) ¢(v) <0, forve X, with ||v]| < .
If ¢ is bounded from below and infx ¢ < 0, then ¢ has at least two nonzero critical points.

Proof of Theorem 3.1 Set
W =X, V=X,

First, we claim that ¢ satisfies the PS condition. Now let {x¥'} be a sequence for ¢ such
that {¢(x¥)} is bounded and ¢'(x*)) — 0 as k — oco. Then we need to verify that there is
a convergent subsequence of {x¥'}. Since E7 is finite dimensional, we only need to prove
that {x®} is bounded.

By (F3) there exist constants b; > by > 0 satisfying

8+1’

F(n,x) < =by|x*** + by (3)

forall m € Z[1, T] and x € R. In view of (2) and (3), for any k € N, we obtain

=1 n=1
T
- F(n,x(k))
n=1
28+1 Z(p . ) xk )5+1 L XT: (x k))5+1 _ XT:F(}’I x(k))
= 3+1 n pn+1 8+1n=1qn n —
1 T S+1 a 5+1
257 [2““(pn +pnr) = @] (@) + b1 ) (@) —bT
n=1
A s 8
- S—H Wb T
A s
= (bl T+ 1) e B e @)

Since {¢(x®))} is bounded and b, — ﬁ > 0, {x%} is bounded in Er. In the finite-

"
dimensional space E7, such a bounded consequence {x¥'} has a convergent subsequence.
Hence ¢ satisfies the PS condition.

Clearly, ¢(0) = 0 by (F2). Hence x = 0 is a trivial solution of equation (1).

On the one hand, for any w € W with ||w|| < p and n € Z[1, T], due to (F2), we obtain

1 T T 1 T 1 T 51
P00 = 5y D = Y )z g D = D -

n=1 n=1

So condition (/1) of Lemma 3.4 is verified.
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For all x € Er, by the Holder inequality we have

53
—

T T sul 5+1 T % 51 T 5+1
Z(Axn—l)2 = ( 13+—1> . (Z(Axn—l)6+1> = Tﬁ . (Z(Axn—l)6+1) .

n=1 n=1 n=1
Then a simple computation yields

541
2

T T
[Z(Axn_l)z} TT Y (Ax,) < TF Z(Axn )P (5)
n=1 n=1
On the other hand, by (F2) and (5), for all # € Z[1, T] and x € V = W+ with ||| < p, we
have
1 & 1 < o — P 2 @i
-_ (Ax,yq) ort _ dmax T Pminfy 5+1
o) = 8+1n2:1:p( Fn1) +6+1;qx” §+1 Z
Pmi o q qmax — P )LSTﬂ
~ _ Fmin A - 5_,.1 max S+1 _ Ymax min 1 S+1
=541 21:( Fa-1) Z 5+1 Z
p . 1 &Tl T 551 p %
- _ Pmin (2 Ax,_ 2 minA S+1
= 8+1<T> [21:( * 1)} 5ol Z
8+1 1 % )\'57
Pmin ., %= + Pmin 5+1 +
<- M= flacf + AL T |||
5+1 T §+1
JT 1\ Prmin . 241
< T s+l _ [ = min )\'T 5+1. 6
_<(a1 ) <ﬁ) )5+1 v Nl (6)
Since a; < T, we have a;/T < f Then
1 §+1
(@ VT)*! - (— <0. @)
JT

Thus by (6), (7), and pmin > 0, we conclude that

iglf(p <0 forallx eV with ||x] < p.
T
Thus condition (I;) of Lemma 3.4 is verified. Moreover, we have
inf(x) <O0. (8)
Er
Next, we consider two cases.
Case 1: infg, ¢ < 0. Then the proof of Theorem 3.1 is finished directly due to
Lemma 3.4.

Case 2: infg, ¢ > 0. Due to (8), we obtain

o(x) = ibpf(p =0 forallxeEr.
T
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This means that all x € V with ||x|| < p are solutions of equation (1). Hence the proof of
Theorem 3.1 is finished. g

The proof of Corollary 3.2 is omitted since it is similar to that of Theorem 3.1.
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