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Furthermore, we present the fundamental set of solutions when the coefficients are
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variation of parameters, and the annihilator methods for the non-homogeneous
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1 Introduction
Quantum difference operator allows us to deal with sets of non-differentiable functions.
Its applications are used in many mathematical fields such as the calculus of variations,
orthogonal polynomials, basic hypergeometric functions, quantum mechanics, and the
theory of scale relativity; see, e.g., [3, 5, 7, 13, 14].

The general quantum difference operator Dg generalizes the Jackson g-difference oper-
ator D, and the Hahn difference operator D, see [1, 2, 4, 8, 12]. It is defined, in [10, p.
6], by

[EOS@ 4 g

Def) =4 PO
! Flso) s,

where f : I — X is a function defined on an interval / € R, X is a Banach space, and
B : 1 — I is a strictly increasing continuous function defined on I that has only one fixed
point sy € I and satisfies the inequality (¢ — so)(B8(¢) — £) < 0 for all ¢ € I. The function
f is said to be B-differentiable on I if the ordinary derivative f” exists at so. The general
quantum difference calculus was introduced in [10]. The exponential, trigonometric, and
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hyperbolic functions associated with Dg were presented in [9]. The existence and unique-
ness of solutions of the first-order S-initial value problem were established in [11]. In [6],
the existence and uniqueness of solutions of the -Cauchy problem of the second-order
B-difference equations were proved. Also, a fundamental set of solutions for the second-
order linear homogeneous B-difference equations when the coefficients are constants was
constructed, and the different cases of the roots of their characteristic equations were stud-
ied. Moreover, the Euler—Cauchy g-difference equation was derived.

The organization of this paper is briefly summarized in the following. In Sect. 2, we
present the needed preliminaries of the S-calculus from [6, 9-11]. In Sect. 3, we give
the sufficient conditions for the existence and uniqueness of solutions of the §-Cauchy
problem of the nth-order 8-difference equations. Also, we construct the fundamental set
of solutions for the homogeneous linear §-difference equations when the coefficients a;
(0 <j < n) are constants. Furthermore, we introduce the 8-Wronskian which is an effec-
tive tool to determine whether the set of solutions is a fundamental set or not and prove its
properties. Finally, we study the undetermined coefficients, the variation of parameters,
and the annihilator methods for the non-homogeneous linear B-difference equations.

Throughout this paper, J is a neighborhood of the unique fixed point s of 8, S(yo,b) =
{reX:lly—yoll <b},andR={(t,y) € I x X:|t—so| < a,||y—yol|l < b} is arectangle, where
a, b are fixed positive real numbers, X is a Banach space. Furthermore, D¢f = Dg (Dg’lf ),
n € Ng = NU {0}, where f is 8-differentiable # times over I, N is the set of natural numbers.
We use the symbol T for the transpose of the vector or the matrix.

2 Preliminaries
Lemma 2.1 ([10]) The following statements are true:
(i) The sequence of functions {B*(£)}°, converges uniformly to the constant function
3(t) := o on every compact interval V C I containing so.
(ii) The series > oy |BX(t) — B¥*1(2)| is uniformly convergent to |t — s| on every compact
interval V C I containing s.

Lemma 2.2 ([10]) Iff : I — Xisa continuous function at sy, then the sequence {f(,Bk(t))}ZZO
converges uniformly to f(so) on every compact interval V C I containing s.

Theorem 2.3 ([10]) Iff : I — Xis continuous at sy, then the series Y o, |(BX(t) - BX*1(2)) x
F(BX(t))|| is uniformly convergent on every compact interval V C I containing sy.

Theorem 2.4 ([10]) Assume that f : 1 — X and g : 1 — R are B-differentiable at t € I.
Then:
(i) The product fg: I — X is B-differentiable at t and

Dp(f2)(t) = (Dpf (£))g(2) + £ (B(£))Dpg(t)
(Daf ()2 (B(1)) +f(£)Dpg(2),

(ii) f/g is B-differentiable at t and

(Dgf ()g(2) —f (£)Dpg(£)
g()g(B(2))

Dy (f1g)(t) =

’

provided that g(t)g(B(2)) # 0.
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Theorem 2.5 ([10]) Assume thatf :1 — X is continuous at sy. Then the function F defined
by

o0

=) (B@®-" ) (B0), tel (2.1)

k=0

is a B-antiderivative of f with F(so) = 0. Conversely, a B-antiderivative F of f vanishing at
So is given by (2.1).

Definition 2.6 ([10]) The B-integral of f: I — X from a to b, a, b € I, is defined by

/abf(t)dﬂt=/:f(t)dﬁt—/s:f(t)dﬁt,

where
[ @t =3 (B - g ) (), we,
S0 k=0

provided that the series converges at x = 4 and x = b. f is called S-integrable on I if the
series converges at a and b for all a,b € I. Clearly, if f is continuous at sy € /, then f is

B-integrable on I.

Definition 2.7 ([9]) The B-exponential functions e, g(t) and E, g(¢) are defined by

1
)= [T — p(BX(0) (B (2) — B&1(1))] 22)
and
6 =[][1+p(B5®) (B @ - B ), 2.3)
k=0

where p: I — C is a continuous function at so, e,,(t) = E;,s(t)'
=P
The both products in (2.2) and (2.3) are convergent to a non-zero number for every ¢ € [

since Y 7o, IP(BX(£)) (B (£) — B5*1(£))| is uniformly convergent.

Definition 2.8 ([9]) The B-trigonometric functions are defined by

€ip.B (t) +E_jpg (t)

cosp,4(t) = T
siny,4(t) = M}
Cosy,p(t) = ZM,

and  Siny p(p) = 220 Eosl)

2i
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Theorem 2.9 ([9]) The B-exponential functions ey, s (t) and E,, s (¢t) are the unique solutions
of the first-order B-difference equations

Dgy(t) =p@)y(t),  y(so) =1,
Dgy(t) = pt)y(B(®)),  ¥(s0) =1,

respectively.

Theorem 2.10 ([9]) Assume that f : I — X is continuous at sy. Then the solution of the
following equation Dgy(t) = p(£)y(t) + f(£), ¥(s0) = yo € X, has the form

Y(t) = ey 5(2) [}’0 + / F@E,5(B(0)) dﬂf]'

Theorem 2.11 ([11]) Let z € C be a constant. Then the function ¢(t) defined by
p(t) =Y Fax(t)
k=0

is the unique solution of the B-IVP
Dgy(t) =zy(2),  y(s0) = 1,
where

Dy T2 B, B) s NBEA () —s0), ifk=>2
i1,i2,i3,mif_1 =0\ 17=1 \P> Z,’a i 0/, =%
or(t) = | t - so, ifk=1,

1, ifk=0,

with (8, 8); = B'(t) - B (1)
Proposition 2.12 ([11]) Let z € C. The B-exponential function e, g(t) has the expansion

e,p(t) = szak(t).
k=0

Theorem 2.13 ([11]) Assume that f : R — X is continuous at (so, yo) € R and satisfies the
Lipschitz condition (with respect to y)

”f(t,yl) —f(t:)’z)” §L||J’1 —J’2|| fOl"(lll (t’yl)) (t)yZ) ER,

where L is a positive constant. Then the sequence defined by

t
rar(0) =70 + / Flod@)dst, o) =30 [E-s0| <5,k=0 2.4)
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converges uniformly on the interval |t — so| < § to a function ¢, the unique solution of the
B-IVP

Dgy(t) =f(t,y),  ¥(so) =0, tel, (2.5)
where § = min{a, Lbﬁ, Yy with p € (0,1) and M = supyer Ilf & 9)1l < 00, p € (0,1).

Theorem 2.14 ([6]) Let fi(¢,y1,y2) : I % ]_[?:1 Si(xi, b)) > X, so € I such that the following
conditions are satisfied:
(i) Fory; e Si(xib;),i=1,2,fi(t,y1,y2) are continuous at t = so.
(i) There is a positive constant A such that, for t € I, y;,y; € Si(xi, b;), i = 1,2, the
following Lipschitz condition is satisfied:

2
it y1,32) = filt, 31, 70) || <A Z lyi = ill.

i=1

Then there exists a unique solution of the B-initial value problem B-IVP
Dyyi(t) = fi(£,31(2), 72(9)), yi(so) =x; € X, i=1,2,tel.

Corollary 2.15 ([6]) Let f(t,y1,y2) be a function defined on I x ]_[f:1 Si(x;, b;) such that the
following conditions are satisfied:

(i) Forany values of y; € Si(x;,b;), i = 1,2, f is continuous at t = .

(ii) f satisfies the Lipschitz condition

2
If & y1,2) —f (& 50,50) | <A Z lyi = yill,

i=1

where A >0, y;,5; € Si(x;,b;),i=1,2,and t € I. Then
D3y(t) = f(£,5(t), Dpy(2)), D 'y(so) =i, i=1,2,
has a unique solution on [sg, Sy + 3].

Corollary 2.16 ([6]) Assume that the functions a;(t): 1 — C, j=0,1,2, and b(t) : I — X
satisfy the following conditions:

(i) a;(t),j=0,1,2, and b(t) are continuous at sy with ao(t) 70 forall t € I,

(ii) a;(t)/ao(t) is bounded on 1, j=1,2. Then

ao(t)Déy(t) + a1 (£)Dgy(t) + ax(2)y(t) = b(¢), D;{ly(so) =x;, wxe€X,i=12,

has a unique solution on a subinterval ] C I,y €].

3 Main results

In this section, we give the sufficient conditions for the existence and uniqueness of solu-
tions of the B-Cauchy problem of the nth-order B-difference equations. We also present
the fundamental set of solutions for the homogeneous linear S-difference equations when
the coefficients a; (0 < j < n) are constants. Furthermore, we introduce the S-Wronskian.
Finally, we study the undetermined coefficients, the variation of parameters, and the an-
nihilator methods for the non-homogeneous linear g-difference equations.
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3.1 Existence and uniqueness of solutions
Theorem 3.1 Let I be an interval containing so, fi(t,y1,...,yn) : I x [1; Si(xib;) > X,
such that the following conditions are satisfied:
(i) Fory; € Si(xi,b),i=1,...,m, fi(t,y1,...,yn) are continuous at t = s.
(i) There is a positive constant A such that, for t € I, y;,y; € Si(x;,b;),i=1,...,n, the
Sfollowing Lipschitz condition is satisfied:

n
Vi &y1s s y) = filt, 1, 90) | <A Z Ilyi = yill.

i=1

Then there exists a unique solution of the B-initial value problem B-1VP
Dﬂyl(t) =fi(t:y1(t),~~;yn(t)), yi(So)=xi€X, i=1,...,l’l,te[.
Proof See the proof of Theorem 2.14. g

The proof of the following two corollaries is the same as the proof of Corollaries 2.15,
2.16.

Corollary 3.2 Let f(t,y1,...,ys) be a function defined on I x [, Si(x;, b;) such that the
following conditions are satisfied:

(i) For any values of y, € S;(x,,b,), f is continuous at t = s.

(ii) f satisfies the Lipschitz condition

Hf(t’yl:'u’yn) _f(tijll"'~’5’n)|| SAZ ”yl _5/i”’
i=1

where A >0, y;,y; € Si(x;,b;),i=1,...,n,and t € I. Then

Djy(t) = f(t,5(t), Dpy(t), ..., D' y(1)),

Di‘}_ly(s()):xi’ i=1,...,n,
has a unique solution on [sg, Sy + 3].

The following corollary gives us the sufficient conditions for the existence and unique-
ness of solutions of the -Cauchy problem (3.1).

Corollary 3.3 Assume that the functions a;(t) : 1 — C,j=0,1,...,n, and b(t) : I — X sat-
isfy the following conditions:

(@) ai(t),j=0,1,...,n, and b(t) are continuous at sy with ao(t) #0 for all t € I,

(ii) aj(t)/ao(t) is bounded onl,j=1,...,n. Then

ao(O)Dy(t) + ar()Df " y(6) + -+ + an()y(2) = b(2),

Djf}_ly(so):xi) i:]n--nn;

has a unique solution on a subinterval ] C I containing so.
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3.2 Homogeneous linear B-difference equations
Consider the nth-order homogeneous linear S-difference equation

ao(t)Dgy(t) + al(t)Dg’ly(t) + o+ a,1(8)Dpy(t) + a,(2)y(t) = 0, (3.2)

where the coefficients a;(t), 0 < j < u, are assumed to satisfy the conditions of Corol-
lary 3.3. Equation (3.2) may be written as L,y = 0, where

Ly =ao(t)Dlg + czl(t)DZ’1 + -+ a,1(8)Dg + a,(t).
The following lemma is an immediate consequence of Corollary 3.3.

Lemma 3.4 Ify is a solution of equation (3.2) such that ng‘ly(so) =0,1<i<mn,theny(t) =
Oforallte].

Theorem 3.5 The nth-order homogeneous linear scalar B-difference equation (3.2) is
equivalent to the first-order homogeneous linear system of the form

DpY(8) = A(D)Y (2),

where
0 1 0
N
Y=1: and A= ’ :
0 0 1
In _an  _ap1 _a
ag ag ao
Proof Let
J1=%
¥2 = Dpgy,
(3.3)
yn—l = DZ_ZJ’;
yn =D y.
B-differentiating (3.3), we have
Dgy=Dgyr,  Diy=Dgys, ...,  Di'y=Dgy,1,  Dgy=Dpyn.  (34)
Then
Dgy1 =y, Dgy, =3, e Dgyn 1 =yn. (3.5)

Since ao(¢) #0 on J, (3.2) is equivalent to

n—1

P a0 w@ T w

) @) a(t)
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from (3.3) and (3.4), we have
an(t)  an1(f) ai(¢)
Dgy, = — - T (3.6)
a0 a0 T a”
Combining (3.5) and (3.6), we get
Dgy1 =y,
(3.7)
Dﬁyn—l =Yn
Doy - a0 @)
n=_ 1~ 27T T N Jne
P a7 aolt) ao(t)
This is equivalent to the homogeneous linear vector S-difference equation
DgY(t) = A@)Y (2), (3.8)
where
0 1 0
N
v=|: and A= : oo
0 0 1
In @ _an _a O
- R

Theorem 3.6 Consider equation (3.2) and the corresponding system (3.8). If f is a solution
of (3.2) on ], then ¢ = (f,Df;f,...,DZ‘lf)T is a solution of (3.8) on J. Conversely, if ¢ =
(B1,...,0)7 is a solution of (3.8) on J, then its first component ¢, is a solution f of (3.2) on
J and ¢ = (f, Dgf,..., D )T

Proof Suppose that f satisfies equation (3.2). Then

ao(t)Dgf(t) ++ a1 (E)Dgf(t) + a,(t)f(£) =0, te]. (3.9)
Consider
$(0) = (D10, 9u(0)" = (F(0), Def ®),.... Dy f ()" (3.10)

From (3.9) and (3.10), we have

Dg1(t) = ¢2(t),

(3.11)
Dﬂ¢n—l (t) = d)n(t):

alt) . ana(t) a(t)
200" 2w 29w

Dﬂd’n(t) =- ({bn(t)o

Page 8 of 24



Faried et al. Advances in Difference Equations (2018) 2018:264 Page 9 of 24

Comparing (3.11) with (3.7), ¢ defined by (3.10) satisfies system (3.7). Conversely, suppose
that ¢(t) = (¢1(2),...,¢,(2))T satisfies system (3.7) on J. Then (3.11) holds for all £ € /. The
first n — 1 equations of (3.11) give

$a(t) = Dp gy (2),

¢3(t) = Dgs(t) = D?;¢1(t);
(3.12)

Gu(t) = Dpdu-1(2) = Dy a(t) = - -- = Dy ' (2),

and so Dg,(t) = DZ¢1(t). The last equation of (3.11) becomes
ao(O)Dpy () + ar (D 1 (8) + - -+ + a1 ()Dp1 (£) + an()pr (£) = 0.

Thus ¢, is a solution f of equation (3.2); and moreover, (3.12) shows that ¢(¢) =
(F(, Daf ()., DI (). 0

The following corollary is an immediate consequence of Theorem 3.6.

Corollary 3.7 If f is the solution of equation (3.2) on ] satisfying the initial condition
Dii'f(so) = xi, 1 < i < n, then ¢ = (f,Dgf,..., D 'f)" is the solution of system (3.8) on ]
satisfying the initial condition ¢(so) = (x1,...,%,)T. Conversely, if ¢ = (¢1,...,$,)T is the so-
lution of (3.8) on ] satisfying the initial condition ¢(so) = (x1,...,%,)T, then ¢, is the solution
f of (3.2) on ] satisfying the initial condition D;;lf(so) =x,1<i<n.

Theorem 3.8 A linear combinationy =Y ;" cxyx of m solutions y1,...,y,, of the homoge-
neous linear B-difference equation (3.2) is also a solution of it, where c1, ... ., ¢,y are arbitrary
constants.

Proof The proof is straightforward. d

Definition 3.9 (A fundamental set) A set of # linearly independent solutions of the nth-
order homogeneous linear 8-difference equation (3.2) is called a fundamental set of equa-
tion (3.2).

By the theory of differential equations, we can easily prove the following theorems.

Theorem 3.10 If the solutions y.,...,y, of the homogeneous linear B-difference equation
(3.2) are linearly independent on ], then the corresponding solutions

n— T 11— T
¢1 = (y1,Dpyrs--, D) e b= (Y DgYus -+, Dy ')
of system (3.8) are linearly independent on J; and conversely.

Theorem 3.11 Any arbitrary solution y of homogeneous linear B-difference equation (3.2)
on J can be represented as a suitable linear combination of a fundamental set of solutions

Yir-- Y0 of (3.2).
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Now, we are concerned with constructing the fundamental set of solutions of equation

(3.2) when the coefficients are constants. Equation (3.2) can be written as
Lyy(t) = aoDigy(¢) + ang_ly(t) +--+ayy(t) =0, (3.13)

where a;, 0 <j < n, are constants. From Theorem 3.5, equation (3.13) is equivalent to the

system
DgY(t) = AY(2), (3.14)
where
0 1 0
A= : : :
0 0 1
an an-1 a1
w0 Ta v Ta

The characteristic polynomial of equation (3.13) is given by
P(L) =det(AZ - A) =aoh" + a; ML + - + ay, (3.15)

where 7 is the unit square matrix of order n, A;, 1 <i <k, are distinct roots of p(A) = 0 of

multiplicity m1;, so that Zle m; = n.

Theorem 3.12 Let A be a constant n x n matrix. Then the function ©(t) defined by

(1) =Y Ala(t)

r=0

is the unique solution of the B-1VP
DpY(t) = AY(t), Y(so)=71,
where I is the unit square matrix of order n and

00 r— =1y .
D i ipizmiy1=0¢ 1=11(f3»/3)211~:1 z‘,')(lsz’:1 (&) —s0), ifr=2,
()= t-so ifr=1,
7, ifr=0,

with (B; B)i = Bi(t) — Bin1 (D).

Proof By using the successive approximations, with choosing ®((¢) = Z, we have the de-

sired result. See the proof of Theorem 2.11. O
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Corollary 3.13 Let A be a constant n X n matrix with characteristic polynomial (3.15),
then ®(t) = eap(t) = > oo A", (2) is the unique solution of (3.13) satisfying the initial con-

ditions
D(so) = Z, Dgd(so) = 4, e D' d(so) = A"
Proof The proof is straightforward. d

We have from the previous that

yilt) = e pt) = Y Man(t), 1<i<k,

r=0

forms a fundamental set of solutions of equation (3.13).

Example 3.14 Consider the homogeneous linear system

3 1 -1
DgY(t)=|1 3 -1]Y(@®. (3.16)
3 3 -1
Let Y(z) = yeyg(t), wherey = (y1,..., vn)T is a constant vector. The characteristic equation

is
A3 —522+81-4=0,

where A1 =1, Ay = A3 = 2. Then

1 1 1
y1(8) = | 1] erp(®), y2(t) = | -1 | eap(t) and y3(t) = | 0| exp(t)
3 0 1

are the solutions of (3.16). The general solution of system (3.16) is

e14(t) ex4(t) ex4(t)
Yt) =1 eLp ) |+c —€28 @) | +cs3 0 ’
361,/3 (t) 0 62,/3 (t)

where ¢, ¢z, and c3 are arbitrary constants.

Example 3.15 Consider the homogeneous linear system

4 3 1
DgY(t)=|-4 -4 -2|Y@. (3.17)
8 12 6

Assume that Y = ye, g(t). The characteristic equation is

22 —6x2+120-8=0,
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where A1 = Ay = A3 = 2. Then

1 0
y1)=1 0 Jeyp®) and () =] 1 |exp(t).
-2 -3

Let y3(£) = (vt +v)exs(t),

kl V1
Y= ky and v=|v |,
—2/(1 — 3/(2 V3

where k; and k; are constants, and also y and v satisfy

A-2D)y =0
and
(A=A =y.
Therefore,
1 0
y3@)=| |2 t+ 0] |exp®.
4 1

The general solution of system (3.17) is

62,‘3 (t) 0 lf@z]ﬁ(t)
Y(#)=c 0 +o| ep(t) | +c3| —2terp®) |,
—262,[3(” —362yﬁ(t) (4t + l)ez,ﬁ(t)

where ¢, ¢, ¢3 are arbitrary constants.

3.3 3-Wronskian
Definition 3.16 Letyy,...,y, be B-differentiable functions (7 — 1) times defined on /, then
we define the B-Wronskian of the functions y,...,y, by

n@®) o )
Dgyr(t) ...  Dgyu(t)

Wyl =| T
Dy ... Dy

Throughout this paper, we write Wy instead of Wg(y1,...,¥,).
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Lemma 3.17 Let y1(¢),...,y,(t) be n-times B-differentiable functions defined on I. Then,
foranytel, t+#so,

nB@) .. ya(B®)
Dgni(B(®)) ...  Dpya(B(2))
DgWa (1, yn)(t) = : : . (3.18)
Dy (B(B) ... DE2y.(B(2))
Digyi(t) ... Djyalt)

Proof We prove by induction on n. The lemma is trivial when # = 1. Then suppose that it
is true for n = k. Our objective is to show that it holds for n = k + 1.

We expand Wg(y1,...,k+1) in terms of the first row to obtain

k+1
WsOs,- .o dke1) = 3 (=1 ()W) (0),
j=1
where
Wﬂ(DﬂyZ’H-)DﬂykJrl); j: 1,
) ,
Wg = Wﬁ(Dﬁyl, ves ,Df}y/‘_l,Dﬂy/‘H; cee yD/Syk+1)7 2 S] = k’
Wﬁ(Dﬁyl,...,Dﬁyk), j=k+1.
Consequently,
k+1 ) k+1 )
DWWy, yi)() = Y (<1 D) W) () + Y (=171 35(B(1)) D W1 (0).
j=1 j=1
We have
Dgyi(®) ... Dpyrs(t)
Dgy:(t) ... Dgyrs(t)
k+1 . Diyi(t) ... D yea(®)
n 81 Y k+1
S DW= " , . |=0
j=1 . . .
Dyy(e) ... Dy 'yea(e)
Diyi(e) ... Diyia(®)

and from the induction hypothesis we have

k+1
> 1)y (B(6) D W (8)
j=1

k+1

=Y (17" (@)

j=1



Faried et al. Advances in Difference Equations (2018) 2018:264

Dgni(B(8)) ... Dpyi-1(B(2)
Dzyl(ﬁ(t)) D3yi1(B(t))

D 1yl(ﬁ( 1) ... DFlyia(B@)
Dk+1y1( ) D§+1yj_1(t)

Page 14 of 24

Dgyjs1(B(8)) ... Dpgyrs(B(2))
D3y (B®)) ... Diyka(B(1)
D'y (B@) ... Dy J’k+1(f3(t))
D’,_f;”ym(t) ‘ee D’“lym(t)
(3.19)

where at j = 1 the determinant of (3.19) starts with Dgy,(8(t)) and at j = k + 1 the deter-

minant ends with Dg*lyk(t). So,

y1(B(2))
. Dgy,(B(t))
> 1Yy (B@)Dp W (2) = :
= Dy (1)

D’;”yl(t)

Thus, we have
71(B(2))
Dﬁyl(ﬁ( )

DWW, ¥ie1)(E) =

Dy 1)’1(/3( )
Dk+1y ( )

as required.

Yis1(B(D))
Dgyii1(B(2))

DLy (B(2)
le(;rlykﬂ ®

Vi1 (B(2))
Dy (B(9))

Dy (B®)
D§+1yk+l (t)

O

Theorem 3.18 Ify,(t),...,y.(t) are solutions of equation (3.2) in ], then their 8-Wronskian

satisfies the first-order B-difference equation
DgWy(t) = -P()Wpg(t), Vte]\{so}

where

-1
Z £~ B(O)) arer (/a0 (2).
k=0

Proof First, we show by induction that the following relation

DW(s,-.o9m) = (-1 (¢ - p())
k=1

(3.20)
n@ e a0
Dﬂyl(t) Dﬁyn(t)
D (@) ... D yu(e) (3.21)
Dy () ... Dy, ()
Dgyi(®) ... Dpyu(®)
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holds. Indeed, clearly (3.21) is true at n = 1. Assume that (3.21) is true for n = m. From

Lemma 3.17,
y1(B(8)) v ymn(B(9)
Dgyi(B(8)) ... Dgym(B(2))
DgWg(y1,.- s Yms1)() = : ) :
Dy~ 1J’l(ﬁ( ) oo DETyma (@)
Df“y © o DIyl
m+1
=Y (@)W o),
j=1
where
D,BWﬁ(D/Sy2rnnDﬂym+1)r j: 1,
*(j) .
W,s(j =1 DgWg(Dgy1, Dpyj-1,DpYjs1s- -1 Dpyms1), 2=j=<m,
DgWs(Dgy1,.... Dgym), j=m+1.
One can see that W =Y 1 (%1 - B(£)) Ry, where
Dgyi(t) Dgyj1(t) Dgyia(t) ... Dgyma(2)
DZyl( ) D?;yj—l(t) Diyin(t) .. Dgyma(d)
Rjk = Dm kyl( ) Dm ky] ( ) :snikyﬁl(t) Dglikymﬂ(t) ’
Dm k+2y1(t) Dm k+2y1 (t) Dm k+2y +1( ) D/rsn—k+2ym+l(t)
Di*tyi(e) ... Dm”y, 1(8) D,’g”“yju(t) o Dy (0)
2<j=m,
Dﬂy2(t) eee Dﬂym+1(t)
D%yZ(t) (XK D%ymﬂ(t)
Ry = | D~ kyz(t) o Dy |, =1,
Dm k+2y2(t) e D,rtfn_k+2ym+1(t)
DZHIJ’Z(t) coe Dg+1ym+l(t)
Dﬁyl (t) e Dﬁym (t)
quyl ® .. D%ym(t)
Rj = Dy~ kyl(t) . Dy kym(t) , j=m+1
Dm k+2y1(t) . Dm k+2ym(t)
Dg‘*lyl ® ... Dm+1ym(t)
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It follows that
m+1 )
DgWp (i, yme1) = Y _(=1V" [3(8) = (¢ - B(£)) Dpy;(t)]
j=1
xS (DR - po) Ry
k=1
m m+1
=Y DR @)Y (1 (ORy
k=1 j=1
m m+1
+ Y (DK (- B) Z( 1Y Dgy;(£)Rjx
k=1 j=1
= > (- ) M(k)+2( (- p0) LK), (322)
k=1 k=1
where
yl(t) ym+1(t)
Dﬁyl(t) Dﬁym+1(t)
D?}yl(t) D?;ymﬂ(t)
m+1 . . .
M(k) =) (1Y y(O)Ry = ‘ ' ‘ , 3.23
(k) ]Zl( YLy (O R D@ e DRy (3.23)
Dgl_k+2y1(t) v Dgl_k+2ym+1(t)
D1y (1) Dy ()
0, if (k=1,...,m-1),
m+1 Dgyi(t) .. Dpyms+1(t)
Lk) = 1V Doy (DR = D2y1(t) . Diymir(t) 3.24
(k) ]21:( Y*' Dy ()R O R (3.24)

DZHlJ’l( ) - DZH'IJ’WHI( )

Using relations (3.23) and (3.24) and substituting in (3.22), we obtain relation (3.21)
n=m+ 1. Since Dgyj(t) =->" l(al(t)/ao(t))Dﬂ y,(t), it follows that

y1() Yu(t)
Dﬂyl(t) Dﬁyn(t)

n

N gy k(t)> D yie) ... D)
DﬂWﬂ(t)—;( D (e - p)* (ﬂ(t) D) . D)

Dy 1yl(t) .. Dy 1y,,(t)
D” kyt) ... D" y,.(2)
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_ - C\2k-1) (4 k-1 —ak(t)>
_;( 1) (t-B() <a0(t) W (t)

n-1

()
=— g(t - ﬂ(t))k (a;oét) ) Wp(t) = —P(t) Wp(2),
which is the desired result. 0

The following theorem gives us Liouville’s formula for g-difference equations.

Theorem 3.19 Assume that (8(t) — £)P(t) # 1, t € J. Then the B-Wronskian of any set of
solutions {y;(t)},, valid in ], is given by

Wpg(so0)

, . 3.25
=L+ PEFOE0-po) ¢ (3.25)

Wpg(t) =

Proof Relation (3.20) implies that

Wi (B(0) =[1+ (t - B@®)PO)|Wp(2), te\{so}-

Hence,
w0
W) = T - B)P®
W, (87(0)

oL+ P(BX(0) (B (£) — B*+1 ()]
Taking m — oo, we get

Wpg(s0)
[Troo[1 + P(BX()(BX(2) - BF+1(1))]

Wﬂ (t) = te]. 0
Example 3.20 We calculate the 8-Wronskian of the B-difference equation

D3y(t) +y(t) = 0. (3.26)
The functions y;(¢) = cosy g(t) and y,(¢) = siny g(¢) are solutions of equation (3.26) subject

to the initial conditions y;(so) = 1, Dgy1(s0) = 0, ¥2(s0) = 0, Dgy2(so) = 1, respectively. Here,
P(t) = (¢ — B(¢t)). So, (B(£) — £)P(t) # 1 for all £ # sy. Since

i 1 0
Wis(s0) = Cf)SLﬂ(So) siny g(so) _ _1
siny g(so)  cosy,p(so) 0 1
Therefore, Wg(t) = L

[TR2o[1+(BFO-pF+1 ()21

The following corollary can be deduced directly from Theorem 3.19.

Corollary 3.21 Let {y;}, be a set of solutions of equation (3.2) in ]. Then Wg(t) has two

possibilities:
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(i) Wg(t) #0in] ifand only if {y;}, is a fundamental set of equation (3.2) valid in J.
(ii) Wp(t) =0in] if and only if {y;}., is not a fundamental set of equation (3.2) valid
in].

3.4 Non-homogeneous linear $-difference equations
The nth-order non-homogeneous linear §-difference equation has the form

ao(t)Dgy(t) + al(t)Dg_ly(t) + -+ a1 (8)Dgy(t) + a,(t)y(t) = b(¢), (3.27)

where the coefficients 4;(¢), 0 < j < n, and b(¢) are assumed to satisfy the conditions of

Corollary 3.3. We may write this as
L,y = b), (3.28)
where, as before, L, = ao(t)Dg + ozl(t)Dg’1 +--+au1(£)Dg + a,(t).
By the theory of differential equations, if y;(¢) and y,(¢) are two solutions of the non-
homogeneous equation (3.28), then y; £ y» is a solution of the corresponding homoge-
neous equation (3.2). Also, by Theorem 3.11, if y1(¢), ..., y,(t) form a fundamental set for

equation (3.2) and ¢(¢) is a particular solution of equation (3.27), then for any solution of

equation (3.27), there are constants ¢, ..., ¢, such that
y(&) =) + c1y1(t) + - - - + cyu(t). (3.29)

Therefore, if we can find any particular solution ¢(¢) of equation (3.27), then (3.29) gives
a general formula for all solutions of equation (3.27).

Theorem 3.22 Let ¢; be a particular solution of L,y = b;i(t),i=1,...,m. Then 2711 Lipi is
a particular solution of the equation L,y = ZZ1 Libi(t), where ¢1,...,¢,, are constants.

Proof The proof is straightforward. d

3.4.1 Method of undetermined coefficients
We will illustrate the method of undetermined coefficients when the coefficients a; (0 <
j < n) of the non-homogeneous linear §-difference equation (3.27) are constants by simple

examples.

Example 3.23 Find a particular solution of

D3y(t) — 3Dpy(t) — 4y(t) = 3er 4(t). (3.30)
Assume that

@(t) = Cex p(t), (3.31)

where the coefficient ¢ is a constant to be determined. To find ¢, we calculate

Dpo(t) =2Cerp(t),  Dyo(t) =4Cerp(t) (3.32)
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by substituting with equations (3.31), (3.32) in equation (3.30). Thus a particular solution

is
g()(t) = —I/Zezyﬁ(t).
In the following example, we refer the reader to see the different cases of the roots of the

characteristic equation of second-order linear homogeneous g-difference equation when

the coefficients are constants, see [6].

Example 3.24 Find the general solution of

D3y —3Dgy — 4y = 2siny 4(2). (3.33)
The corresponding homogeneous equation of (3.33) is

Dy —3Dgy -4y =0. (3.34)
Then the characteristic polynomial of (3.34) is

P(A)=A2-31-4=0. (3.35)
Therefore,

Yi(t) = creap(t) + cae_15(t).
Now, assume that

@(t) = &1 siny g(£) + &2 cosy (2), (3.36)
where ¢; and ¢, are to be determined. Then

Dgo(t) = ¢1 cosyg(t) — ¢asing g(2),
(3.37)

Dop(t) = =&y siny () — & cosy (1),

By substituting with equations (3.36), (3.37) in equation (3.33), we get a particular solution
@(t) = —5/17siny g(t) + 3/17 cosy g(t).

Then the general solution of (3.33) is
¥(t) = creap(t) + cae_1,g(t) — 5/17 siny () + 3/17 cosy g(£).

In the following example, we show the solution in the case of b(t) being a linear combi-

nation of exponential and trigonometric functions.
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Example 3.25 Find the general solution of
D3y —2Dgy — 3y = 2e1,5(£) — 10siny 4(2). (3.38)
The corresponding homogeneous equation of (3.38) has the solution
Iu(t) = cres p(t) + coe_1 4(2).
The non-homogeneous term is the linear combination 2e; g(£) — 10sin; g(t) of the two
functions given by e; g(£) and sin; g(£).
Let
@(t) = creyp(t) + casiny g(£) + c3 cosy g(t) (3.39)

be a particular solution of (3.38). Then

Dgo(t) = cie1,4(t) + ¢z cosy g(t) — c3siny g(£),
(3.40)

Djg(t) = cre1,p(t) — ¢y siny p(£) — c3cos1 (1),
where ¢i, ¢3, c3 are undetermined coefficients. By substituting with (3.39), (3.40) in (3.38),
we have the particular solution ¢(t) = —1/2e; g(t) + 2 siny g(t) — cos; (). Thus the general
solution of (3.38) is

y(t) = cres p(2) + cae_1,8(t) — 1/2ey,5(t) + 28iny g(£) — cosy g(t).
Example 3.26 Find the general solution of

Dy —3Dgy +2y = 3 4(t) sing p(2). (3.41)
The corresponding homogeneous equation of (3.41) has the solution

i(t) = crenp(t) + coer p(t).

Let
@(t) = Aes g(t) sing g(t) + Bes g(t) cosa g(t) (3.42)

be a particular solution of (3.41), where A and B are constants. Then

Dpo(t) = 3Aes 5(t) sing s (¢) + 4Aes s (B(£)) cosap(t)

— 3Bes 5(t) cosap(2) — 4Bes g (B(8)) sing 5(2), (3.43)
D (t) = 9Aes p(t) sing, g (t) + 12Ae3 5 (B(2)) cosap(2)

+12Ae3,5(B(2)) cosa s (B(2)) — 16Aes 5(B(t)) sing 5(t)

+9Bes 5(t) cosa,p(£) — 12Bes g (B(¢)) sing 5(2)

— 12Bes 5(B(2)) sina s (B(¢)) — 16Bes5(B(2)) cosap(2). (3.44)
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By substituting with (3.42), (3.43) and (3.44) in (3.41), we get A = 5 and B = 0. Then the
particular solution is ¢(£) = 1/2e3 g(£) sing,g(£). Thus the general solutlon of (3.41) is

y(t) = Clezyﬁ(t) + czely,_«;(t) + 1/263,/3(1’) sin4,ﬁ(t).

3.4.2 Method of variation of parameters

We use the method of variation of parameters to obtain a particular solution ¢(t) of the
non-homogeneous linear §-difference equation (3.27), which can be applied in the case
of the coefficients a; (0 < j < ) being functions or constants. It depends on replacing the
constants ¢, in relation (3.29) by the functions ¢,(¢). Hence, we try to find a solution of the

form

@(£) = ()1 (8) + - - + Eu(O)ya(2). (3.45)

Our objective is to determine the functions ¢,(¢). We have

Dy'et) =) gDy 0, 1=i=n (346
provided that

Y Dpge)Dy (1) =0, 1<i<n-1. (3.47)

j=1

Putting i = # in (3.46) and operating on it by Dg, we obtain

Djyo(t) Zc,(t Dpy;() + Dpg (D (B(2)). (3.48)
j=1

Since ¢(t) satisfies equation (3.27), it follows that
ao(t)Do(t) + ar1()D (1) + - - - + a,(D)e(t) = b(2). (3.49)
Substitute by (3.46) and (3.48) in (3.49) and in view of equation (3.2), we obtain

b(z)

mew“xm» YO

Thus, we get the following system:

Dpg1(8)y1(B(®)) + -+ + Dptu(®)ya(B(2)) =0,

) (3.50)
Dpcy(OD 21 (B(W)) + - -+ + Dplu)D) yn(B(D)) =

b(2)
ao(t)’

Dpti(OD 1 (B(2)) + -+ - + DpLu(®) D yu (B (D))
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Consequently,

Dyt (t) = Wi (B®) b0

_ 1’
W,(80) ~aot) ' ©

where 1 <r < nand W,(B(t)) is the determinant obtained from Wj(f(t)) by replacing the
rth column by (0,...,0, 1). It follows that

"W (B(x))  b(r)

0= | WaB@) ~ a@

T, r=1,...,n

Example 3.27 Consider the equation
Dy(t) + 2%(2) = b(2), (3.51)

where z € C \ {0}. It is known that cos,g(¢) and sin,g(t) are the solutions of the corre-
sponding homogeneous equation of (3.51). We can easily show that

t

1 t
o(t) = 2 [sinz,ﬁ(t)/s b(t) Cos, g (ﬂ(r)) dgt — coszlﬁ(t)/

0 S0

b(t) Sing g (,B(t)) dg T].
It follows that every solution of equation (3.51) has the form

¥(t) = c1cos,p(£) + co sin, g(£)

+ %[Sinzﬁ(t)/s b(t)Cos, 5 (B(r)) dsT - cosz,,g(t)/

0 S0

t

b(t)Sing g (,B(t)) dﬂl’].

3.4.3 Annihilator method

In this section, we can use annihilator method to obtain the particular solution of non-
homogeneous linear 8-difference equation (3.27) when the coefficients a; (0 < < n) are
constants.

Definition 3.28 We say that f : I — C can be annihilated provided that we can find an
operator of the form

L(D) = puD}; + pur Dy + -+ + poT
such that L(D)f(¢t) = 0, t € I, where p;, 0 < i < n are constants, not all zero.
Example 3.29 Since (Dg —4Z)ey4(t) = 0, Dg — 47 is an annihilator for ey 4(t).
Table 1 indicates a list of some functions and their annihilators.
Example 3.30 Consider the equation
D?;y(t) —4Dgy(t) + 3y(t) = e5,4(t). (3.52)
Equation (3.52) can be rewritten in the form

(Dp —31)(Dp — 1)y(2) = e5,5(¢).
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Table 1 A list of some functions and their annihilators

Functions Annihilator
1 Dﬁ

2
t Dﬂ
ep,5(0) Dg - pZ
cosp,ﬁ(t) D’ZS + pZZ
sing,B(0) Dy +p°T

Multiplying both sides by the annihilator (Dg —5Z), we get that if y(¢) is a solution of (3.52),
then y(t) satisfies

(Dg —3D)(Dy —~ T)(Dg ~ 51)y(t) = 0.
Hence,

y(t) = cre3 () + caerp(2) + czes p(2).

One can see that ¢(£) = (1/8)es g(t) is a solution of equation (3.52). Therefore, the general
solution of equation (3.52) has the following form:

y(t) = cre3 () + caerp(t) + (1/8)es 5 (£).

4 Conclusion

In this paper, the sufficient conditions for the existence and uniqueness of solutions of
the B-Cauchy problem were given. Also, a fundamental set of solutions for the homoge-
neous linear §-difference equations when the coefficients a; (0 <j < n) are constants was
constructed. Moreover, $-Wronskian and its properties were introduced. Finally, the un-
determined coefficients, the variation of parameters, and the annihilator methods for the

non—homogeneous case were presented.
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